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Let REA’s Problem Solvers® work for you 
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do for you? 

■ Save countless hours of frustration groping for answers 

■ Provide a broad range of material 

■ Offer problems in order of capability and difficulty 

■ Simplify otherwise complex concepts 

■ Allow for quick lookup of problem types in the index 

■ Be a valuable reference for as long as you are learning 

Each Problem Solver book was created to be a reference for life, spanning a subject’s entire breadth with solutions that 
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How to Use This Book 


The genius of the Problem Solvers lies in their simplicity. The problems and solutions are presented in a straightforward 
manner, the organization of the book is presented so that the subject coverage will easily line up with your coursework, and the 
writing is clear and instructive. 

Each chapter opens with an explanation of principles, problem-solving techniques, and strategies to help you master entire 
groups of problems for each topic. 

The chapters also present progressively more difficult material. Starting with the fundamentals, a chapter builds toward 
more advanced problems and solutions—just the way one learns a subject in the classroom. The range of problems takes into 
account critical nuances to help you master the material in a systematic fashion. 

Inside, you will find varied methods of presenting problems, as well as different solution methods, all of which take you 
through a solution in a step-by-step, point-by-point manner. 

There are no shortcuts in Problem Solvers. You are given no-nonsense i nf ormation that you can trust and grow with, 
presented in its simplest form for easy reading and quick comprehension. 

As you can see on the facing page, the key features of this book are: 

■ Clearly labeled chapters 

■ Solutions presented in a way that will equip you to distinguish key problem types and solve them on your own more 
efficiently 

■ Problems num b ered and conveniently indexed by the problem number, not by page number 


Get smarter... .Let Problem Solvers go to your head! 


Anatomy of a Problem Solver 















CONTENTS 


1 POINT SET THEORY 

Sets and Sequences 

Closed and Open Sets and Norms 

Metric Spaces 

2 VECTOR SPACES 

Definitions 

Properties 

Invertibility 

Diagonalization 

Orthogonality 

3 CONTINUITY 

Showing that a Function is Continuous 
Discontinuous Functions 
Uniform Continuity and Related Topics 
Paradoxes of Continuity 

4 ELEMENTS OF PARTIAL DIFFERENTIATION 

Partial Derivatives 
Differentials and the Jacobian 
The Chain Rule 
Gradients and Tangent Planes 
Directional Derivatives 
Potential Functions 

5 THEOREMS OF DIFFERENTIATION 

The Mean Value Theorems 

Taylor’s Theorem 

The Implicit Function Theorem 

6 MAXIMA AND MINIMA 

Relative Maximum and Relative Minimum 
Extremes Subject to a Constraint 
Extremes in a Region 
Method of Lagrange Multipliers 
Functions of Three Variables 
Extreme Value in R n 

7 THEORY OF INTEGRATION 

Riemann Integrals 
Stieltjes Integrals 

8 LINE INTEGRALS 

Method of Parametrization 

Method of Finding Potential Function (Exact Differential) 
Independence of Path 
Green’s Theorem 

9 SURFACE INTEGRALS 

Change of Variables Formula 
Area 

Integral Function over a Surface 


Integral Vector Field over a Surface 
Divergence Theorem 
Stokes’s Theorem 
Differential Form 

9 MISCELLANEOUS PROBLEMS AND APPLICATIONS 
19 MISCELLANEOUS PROBLEMS AND APPLICATIONS 

10 IMPROPER INTEGRALS 

Improper Integrals of the 1st, 2nd, and 3rd Ki nd 
Absolute and Uniform Convergence 
Evaluation of Improper Integrals 
Gamma and Beta Functions 

11 INFINITE SEQUENCES 

Convergence of Sequences 
Limit Superior and Limit Inf erior 
Sequence of functions 

12 INFINITE SERIES 

Tests for Convergence and Divergence 
Series of Functions 
Operations on Series 
Differentiation and Integration of Series 
Estimates of Error and Sums 
Cesaro Summability 
Infinite Products 

13 POWER SERIES 

Interval of Convergence 
Operations on Power Series 

14 FOURIER SERIES 

Definitions and Examples 
Convergence Questions 
Further Representations 
Applications 

15 COMPLEX VARIABLES 

Complex Numbers 

Complex Functions and Differentiation 

Series 

Integration 

16 LAPLACE TRANSFORMS 

Definitions and Simple Examples 
Basic Properties of Laplace Transforms 
Step Functions and Periodic Functions 
The Inversion Problem 
Applications 

17 FOURIER TRANSFORMS 

Definition of Fourier Transfor ms 
Properties of Fourier Transforms 
Applications of Fourier Transforms 


18 


DIFFERENTIAL GEOMETRY 

Curves 
Surfaces 

19 MISCELLANEOUS PROBLEMS AND APPLICATIONS 

Miscellaneous Applications 
Elliptic Integrals 
Physical Applications 

INDEX 


CHAPTER 1 


POINT SET THEORY 


This chapter develops the set theoretic and topological preliminaries necessary for the study of advanced calculus. The 
basic notions of set theory and point set (or general) topology are introduced and developed through the problems. The topics 
covered vary from countability through the Principle of Contraction Mappings. 

The problems in this chapter are usually either well-known classical problems or propositions which are to be proved. 
Among the classical problems are the countability of the rationals, the uncountability of the reals, the Cantor set, the 
equivalence of metrics (or distance functions) and a connected set which is not path-connected. 

Among the propositions are those indicating well-known properties such as the least upper bound property, the 
Archemedian axiom, the nature of limit points, the Bolzano-Weierstrass property, the nested interval property, the nature of 
open and closed sets, the Euclidean triangle inequality, the nature of compact sets, and the nature of compact sets (including an 
application to contraction mappings). 

In addition, there are a few problems which simply develop topics needed to solve later problems. In this manner, 
sequences are introduced, but will be covered in more detail in a later chapter. Similarly, the continuity of functions is 
introduced and will be further developed in a later chapter. 


SETS AND SEQUENCES 

• PROBLEM 1 














S (i.e., if p is a lower bound for S, and if x > p then x is not a lower bound for S, then p is the greatest lower bound of S, 
written gib S = P or inf S = P) is the largest of the lower bounds. Again, inf S = min S (minimal member of S) when min S 
exists and inf S < x for all x e s when min S does not exist. S is bounded if and only if S is both bounded from above and 
bounded from below. Note that the existence of sup S and inf S were assumed. This is one of the properties of the real 
numbers, i.e., every non-empty set S that is bounded from above (respectively below) has a least upper (respectively greatest 
lower) bound. Note also that if S is a bounded and nonempty subset of R and 
(-S) = {-x | x e= S} , 

then 

sup (—S) = - inf S 
and 

max (—S) = - min S 
(when these values exist). 

Remark The least upper bound and the greatest lower bound of a set are unique whenever they exist. For example, if a and a' 
are two least upper bounds then by definition of upper bound x < a for every x in S and x < a' for every x in S. However a is 
the least of the upper bounds so a < a'. Similarly, 

a' < a, and so a = a'. 

• PROBLEM 1 


If a > 0 and b > 0, show that there exists an integer n such that na > b. 


Solution : Suppose S = {na | n e z} is bounded from above by b. Then there exists sup S = b 0 such that na < b 0 for all n e Z. 
Then b 0 - a < b 0 is not an upper bound. So Hq a > b 0 - a for some Hq in Z. Hence (hq + 1) a > b 0 which contradicts the fact that 
b 0 is an upper bound because (hq + 1) a belongs to S. Therefore, S is unbounded and there exists an integer n such that na > b. 
This is called the Archemedian Axiom. 


• PROBLEM 1 


Give an example of a subset C of R which contains no open interval and is not dense in any interval containing itself, but 
yet is uncountable. 


Solution : It is known that a subset of R containing an open interval is uncountable, so such an example is some-what unusual. 
To construct such an example, let 

C 0 = [0,1]. 

Obtain Cj by deleting the middle third of this interval. Obtain each successive C n by deleting the middle thirds of all intervals 
in C^,. Thus, 


Cl = [0, i ] U I | r 11 

Cl = [0, | ] (J t I , J l u t I » I ] U I I * U 

Let the Cantor set 


The Cantor set can be described by using ternary (base 3) notation. Let 







• XiX; 


(base 3) f 


where 

x k = 0, 1, or 2. 

Then for all x in C b x, = 0 or 2. [Note, for example, that 

i = .1000 ... = .0222 ... (base 3).] 

For all x in C 2 , Xj, x 2 = 0 or 2. In general, for all x in C n , ^ = 0 or 2 for m = 1,2, ... n. Therefore, C consists of all x e [0,1] 
whose ternary expansion contains only zeroes and twos. Define 

f: C —> C 0 = [0,1] by 

f(x) = f(.x T x 2 x 3 ...) = .y 1 y 2 y 3 ... 

= l ^ , (base 2) 

k=l 2* 

where 


y k = 2 x k (k = 1 ' 2 ' 3 ' ••• >• 

This function is surjective (i.e., this function is onto) and therefore, the Cantor set is uncountable. 

Since C is the complement of an open set (the union of the deleted intervals), it is closed. From the ternary representation 
of C it is clear that if 


> 0 or 2) 


x ‘ [ j ,x k 

is in C and if s > 0 is given, then the point 

r X k . 2 

y ‘ Ji 7 ? 

(where m is such that 
2_.z 


and n is such that 


I 

k-n+1 


S- 


l l 

k=n+l 


is in C and 


y x| < s. 

This means that every point of C is an accumulation point. Such a set is called a perfect set: namely a closed set for which 
every point is an accumulation point. Note that C cannot contain any open interval because any open interval in [0,1] will 
contain a deleted interval, which is not in C. The same reasoning shows that if I is any interval contained in [0,1] and which 
contains C, then C cannot be dense in I, For density would imply that a deleted point is a limit point of C and must be therefore 
in C which is false, since by definition a set E is dense in X, (X is a metric space) if every point of X is a limit point of E, or a 
point of E (or both). Hence, since a neighborhood around 1/2 which is contained in [0,1] contains no point of C, it is not a limit 
point of C. 


PROBLEM 




Prove the following given that the sequences {s n } and {t n } converge to s and t respectively: 

a) i!S < 8 „ + V ' * + ‘ 1 

b) lim cs = cs> for constant c ; 
n+» n 

c) ( C + s n j = c + s, for constant c ; 

d) Vn - st f 

e ) F; = I ’ provided 
S n ^0(n=l,2, ...), S^O. 


Solution : A sequence {p n } converges to a point p if for a given s > 0 there is an integer N such that n > N implies |p n - p| < s . 
Suppose then that s > 0 is given. There exist integers N, , N 2 such that 

|s n — s| < £ forn^Nj 
and 

Itj! - t| < e for n > N 2 . 

a) Let N = max (N, , N 2 ) , then n > N implies 

|(s n + g-(s + t)|<|s n -s| + |t n -t|<28. 

This proves (a). 

b) 

|(cs n ) - cs| = |c| |s n - s| < |c| s for n > Nj . 

Hence (b) follows. 

c) Similarly (c) follows from 

|(c + sj - (c + s)| = |s n - s| < s for n > Nj . 

d) Since 

S n tn — St = (s n —s)(t n — t) + s(t n — t) + t(s n — s), 
if 

N = max (N T , N 2 ), 

then 

n>N implies 

Is^- St| < | S n - S | | tn-t | + | S | | tn-t | + | t | | S n - S | 

< s 2 + | s |e + 11 |e = s (s + | s | + 111) 
and so (d) follows. 

e) For n>N l5 since 

I S | - | S n §§|J s n - S I < 8 

implies 


I s n | > | s | — s, 







I _L _ 1 I I 3 n ~ s I e 

| s n s I I s n s I |s| (IsI - e) * 

Therefore, (e) holds. 

Note that the final result is not bounded by s in particular cases, but rather by something which is also arbitrarily small for 
arbitrarily small s > 0. 

• PROBLEM 1 

Show that: 

a) a bounded, monotonia real sequence converges; 

b) the geometric series 

l a 1 
i=0 

converges if | a | < 1. 

Solution : a) Let {x n j be a bounded, monotonic real sequence. Assume without loss of generality that {x n } is non-decreasing 
(for if {x n } were non-increasing then look at {-x n }). Since {x n } is bounded, sup {x n } exists. Hence, 

x n - x n+l - n>l 1 n' ' 

Then ^< xfor n = 1,2,3, .... 

For every a > 0, there exists an integer N such that 
x-s<x N <x, 

for if this was not true then x - s would be an upper bound that is less than x, the least upper bound. Since {x^} increases, we 
have for n > N 

x-8<x n <x 

or 

0 < x-x n < s . 

Therefore, {x n } converges to x. (If {x n } were non-increasing, then {x n } would converge to 
-sup {-xj = inf {x n }.) 
b) A series 

l «i 

i=0 

converges if its sequence of partial sums {s n } , where 

n 

s n = I a i for n > 0 , 
n i=0 1 

converges. For the series 


the n-th partial sum is 







Note that 


■ I 

i=0 


n+1 . 

as = l a 
n i=l 


s - as = I a 1 - l a 1 = a 0 - a 11 
n n i=0 i=l 

Therefore, 


n 1 - a 


lim 1 lim a n+1 = 1 

n-*» s n 1-a n-*-°° 1-a - 1-a 

since |a| < 1. 

Thus 



• PROBLEM 1 

Show that a sequence of real-valued functions {f n } , defined on complete metric space X, is uniformly convergent if and 
only if for every e > 0 there exists an integer N such that 
m, n > N, t e X 
implies 

|f n (t)-f m (t)|<8. 

(This is known as the Cauchy condition.) 

Solution : {f n } converges uniformly on X to f if for every s > 0 there exists an integer M such that n > M implies 
|f n (t)-f(t)|<8 

for all t£X. Suppose first that {f n } converges uniformly to f. Then, for n, m> M and t e X, 

|f n (t)-f m (t)|<|f n (t)-f(t)|^ 

|f(t)-f m (t)|<2e. 


This ends the first part of the proof. Conversely, suppose the Cauchy condition holds. Now for a sequence {p n } that is a 
Cauchy sequence inX, we know that {p n } converges to some point ofX. Hence the sequence 

converges, for every t, to a limit which can be called f(t). Thus {f n } converges to f on X. We now have to prove that the 
convergence is uniform. Now for s > 0 choose N such that n,m>N,te X implies 







I4(t)-f m (t)|<s. (i) 


Fix n and let m —> oo in (1). Since f m (t) —> f (t) as m —> oo this gives 
|f n (t)-f(t)|<£ 

for every n > N and every t£X. Thus, the sequence {f n } defined on X is uniformly convergent. 

CLOSED AND OPEN SETS AND NORMS 

• PROBLEM 1 

Show that every neighborhood of an accumulation point of a set S contains infinitely many points of S. 

Solution : A point y is an accumulation point (or a limit point) of a set S if every neighborhood of y contains at least one point x 
^ y where x is in S (i.e., x e s). The set 

B g (y) = {x | d (x, y) < s} 

where d (x, y) is the distance between x and y, is called an e -neighborhood of y. In the case of any real number y, for example 
every neighborhood of y contains a rational nunber. Let y be an accumulation point of S. Choose any neighborhood B, of y. 

Then there is some Xj e Bj such that Xj e S and x, ^ y. Now choose any neighborhood B 2 of y such that x, is not in B 2 . Such a 
neighborhood surely exists; take, for example, 

B g (y) n Bj , 

where 

s = d(x T , y). 

Now there is an x 2 e B 2 such that x 2 e s and x 2 ^ y. Continuing in the same manner gives us neighborhoods 

b 3 , b 4 , ... 

and points 

X 3 , X4, ... 

all in S such that, for each k, x k e B k , but x k e B k+1 and x k ^ y. All of the Xj (i = 1, 2, ...) are distinct and in S. Hence, the 
arbitrary neighborhood B, of y contains in finitely many points of S. 

• PROBLEM 1- 

Let X be a topological space and let C and U be subsets of X. Define C to be closed if C contains all its limit points and 
define U to be open if every point p e U has a neighborhood which is contained in U. Assuming these definitions show that 
the following statements are equivalent for a subset S of X. 

i) S is closed in X; 

ii) X - S is open in X; 
m ) S = S. 

Solution : (i) => (ii) : From i) follows that S contains all its limit points. Hence, any neighborhood of such a limit point contains 
a point of S other than itself. Now suppose X - S is not open. Then there exists some 
x e X-S 

such that every neighborhood of x contains ay^x such that 
y e X-(X-S) = S. 















which is opea Therefore, for each i, there exists e i > 0 such that 


e (x) = (y 6 R m ||y-x||< g.) c R m - A. . 


g = g. > 0 . 

l£i£n x 

Since there are only a finitely many of the 8j > 0, s is positive. Then 
B s (x) c R m —Aj (1 < i < n). 

Hence 


(x) c fl (R m - A.) 
e i=l x 


0 (R m - A.) 
i=l 1 

is open, 
b) We have 

fl A. = R m - U <R m - A.) 
i6A 1 i€A 

by De Morgan’s law. Hence, it is enough to show that 


U or - A.) 

i6A 1 

is open. Let x be any point in 

U (R m - A.). 

ieA 1 

Then x e R m - A n for some n. So, 

x e B |x) £ R m - A C U (R m - A.) 
E n i£A 1 

for some > 0 since R m - A n is n open. Therefore, 


U (R m - a.) is open. 
iS A i 

c) Let Kj = [a i5 bj (i > 1). Note that the sequence {a ; } (respectively {bj}) is bounded from above (respectively below) by b, 
(respectively aj). Also, since these intervals are nested (i.e., Kj 2 K i+I for all i > 1), the sequence {aj} (respectively {bj}) is 
non-decreasing (respectively non-increasing). 

If for some i 

Ki=[a, a] = {a}, 

then 

Kn = [a, a] = {a} 
for all n > i. In this case 



Assume then that 

bj- aj> 0 

for each i. The sequences {a n } and {b n } being monotonic and bounded, so 


lim 

n-*» 


sup 

n>l 


A 


exists and so does 


lim 

n-*-® n 


inf 

n>l 


b n = B . 


Next note that a n < b n for every n and hence for fixed m 
a n < b n < b m 
for all n > m. 

Hence 


i.e., A< b m for all m Therefore 

. . inf , 

A < m>1 b m = B. 


We assert that the interval [a, b] c Pi k . 

i=l n 

In order to see this note that a n < A < B < b n so [a n , b n ] contains [A, B] for every a This completes the proof of (c). 


Remark : If b n - a n goes to zero, the intervals K n are said to be nested. In this case given any s > 0 there exists r^ such that b n - 
a n < 8 if n > r^ , 


i.e., b n < an + s for every n > dq . Hence 


for each n > n 0 or B < a n + 8 for every n > n 0 . Now a n < A for all n so B < A + 8 . Since s is arbitrary B < A and B = A. In other 
words 


consists of only one point {A} . For if 


c 6 „0i ■ 

a n < C < b n for all n and hence 
A< C < B = A, 
i.e., C = A. 


This result is known as the Cantor’s Theorem on nested intervals. 



PROBLEM 


Prove: Every bounded infinite subset S ofR n has a limit point. 


Solution : Let 

n 

S C [a,b] n = x [a,b] = K 0 
i=l 

for some interval [a, b]. By subdividing [a, b] into two halves in each dimension and choosing Jj as either half interval in the i- 
th dimension, construct 


There are 2 n of these types of products. At least one of these contains an infinite subset of S. Call one of these K,. Now assume 
that for i = 1,2, ... , K ; has been chosen such that Kj D S is infinite and Kj 2K W . 


the length of each side of Kj is 



By the Nested Intervals Theorem, there is a single point 


> 6 n k. 


Let s > 0 be given. Choose i so that 

Hb_-_„_aU < e . 


Then 

KiCB g (p) = {XeRn| ||X-p||<8} 

for if 

X = (x 1 ,...,x n )e Ki , 
then for all 

1 < j < n , | Pj - x.\ < 

and thus 


2 ^ 

l|x- p || < n < e . 

But Kj fl S is infinite so B g (p) fl S contains infinitely many points distinct from p. Hence, p is a limit point of S. This is known 
as the Bolzano-Wierestrass Theorem. 


• PROBLEM 1- 


Prove the triangle inequality in R n . 








Solution : The triangle inequality states that for any 

x,y e R n , ||x + y|| < ||x|| + ||y||, 

where 



for 

X=(X 15 X2, ... ,X n ), 

is the norm of x Since 

INI > o 

for all x, it suffices to show that 

Itx+yf £( INI + IMI ) 2 

= H 2 + 2IM IMI + llyll 2 - 

By definition of ||x||, 

llx + yII 2 = ? (x. + y .) 2 

i=l 1 1 


= l x 2 + 2 l x y 
i=l 1 i=l 1 1 


= ||x|| 2 + 2<x,y> + ||y|| 2 , 

where 

x = (x 1? ... ,x n ),y = (y 1 , ... ,y„),and 


<x,y> = l x.y. 

i=l 1 1 

is the usual inner product (or dot product). 

Note that ||x|| = <x, x>' /2 . For (1) to yield the desired result, the Cauchy-Schwartz inequality is needed. That is, if 
<x, y> < ||x|| ||y||, 
then(l) yields 

||x+y|| 2 <||x|| 2 + 2 ||x|| M + llyf • 

To prove the Cauchy-Schwartz inequality note that for all real X, 

0 < || x + Xy|| 2 = l (x. + Xy ) 2 

i=l 1 1 


= <x,x> + 2X<x,y> + X 2 <y,y> 


(2) 


Note that 









where 


a = (a T , a 2 , ... , aj 
and 

b = (b 1 ,b 2 ,...,b n ). 

To show B 8 (xq) is open it must be shown that for any x, e B g (x 0 ) there exists a neighborhood of x,, B E , (x, ), contained in B g 
(xo). Let 

e • = -| (e - || xi - x* || ) • 

Using the triangle inequality, it is seen that for any x 2 e B g , (x,) 

|| X2 - xo II = II X2 - Xl + XI - Xo || 

< ||x 2 - Xl II + II Xl - Xo II 

< \ (e - || Xl - Xo II ) + II Xl - Xo || 

■ \ (e + ||Xl - Xo II ) 

< £ 

since 

ll x i — Xq || < £ . 

So, 

x 2 e B s 

and therefore 

B g ,(x 1 )c Bg (x 0 ). 

This shows that B g (xq) is open. To show that B g (xq) is convex, it must be shown that for any 

xi, x 2 ^ B g (xq), (tx, + (l-t)x 2 ) e B g (xo) 

for all 0 < t < 1. Again, using the triangle inequality 

HtXj + (1-t) X 2 - Xq II = || (tXj - tXo) 

+ ((l-t)x 2 -x 0 + tx 0 ) II 

= l|t(Xi -Xq) + (1-t) (x 2 - Xq) || 

- t || Xj - Xq II + (1-t) II X 2 - XqII 

< t£ + (1-t) 8 = S. (0 < t< 1) 

So, 

(tx, + (1-t) x 2 ) e B g (xo) 
for 0 < t < 1 and therefore B g (xq) is convex. 

• PROBLEM 1- 


Let T be a linear transformation of R m to R n . Show that there exists a n u m b er X such that 

II TX || < X || X || 




for all X e R m . 


Solution : T can be represented by the matrix 

A = (ajj) 

with the normal basis {e ; | i=l,2, ... , k}, 

ej = (0, ...,0,1,0, ... ,0) with the 1 in the i-th position, for R k (k = m, n). Let M = max |aj-|. Then 

|tx|| «||A(X1.x m ) T || 


■ 11 Si, jli vf" 

-[£• 

<-[i -rWT 

1 


< /nin M ||x|| . 

To see that (2) follows from (1) note that 


( l |x |) 2 < ( l 1 -IxJ) 2 
j=l 3 j=l 3 

[X ^ si ^ 


l X . 2 

i=l 3 


= m||x || 2 

where (4) follows from (3) by the Cauchy-Schwartz inequality. Therefore, 

X = /ran max| a^ | . 

METRIC SPACES 


• PROBLEM 1- 


Show that the following are equivalent metrics for R n : 








n 

(i) d x (x,y) = || x-y|| = ( l (x. - y. ) 2 ) ; 

1 i=l 1 1 

(il) d 2 (x,y) =||x-y|| 2 *= x ““ n |x ± - yj? 

(iii) d,(x,y) = ||x-y|| - l | x. - y.|. 

* i-1 1 1 


Solution : For any of the above to define metrics they must obey the following for x, y, z e R n ; 

(a) d (x,y) > 0, and d (x,y) = 0 

if and only if x = y; 

(b) d (x,y) = d (y,x) 

for every x and y 

(c) d(x,y) > d(x,z) + d(z,y) 

for every x, y and z. 

A set together with a metric on the set is called a metric space. Hence, R n with any metric is a metric space. For (i), (a) and (b) 
clearly hold and (c) is the usual triangle inequality, ((i) is called the usual or Euclidean metric and R n with this metric is called 
Euclidean space). For (ii) and (iii), (a) and (b) clearly hold and (c) holds since it holds for absolute value in R. Two metrics 
are equivalent if for all x e R n and s > 0, there exist 8, > 0 and 8 2 > 0 such that 

CB r< X > and < X > 

6 - e o* — e 


where 


Bj(x) = {y € R n | Hy-xl^ < 5} . 

In order to show that d, and d 2 are equivalent let s > 0 be given and let 

51 = e , 6 2 = — 

/n 

Note that 


l*i‘ 


II x— y ll x 


(I - y t ) 2 ) < fix 

i=l 1 1 


implies that 


ll x -y|l 2 


max 

l<i<n 


and 


y ± l < e / 


l|x-y|| 2 


max | 
l<i<n 1 1 


y ± I < 


implies that 






and 6 


ll*-y|| x 


n h 

(J, (x. - Yi ) J ) 


n % 

< ( J (max|x. - yj|) 2 ) 
i=l 1 1 


< (n6i) 


= /n 6 2 = e . 

To show d 2 and d 3 are equivalent for a given s let 

6x = e , 


Then, 


ll x ~y II 


■ I l*i 
i=l 1 


- yj < «i 


implies 


■ yJ 


and 

ll»-y|l, - - y ± l < - £ '» 

implies 


.1 Ix ± ' 


max 

l<i<n 


|xi - y L \ 


< n6 2 = e . 

Finally, the equivalence of dj and d 3 follows from above. Let s > 0 be given. Since d 2 and d 3 are equivalent there exists 5, 
such that 

Br (x) C B*(x) . 

Again since d, and d 2 are equivalent there exists a 8 such that 

Bj(x) C B*(x) . 

Similarly, one can show that for some 8, 

Bj<x) C B* (x) 

showing that d, and d 3 are equivalent. 

• PROBLEM 1- 

^tat^n^rov^i^Hein^Bore^nieoraTUi^^n^how^^xmples^ia^i^ondition^^i^ieoren^^iecessary. ! 





1/2* 


3/2 


3 / 2 ' 


Fig. 1 

Solution : A subset S of R is said to be compact if and only if for each collection 

(Qa I a e j} 

of open sets with union 

UQ « 

o€J 

containing S, some finite subset {a 1? ..., o^} 
of J exists such that 


a) Every compact subset S of R is bounded. Indeed, the open intervals (-n, n) where n = 1,2,3, ... cover the whole real line. 

R = y (-n,n) . 
n=l 

In particular, 

S C y (-n,n) , 
n=l 

so for some n 

S C (-n, n) , 

i.e., |x| < n for every x e S, i.e., S is bounded. 


b) Every compact subset S of R is closed. Let p ^ S and let 

0 n » {X e R| |x-p|> £ } . 

O n is the complement of [ p - A f p + i ] and is open. The union of all the O n as n sums from 1,2,3 .... to infinity contains the 
whole real line except the point p. Hence, 

SC nSl°»- 

Since S is compact 

sc k\ 

for some k. Let n = max (n 1; ...,%) so that 0 n . C 0 n 


for i = 1,2, ...,kand 

k 

U O =0 
i=l n i 

and so some O n contains S. Hence the interval 









indicating 

F: I —»A, f (0) = x, and f(l) = y. 
f is continuous if for any open set 

U c A, f- ! (U) = {x e A|f(x) e U} 

is an open subset of [0,11. (Note, for example, that [0,14) is open in [0, 1] because 
[0, 14) = [0, 1] D ( 14,14) and (-14,14) 

is open in R). Suppose A is not connected. Then there exist non empty open subsets B, C of A such that B U C = A and BflC = 
®. Choose b s B and c s C and a path 

g: I, 0, 1 —> A, b, c. 

Since 

A = B U C, g~\A) = [0,1] = g-!(B) U g-!(C) 
where g _1 (B), g -1 (C) are non-empty and open. Also, since 
Bnc = ®, g- 1 (B)ng- 1 (c) = ®. 

However, [0,1] is connected. Therefore, A is connected. To see that the converse is not necessarily true, construct the 
following counterexample in R 2 . Let 

s = U VWi 

k=l K K+1 

where , i) ifk is odd and = (1 , -i) ifkis even. (See figure 1.) Since A 2k+1 —» (0, -1) and A 2k+1 —> (0, 1) as k 

—> oo the closure 

[S] = S U {(0, y) I- 1 <y< 1} . 



Fig. 1 

Now S is path connected and hence connected. It is known that if X is connected and 
X c Y c [X] , 

then Y and hence [X] is connected. Therefore, [S] is connected. However, [S] is not path connected since A k A k+1 does not 
intersect they axis for any k. 


Show that R is a complete metric space. 


PROBLEM 



















Solution : A sequence in R is a function from the positive integers Z to R and is usually denoted by {x n } where n —> x n e R 
for all n e Z f . A Cauchy sequence in R is a sequence {x n } such that for any s > 0 there exists an N E such that | x n - x m | < s for 
all n, m > N £ . A sequence converges in R if there is an x e R such that for every s > 0 there is an integer N g such that n > N 
implies that x n - x | < s . Clearly, every convergent sequence is Cauchy. If the converse is true—e., if every Cauchy sequence 
in R converges to a point in R— then R is complete. In the above definitions, R and its distance (e.g., | x-y |) could be replaced 
by any metric space. Let {xjbe a Cauchy sequence. For same N e Z + and n,m>N, 0<|x n -x m |<s. For 

n - N, lx,,) .< |Xjj— x N | + |x N | = b 

(triangle inequality). Let 


So, (XjjI < c for a 11 n. Therefore, {x n } is bounded. So all ^ e Ij f o r some interval Ij. Take half of Ij and let I 2 be the half with 
infinitely many of the x, v Continue in this manner to get nested intervals 


where each I m contains infinitely many of the x,-,. 


we have that there exists a subsequence {x n > which converges to x, by picking x n from Ij. That is, for any s > 0 there exists 
an integer M such that 


whenever n: > M. 


Now I x n " x l 5. I x n " x n .l + l x n . ‘ x l < 2e 

for n, rij > max (N, M). So, {x^} also converges to x. 


Show that C(X), with X compact and metric 


for all f,geC(X), is a complete metric space. 


Solution : C(X) denotes the set of all continuous functions fromX into R. Since 


p (f, g) > 0 and p (f, g) = 0 
if and only if f = g. Also, 







p(f,g) = tex* f(t) " g(t) ' = tex* 9(t) " f(t) * 

= p(g,f). 

To prove the triangle inequality note that for all teX, 

|f(t) - h(t)| <JJg |f(t) - h(t)| . 

Hence, for all teX, 

|f(t) - g(t)| < |f(t) - h(t)| + |h(t) - g(t)| 

- tex |f(t) " h(t) l + t6x |h(t) " 9<t)| 

since the triangle inequality holds in R. Therefore, 

I"* |f(t) - g(t)| < |f(t) - h(t)| + |h(t) - g(t)| 

and the triangle inequality holds in C(X). To show that this metric space is complete is to show that any Cauchy sequence 
{f n (t)} converges to a function in C(x). For every s > 0 there exists N such that 

|f n (t)-f m (t)|<8 

for n, m> N and all teX. Thus the sequence {f n (t)} is uniformly convergent. Let f(t) be the limit of this sequence. Clearly, 

|f(t)-f(t 0 )|<|f(t)-4(t)| + |f n (t)-4(to)| 

+ |f n (to)-f(to)|, 

where t, ^ e X. Then, by uniform convergence, for any s > 0, 

|f(t) - f n (t)| < e 
and 

14 (4) - f (4)l < e 

for all sufficiently large n. Since f n is continuous on X for all n, 

14 (t) - 4 (4)1 < £ 

for to sufficiently close to t. Thus, f(t) is continuous on X and C(X) is complete. 

• PROBLEM 1- 

Let R be a complete metric space with metric p. Prove that every contraction mapping A: R —> R has a unique fixed point. 

Solution : R is complete if every Cauchy sequence in R converges in R. A Cauchy sequence is a sequence {x^} such that for any 
8 > 0 there exists N > 0 such that 
P(Xil, Xn2) < £ 

whenever n b n 2 > N. For A to be acontraction mapping means that there exists a < 1 such that for any x, y e R 
p(Ax, Ay) < ap(x, y); 

To prove the theorem let x 0 be any point in R and 
Xj = Axq, x 2 = Ax, = A 2 x, , 
and, in general, 

x n = Ax n _ 1 =A n x 0 . 





Since 


P < x n ' = P(A n xo» A m x 0 ) 

< oi n p(x 0 , x m _ n ) 


(n < m) 


m-n 

< a ( l P(x i _ 1 , x.)) 
i=l 1 X 1 


(triangle inequality) 


< a n ( l a 1 
i=l 


p(x 0 ,Xi) ) 


a n p(Xg,X1) 
- “I - - - a- 


(since £ i 
i=0 


since a < 1, p(x n , x m ) is arbitrarily small for sufficiently largea Thus {x^} is a Cauchy sequence which converges to x since R 
is complete. Since A is continuous, 


Ax = A 


lim 

n-*<*> 


lim 

n-+® n+1 


x . 


Thus, x is a fixed point. Suppose y is also afixed point. Then 
P(Ax, Ay) = p(x, y) < ap(x, y) 

where a < 1. So x = y, there for exis a unique fixed point. This theorem is called the Principle of Contraction Mappings or the 
Banach Fixed Point Theorem. It is easily generalized: If A is a continuous mapping of a complete metric space into it self and 
A n is a contraction mapping for some integer n > 1, then A has a unique fixed point. 

• PROBLEM 1- 


Determine the roots of the equation F(x) = 0 where F is a real-valued continuously differentiable function on [a, b] such 
that 

F(a) < 0 < F(b) 
and 

0 < k T < F' (x) < k 2 on [a, b]. 


Solution : Let f (x) = x - XF(x). Then a solution to f(x) = x, which is equivalent to F (x) = 0, is desired. Since f (x) = 1 - XF' (x), 
1 - Xk 2 < f (x) < 1 - Akj. 

Take o < X < ^ , then 0 < f (x) < 1 

_ <2 

and hence f(x) is a contraction of [a, b] into itself; To see this observe that 

f Y 

f (y) - f(x) = f'(t)dt 
^ x 

I f(y) - f(*)l < J?<b ly- x l 

so 

= ct |y-x| 


where 







sup |f-(t)| < 1 . 
a<t<b 

Using the Principle of Contraction Mappings choose any x 0 e [a, b]. Then the sequence 
x 0 , x, = f(x 0 ), x 2 = f(x,) ... 

converges to the unique root of f(x) = x, which is also the unique root of F(x) = 0 on [a, b]. 

As an illustration. Figures 1 and 2 indicate the course of the successive approximations in the cases 
0 < f (x) < 1 
and 

-1 < f (x) < 0 . 



























CHAPTER 2 


VECTOR SPACES 


This chapter introduces some of the concepts of linear algebra which are of importance in the theory of advanced calculus. 

Linear algebra is concerned with linear transfor-mations on vector spaces where a vector space is a set with certain 
properties and alinear transformation is a function (or mapping) with certain properties (of linearity) between vector spaces. 

These notions, although quite abstract for their own sake, are of importance in advanced calculus because R n and C n are 
vector spaces. Furthermore, recall that transformation satisfying some equation. Hence, to study differentiation and, similarly, 
to study the theory of integration, requires an underlying knowledge of the theory of linear transformations on vector spaces. 

However, vector spaces do not include any notions about distance such as in Euclidean spaces. Again, the theory of linear 
analysis is quite important to vector spaces in which the notion of distance is included. 

Here the linear algebra of inner product spaces, where an inner product space is a vector space together with an inner 
product (some kind of bilinear function), is the underlying theory. Accordingly, derived from this inner product is the notion of 
distance. 

Another use of the inner product is in the notion of orthogonality (or perpendicularity). A well-known result called the 
Gram-Schmidt orthogonalization process guarantees the existence of orthogonal coordinate systems (e.g., the usual coordinate 
axes). 

The following problems should develop the notions of linear algebra necessary for the study of advanced calculus. 

DEFINITIONS 


• PROBLEM 2 


Show that the space R n (comprised of n-tuples of real numbers (x, , ... , x tl )) is a vector space over the field R of real 
numbers. The operations are addition o f n-tuples, i.e., (x, , ... , x n ) + (y b y 2 , ... , y n ) = (x, + y b x 2 + y 2 , ... , x n + y n ), and 
scalar multiplication, a(x b x 2 , ... , x n ) = (ax b ax 2 , ... , ax 11 ) where agR. 


Solution : Any set that satisfies the axioms for a vector space over afield is known as a vector space. We must show that R n 
satisfies the vector space axioms. The axioms fall into two distinct categories: 

A) the axioms of addition for elements of a set elements from the field. 

B) the axioms involving multiplication of vectors by elements from the field. 

1) Closure under addition 

By definition, (x b x 2 , ..., x n ) + (y b y 2 , ..., y n ) = (x T + y b x 2 + y 2 , ... , + y n ). 


Now, since x b y b x 2 , y 2 , ... , x n , y n are real numbers, the sums of x, + y b x 2 + y 2 , ... , x n + y n are also real numbers. 
Therefore, (jq + yi, x 2 + y 2 , ... , x n + yj is also an n-tuple of real numbers; hence, it belongs to R n . 

2) Addition is commutative 

The numbers x b x 2 , ... , x n are the coordinates of the vector (x b x 2 , ... , x n ), and y b y 2 , ... , y n are the coordinates of the 
vector (y b y 2 ,... ,y n ). 

show (x b x 2 , ..., xj + (yj, ..., yj = (yj, ... , yj + (xj, ... , xj. Now, the coordinates Xj + y b x 2 + y 2 , ... , ^ + y n are 
sums of real numbers. Since real num b ers satisfy the commutativity axiom, x, + y, = y, + x,, x 2 + y 2 = y 2 + x 2 , ... , x^ + y n = y n 
+ N, 

Thus, 

















(x 1; x 2 , ... ,x n ) + (y 1 ,y 2 , ... ,y n ) 

= (xi+yi,x 2 + y 2 , ... ,x n + y n ) 

(by definition) 

= (Yi + xi, y 2 + x 2 ,... ,y n -x n ) 

(by commutativity of real numbers) 

= (yi,y 2 > ••• ,# + (xi,X 2 , ... , x„) 

(by definition). 

We have shown that n-tuples of real numbers satisfy the commutativity axiom for a vector space. 

3) Addition is associative: 

(a+b) + c = a + (b+c). 

Let 

(x b x 2 ,... ,x n ), ( yi ,y 2 ,... ^n) 
and 

(Zi,Z2, ... ,Z„) 

be three points in R n . 

Now, 

((x 1? x 2 , ... ,x n ) + (y b y 2 , ... , yn )) 

+ (z 1 ,z 2 , ... ,z n ) 

= (xi+yi,x 2 + y 2 , ... ,x n + y n ) + (z 1 ,z 2 , ... !Zn ) 

=((xi+yi) + z 1; (x 2 + y 2 ) + Z 2 , ... ,(x n + y n ) + z n ). (1) 

The coordinates (xj + y) + Zj (i = 1 , ... , n) are real num b ers. Since real num b ers satisfy the associativity axiom, 

(x i + y i ) + z i = x i +(y i + x i ). 

Hence, (1) maybe rewritten as 

(xi + (yi+Zi),x 2 + (y 2 + Z 2 ), ... ,x n + (y n + ^ 1 )) 

= (x,, x 2 , ... , Xn ) + (y T + z 1; y 2 + zj , ... , y n + ^) 

= (x„ x 2 ,..., Xh) + ((y 1; y 2 ,... , y n ) + (z h z 2 ,...,z n )). 

4) Existence and uniqueness of a zero element. 

The set R n should have a member (a,, a 2 , ... , a n ) such that for any point (x, , ... , x n ) in R n , (x b x 2 , ... , x n ) + (a b a 2 , ... , a n ) 

^X b X2, ... ,X n ). 


The point 










( 0 , 0 , 0 , ... , 0 ) 

n zeros 

where 0 is the unique zero of the real number system, satisfies this requirement. 

5) Existence and uniqueness of an additive inverse. 

Let 

(x l5 x 2 , ... ,x n ) e R n . 

An additive inverse of (x b x 2 , ... , x n ) is an n-tuple (a 1? a 2 , ... , a n ) such that 
(x b x 2 , ... ,x B ), (a b a 2 , ... ,a n ) = (0, 0, ... ,0). 

Since x b x 2 , ... , x n belong to the real num b er system, they have unique additive inverses 
(-Xi), (-x 2 ), ... , (-xj. 

Consider (-x b -x 2 , ..., -xj e R n . 

(x b x 2 , ... , x n ) + (-x b -x 2 , ... , -x n ) 

= (x, + (-x,), x 2 + (-x 2 ), ... , x n + (-xj) 

= (0, 0, ... ,0). 

We now turn to the axioms involving scalar multiplication. 

6) Closure under scalar multiplication. 

By definition, 

a(x b x 2 , ..., xj = (ax b ax 2 , ... , axj 
where the coordinates ooq are real numbers. Hence, 

(ax b ax 2 , ... , aXjj) e R n . 

7) Associativity of scalar multiplicatioa 
Let a, P be elements of R. We must show that 

(a P) (x b x 2 , ... , xj = a (px b px 2 , ... , Px^. 

But, since a, P and x b x 2 , ... , x, q are real numbers, 

(a P) (x b x 2 , ... , xj = (apx b ... , apxj 
= a(px b px 2 , ... ,Px n ). 

8) The first distributive law. 

We must show that a(x+y) = ax + ay where x and y are vectors in R n and a e R. 
a[(x b x 2 , ... ,x n ) + (y b y 2 , ... ,y n )] 

= a((*i + y T ), (x 2 + y 2 ),... ,(x T1 + yj) 

= (a(xj + y,), a(x 2 + y 2 ), ... , a(x n + y n )) (2) 












(by definition of scalar multiplication). 

Since each coordinate is a product of a real num b er and the sum of two real numbers, 
a(x, + y) = ax, + ay. 

Hence, (2) becomes 

((ax, + ay,), (ax 2 + ay 2 ), ... , (a^ + ay n )) 

= (ax,, ax 2 , ... , ax n ) + (ay,, ay 2 , ... , ay n ) 

= ax + ay. 

9) The second distributive law. 

We must show that (a + (3) x = ax + [3x where a, P e R and x is a vector in R n . Since a + P is also a scalar, 

(a+P) (x,,x 2 , ... ,x n ) 

= ((a + P) x,, (a + p)x 2 , ..., (a + P)x n )). (3) 

Since a, P, x, are all real numbers, then 
(a + P) xj = axj + Pxj. 

Therefore, (3) becomes 

((axj + px,), (ax 2 + px 2 ), ... , (ax n + px n )) 

= (ax,, ax 2 , ... , ax n ) + p Xl , Px 2 , ... , PxJ 
= a(x 1; x 2 , ... , xj + (x,, x 2 , ... , xj. 

10) The existence of a unit element from the field. 

We require that there exist a scalar in the field R, call it “1”, such that 
1 (x 1; x 2 , ... ,x n ) = (x 1 ,x 2 , ... , xj. 

Now the real num b er 1 satisfies this requirement. 

Since a set defined over a field that satisfies (1) — (10) is a vector space, the set R n of n-tuples is a vector space when 
equipped with the given operations of addition and scalar multiplication. 

Similarly, F n is a vector space over F for any field F where elements of F n are n-tuples of elements of F. 

• PROBLEM 2 


Show that the zero mapping and the identity transformation are linear transformations. 








Fig. 1 

V V 



Solution : Let Y and W be vector spaces over the field K. Then, the function 
L: V —» W 

is a linear transformation if: 

i) uv,+v 2 ) = l(v,) + Uv 2 ). 

ii) L(aV,) = aL(V,) 

for V ls V 2 e V and a e K. An equivalent way of expressing i) and ii) is 
L(aV] + v 2 ) = aL(v,) + aL(v 2 ). 

Let F: V —> W be the mapping that sends every element in V to the zero vector in W. F is the zero mapping. We see from 
Fig. 1 that 

F(vi + v 2 ) = 0 = F(v t ) + F(v 2 ). 

Furthermore, 

F(av T ) = 0 = aF(v T ). 

Thus, the zero mapping is a linear transformation. 

Next, let I: V —» W be the function that assigns every element in V to itself. Thus, W = Y I is the identity mapping. (That is, 
Vj e V gives Ify) = v T .) 

We see from Fig. 2 that 

F(vj + v 2 ) = (Vj + v 2 ) = v T + v 2 = F(v,) + F(v 2 ). 

Also, 

F(av T ) = av T = aF(v T ). 

Thus, I, the identity mapping, is a linear transformation. 

• PROBLEM 2 

Define affine transformation. Show that 
T: R n R n 
defined by 

T(x)=X + a (1) 

for a fixed a £ R n is an alfine transformation according to this definition. Show that T has an inverse and find general 










l^^condituHisrunderx^ 

Solution : A linear transformation is a function L: R n +R m such that 
L(x+y) = L(x) + L(y) (2) 


and 

L(cx) = cL(x) (3) 

for c £ R; x, y e R n . A translation is a function T: R n + R n such that T(x) = x + a for some fixed a e R n and all x e R n . An 
affine map A: R n + R n is a composition of linear maps and translations. For example, 

A = T ° L: R n —> R n , 

where 

L: R n -»■ R n and T: R n -> R n 

are a linear map and a translation respectively, is affine. Hence, any linear map, as well as any translation, is affine. For T 
defined by (1), T is a translation Note that a linear transformation maps zero to zero, since from(3), 

L(0) = L(0.x) = O.L(x) = 0. 

Hence, T is linear if and only if a = 0, showing that, other than the identity translation, translations are not linear. Let 
S: R n + R n 

be another translation defined by 
S(x) = x + b 

for some b e R n . Then T 0 S is defined by 
(T ° S) (x) = T[S(x)] 

= T(x + b) 

= x + b + a (4) 

and S 0 T is defined by 

(S ° T) (x) = S[T(x)] 

= S(x + a) 

= x + a + b. (5) 

Hence, by commutativity of elements in R n , 
a + b = b +a 

so that equating (4) and (5) gives 
S°T = T° S, 

which means that translation multiplication (i.e., composition) is commutative. Now, if b = -a in the definition of S, then 
(S ° T)(x) = (T° S)(x) = x + a- a = x 


or 




(S 0 T) = (T ° S) = 1 


where 1 is the identity map on R n , thus showing that T has an inverse, namely, 

S(x) = x- a. 

Note further, that if B = K°S and A = L° T, where K, L are linear maps, S, T are translations, and 
A, B, K, L, S, T: R n R n , 

then the compositions A 0 B and B 0 A are also affine. That is, 

A 0 B = (L° T)°(K° S) 

= (L° R)°(T° S) 


and 

B 0 A = (K ° S) ° (L 0 S) 

= (K ° L) ° (T ° S). 

However, they are not necessarily equal unless 
L°K = K°L. 

Therefore, an affine map A = L° T is invertible only when L is invertible (i.e., when det 0). 

• PROBLEM 2 

Give examples of the following types of linear operators: 

a) two commutative operators 

b) two non-commutative operators. 


Solution : Let Y be a vector space over a field K. A linear operator T is a function T: V —> Y such that 

i) T(V| + v 2 ) = T(v,) + T(v 2 ) 

ii) T (av T ) = aT( Vl ) 

for v l5 v 2 e V and a e K. 

Let S: V —► V and T: V —■> Vbe fimctions from V into Y Then, for Ve y T(v), S(v) e y and we can operate on the 
results, i.e., S(T(v)) and T(S(v)) are defined. 

a) Let S: V —> V and T: V—» Vbe two operators defined on Y S and T are commutative operators if, for v e y 
S(T(v)) = T(S(v)). (1) 

As an example of commutative operators, let V = R 2 and K = R. Let S: R 2 + R 2 be a counterclockwise rotation in R 2 through 
the angle 0, and let T: R 2 —» R 2 be a counterclockwise rotation through the angle ®. Now, for a given vector v e R 2 , S(T(v)) 
is a counterclockwise rotation of v from its original position, first through an angle ® and then through an angle ® Thus, 
S(T(v)) is a counterclockwise rotation through ® + 0. 

On the other hand, T(S(v)) is a counterclockwise rotation of v, first through an angle of ® and then through an angle 0, i.e., 
the total rotation is 0 + ®. Hence, S(T(v)) = T(S(v)), i.e., S and T commute. 







T(v) 



b) Let V = R 2 and K = R. Let S be a counterclockwise rotation in R 2 through the angle n/4, and let T be a reflection in the 
y-axis. Thus, if v = (x,y) e y T(x,y) = (-x,y). 


> 


T(S(v)R 


\£: 


Fig. 2 


We see from Fig. 2 above that S(T(v)) ^ T(S(v)), i.e., S and T are not commutative. 


• PROBLEM 2 


Let 


(x 1? x 2 , ..., xj, (y l5 y 2 , ..., yj, (z h z 2 , ... , zj 


be three vectors in R n . Verify the following properties of the dot product using these vectors: 

a) XX>0;XX = 0if and only if X = 0 

b) X Y = Y • X. 

c) (X+Y) • z = X • Y + X • Z. 

d) (cX) • Y = X- (cY) = c(X Y). 


Solution : First define the dot product. If 


x=(x l5 x 2 , ... ,x n ) 


and 


(Yi.y2» ••• >Yn) 


are vectors in R n , then their dot product is defined by: 
X • Y = x,y, + x 2 y 2 + ... + x n y n . 


The dot product is also known as the inner product since it does satisfy properties a) - d), the properties required of an inner 
product. 


a) 












■ xi + x* + ... 



Ifx = 0 (x = (0, 0, 0, ... ,0)) 
then X • X = 0, 
and if X^O, 3x^0. 
This implies 



b) 

X-Y= (x l9 x 2 ,..., xj • (y,, y 2 ,... , y n ) 

= x iyi+x 2 y 2 +... +x n y n 
= yixi+y 2 x 2 + ... +y nXn 

= (ybY 2 , ••• ,yn) • (Xi,x 2 , ... ,x n ) = Y X. 

c) 

(X+Y)• z = {(Xj, x 2 ,... ,x n ) + (y 1 ,y 2 , ••• ,Yn)] (zi, zfe, ..., 

= Ol+yi,x 2 + y 2 , ... ,x n + y n ) • (z,,Z 2 , ... ,z n ) 

= [(xi + yi)z, + (x 2 + y 2 )z 2 + ... + (x n + yi X] 

= [(xiZj + yjZj) + (x 2 z 2 + y 2 Z 2 ) + + (x n z n + y n z n ) 

(by the associative property of real numbers) 

= (x |Z| + x 2 Z 2 + x n z n + y lZl + y 2 Z 2 + ... +y n z n ) 

' (*t% + x 2 Z 2 + ... + x^ + y,z, +y 2 z^+ ... +y n z B ) 

= X Z + Y Z 

d) Here, c is a scalar from the field R over which R n is defined. 

(cX)• Y = [c(x b x 2 ,... , xj] • (y,, y 2 ,..., yj 

= (ex,, cx 2 ,..., cxn) • (y,, y 2 ,..., y n ) 

= cx.y, + cx 2 y 2 + ... + cx n y n . (1) 

From (1), first obtain: 

(cX) • Y = x,cy, + x 2 cy 2 +- + x n cy n = X • (cY). 

Returning to (1): 

(cX) • Y = cx iyi + cx 2 y 2 + ... + cx n y n = c(X • Y). 











But now the property of symmetry, (i), is lost since 


<U,V> = < V,U> jf <v,u> . 

This new inner product function satisfies the following conditions: 
0 <u,v> = <v,u> 

ii) <au + bv, w> = a<u,w> + b<v,w> 

iii) <u,v> > 0; <u,u> = 0<=>u = 0. 

In C n , i.e., the set of all n-tuples of complex numbers, if 
u = (z,, Zj, ..., z n ) and v = (w l5 w 2 , ..., w n ), 


n 



Turning to the given problem, 

u = (2+3i, 4-i, 2i) and v = (3+2i, 5, 4+6i)- 
<u,v> = (2+3i)(3+2i) + (4-i) (5) + 2i(4+6i). 

The product of two complex numbers (a+ib) (c+id) is defined as 
ac -bd + i (ad + be). 

Thus, 

<u,v> = (6-6) + i(13) + 20 - i5 + (i8 - 12). 

Addition of complex numbers (a+ib) + (c+id) is defined as (a+c) + i(b+d). Thus, 

<u,v> = 8 + il6. 

Next, find the norm of u. 

||u|| = = t(2+3i) (2-3i) + (4-i) (4+i) + 2i(-2i) ] ** 

= [13 + i (0) + 17 + 41 5 * = /34 ^ 5.83. 


• PROBLEM 2 


Distinguish between n-dimensional Euclidean space and the vector space of n-tuples. 




Solution : Let R n denote the vector space of n-tuples of the form 
x=(x,,x 2 , ... 

where the Xj are real numbers. The axioms for a vector space do not provide any definition of distance. If we think of the length 
of a vector x in R n as a function of its distance from the zero vector 0 , then, by the Pythagorean theorem, 

d(x,0) = + x| + ... + x* . (1) 

Instead of the origin, or zero vector, consider the distance between any two vectors in R n . 

From the figure and using the Pythagorean theorem, 

d(x,y) = /(yj-x^ 2 + (y 2 ~x 2 ) 2 + ... + (y n -* n ) 2 

where 


x= (x l9 x 2 , ... , Xh), y = (y 1; y 2 , ... , y n ). 

The distance function in combination with the vector space R n results in Euclidean n-dimensional space. 

The distance function above is also known as the Euclidean norm A norm is a nonnegative valued function of a vector x e 
V, where V is a vector space, denoted by || x || such that 

a) || x || > 0, 0 and || x || = 0<=> x = 0. 

b) || kx || = | k 11| x || for any scalar k, 

c) || x+y || < || x || + || y || for y e y. 

Note that we can define other norms on R n . The resulting structure will then no longer be Euclidean space. For example, 

||x|| ■= max |x.| , 

i 1 

where | Xj | denotes the absolute value of x,, is also a norm on R n . However, different norms defined on the same set may be 
equivalent (i.e., may yield equivalent results). 

The Complex analogue c n can also be considered both as a vector space and as a normed space. In the latter case, it is not a 
Euclidean space but rather a unitary space. 

• PROBLEM 2 

What is a quadratic form? 

Solution : A function of n variables f(xj, ... , xj is called homogeneous of the second degree if: 

f(tx l5 tx 2 , ... , txj = t 2 f(x,, x 2 , ... ,x n ). (1) 


A quadratic form is a homogeneous function of degree two that is of the form; 







A - I I < 
i=l j=l 

where a„ = a~ for i = 1 , ... n. 


a ll X l + a 12 X l X 2 + a 13 X l X 3 


+ a 21 X 2 X l + a 22 X 2 + a 23 x 2 x 3 ' 

+ a nl x n x l + a n2 x n x 2 + a n3 x n x 3 + »■ + a nn x n * 

Equation (2) may be rewritten as: 

A = a u x 2 1 + a 22 x 2 + ... + a nn x 2 

+ 2a 12 x lX2 + 2a 13 x 1 x 3 + ... + Za^x^ 
+ 2a»,x.,x, + 2a_.x»x. + ... + 2a» x-x 


a 2n x 2 x n + ... 

X • (2> 


n-2,n-l n-2 x n-l 


2n 2 n 
l n-2 ,n x n-2 x n 


“n-l,n n-1 n 


n n-1 n 

■ l a ii x l + 2 l l a ii x i x i ' 
i=l 11 1 i=l j=i+l 13 1 3 

where we have used the symmetry of aj: = a.;. Note that A can be given a matrix form; i.e., 


A = [xx, ... x ] 


*11 12 In 


a 21 a 22 a 2n 


*nl a n2 * * * a m 


> X $x=<$x,x>, 


where X and O are defined in the obvious way and <, > denotes the inner product. It is always possible to construct a 
quadratic form from a given real symmetric matrix. For example, let 


1 2 

2 3 


[1 3 5" 

3 2-1 

5 -1 4 


1 2 

2 3 


n 3 

3 2 

5 -1 


Upon multiplying the above, the result is the quadratic form; 


















x n " 4 y l ‘ a n (a l x l + + a n-l x n-l ) * 

Thus 

Bi = {x, , , x n _ l5 y,} 

spans X and y 2 is a linear combination of elements of Bj 
y 2 = b 1 x 1 + ...+b n _ 1 x n _ 1 +cy 1 . 

Since y 2 ^ 0, some ^ 0 or c ^ 0. If c ^ 0 and bj = ... = b n _! = 0, then y 2 = cyj which is impossible since S is linearly 
independent. Therefore, some bj^ 0. Assume that b n _, ± 0. Then 

x n-l “ b^T y 2 - b“7 (b l x l + •• • + b n-2 x n-2 + cy l> 
n-1 n-1 

and thus 

B 2 = {x b ••• Xjj_ 2 , y ls y 2 } 


spans X. Continuing in this manner, we have 

B n = pi ,... ,y n l 

spans X. Since m > n, 

y n +i=diyi + ... +d n y n , 

which contradicts the linear independence of S. Hence, n> m Therefore, dimX = n. [Note that this implies that all bases are 
of the same order.] 

• PROBLEM 2- 

Which of the following vectors form a basis for R 3 ? 

i) (1, 1, 1) and (1,-1, 5) 

ii) (1, 2, 3), (1, 0, -1), (3, -1, 0) and (2, 1, -2) 

iii) (1, 1, 1), (1,2, 3) and (2,-1, 1) 

iv) (1, 1,2), (1,2, 5) and (5, 3, 4). 

Solution : A basis B for a vector space Vhas the following properties: 

a) B is the smallest set of vectors that span V: 

b) B is the largest set of linearly independent vectors in V; 

c) the n u m b er of vectors in B is the dimension of Y 

We may use properties a) - c) to test whether the given sets form a basis for R 3 . 

i) Since R 3 has dimension 3 (any point in R 3 can be expressed as a unique linear combination of the unit vectors (1,0,0), 
(0, 1, 0) and ( 0, 0, 1)), (1, 1, 1) and (1, -1, 5) cannot be a basis for R 3 by property c). 

ii) Here we have 4 vectors in the alleged basis. Again, using property c), these vectors do not form a basis. That is, a basis 
for R 3 must contain only 3 vectors. 


iii) Since there are 3 vectors in this set, it suffices to show that they span R 3 . Let (x, y, z) be an arbitrary vector in R 3 . Then, 












and y be any vector in Im L. Then y = Lx for some x e V Express x uniquely in terms of the basis S as the linear combination 


a i x i + ... + a n x n . 

Then 

y = Lx = L^x, + ... + a^J 
= ajLxj T. + a n LXjj 
= a k+1 Lx k+1 + .... + a n Lx n 

since 

x, , , x k e ker L. 

Hence, T spans Im L. Suppose 
a k+ iLx k+1 + ... +a n Lx n = 0. 

Then 

L(a k+1 x k+1 + ... +a n x n ) = 0 
and hence 

(a k+1 Xk+j + a n x n ) e ker L. 

So, then 

a k+i x k+i + ... + a n x n = b lXl + ... +b kXk 
or 

b 1 x 1 + ... + b k x k + a k+1 x k+1 + ... + a n x n = 0 
for some scalars b;. Since S is linearly independent, 
bi = ...=b k = a k+1 = ...=a n = 0. 

Hence, T is also linearly independent and therefore is a basis for ImL. Thus, dimImL= | T | = n-k. 

• PROBLEM 2- 

Let T: V, —»• V 2 ; S: V 2 —» V 3 ; R: V 3 —> V 4 be linear trans-formations where V |5 V 2 , V 3 and V 4 are vector spaces defined 
over a common field K. If we define multiplication of transformations by 

S o T(v) = S(T(v)), 

show that the multiplication is associative, i.e., 

(RS)T(v) = R(ST(v)), where veY,. (1) 

Solution : We first identify the domains and co-domains of the various transformations. T transforms V,, the domain, into V 2 . 

The domain of S is the co-domain of T. Similarly, the domain of R is the co-domain of S. Finally the co-domain of R is V 4 . 

On the left-hand side of (1), since S transforms V 2 into V 3 and R transforms V 3 into V 4 , RS transforms V 2 into V 4 . Then, 
(RS)T transforms V, into V 4 . On the right-hand side, ST transforms V, into V 3 and R(ST) transforms V, into V 4 . 








Thus, the domains of (RS)T and R(ST) are the same. 
Now, let veV,. Then, ((RS)T)v = (RS) (Tv) = 


R(S(Tv)) = R((ST)v) = (R(ST))v, i.e. , R(ST) = (RS)T. 
Thus, transformation multiplication is associative. 


• PROBLEM 2- 


Show that in matrix arithmetic we can have the following: 

a) AB ^ BA. 

b) A^ 0, B ^ 0, and yet, AB = 0. 

c) A^0andA 2 = 0. 

d) A^O, A 2 ^ 0, and A 3 = 0. 

e) A 2 = A with A ^ 0 and A ^ I. 

f) A 2 = I with A^-I and A ^ I. 


Solution : a) 



Thus, AB ^ BA. Therefore, matrix multiplication and, hence, transformation multiplication are not commutative, 
b) Let 

o 1 

A = ; b = 

0 0 


0 4 

0 0 



4 

0 


0+0 0+0 

0+0 0+0 


Thus, AB = 0, 0 and B + 0. 


c) 








Thus, A ^ 0 and A 2 ^ 0 but A 3 = 0. (A matrix is called nilpotent if some power of itself is 0.) 
e) Let 




Thus, A 2 = A with A ^ 0 and A ^ I. Any such matrix (including 0 and I) is called idempotent. 
f) Let 



Hence, A 2 = I with A^ I and A^-1. 



• PROBLEM 2- 


Fooixrmia^ce^^ ^ — ^______J 

Solution : If A is not invertible (i.e., singular or det A= 0), then A is row equivalent to a matrix D = E k ... EjAwitha row of 
zeros. Thus, 

DB = E k E1 AB 

and AB is row equivalent to DB which has a row of zeros. Hence, since det DB = 0, we have det AB = 0 since det (E k C) = det 
E k det C for any elementary matrix E k . 

Thus, 

det AB = det A det B = 0 
If A is invertible , A is row equivalent to I. Thus, 

A = E k ... Ejl = E k ... E, 

for some elementary matrices E,, ... , E k . Then, 
det A = det E k ... E T 
= det E k ... det E k 

Now 


AB = E k ... EiB 






and therefore 


det AB = det E k ... E T B 

= det E k (det E k _, ... E] B) 
= det E k ... det E, det B 
= det A det B, 


since 


det EB = det E det B 


for an elementary matrix E. 


• PROBLEM 2- 


Find the volume of the parallelepiped determined by the vectors u = (2, 3, 5), v = (—4, 2, 6) and w = (1, 0, 3) in xyz-space. 



Solution : The parallelepiped can be represented as the set 
{tjU + t^V + t 3 w} 

where 0 < t < 1 for i = 1,2,3, where the parallelepiped is outlined by the three vectors u, v, w. 

In general, let p (E), where E is an n-dimensional parallelepiped in the vector space R n , denote the measure (or n-volume) 
of E. Let C be the n-cube (or n dimensional hyper cube) 

P=[0, If. 


Now, let T be the linear operator which takes P onto E. It is known that 
g(E) = g(T(P)) = detT| p(P) = |detT|, 

i.e., measure varies under a linear transformation by a factor of the absolute value of the determinant of the transformation. 
Hence, the formula for the volume of a parallelepiped is the absolute value of the 3x3 determinant of the matrix formed by 
using the three determining vectors as its rows. In this case 

Volume = absolute value of 

I 2 3 sl 


-4 


(1) 






Recall that multiplying a row by a constant and adding the result to another row does not change the value of the determinant. 
Hence 


2 3 5 0 3 -1 

-4 2 6 = 0 2 18 

10 3 10 3 

This equation is a result of the following two row operations: 

1) Multiply the third row of the matrix in equation (1) by 4 and add it t o the second row. 

2) Multiply the third row by (-2) and add it to the first row. 

Expanding along the first column yields: 

2 3 5 0 3 -1 

-4 2 6 = 0 2 18 

10 3 10 3 


= 0 + 0 



18 


= 54 - (-2) = 56. 

From equation (1) we obtain 
\blume = 56. 


• PROBLEM 2- 


Consider the vector space C[0, 1] of all continuous functions defined on [0 ,1]. If 
f es C[0, 1], 

show that 


C 


f 2 (x)dx^ 

) 


defines a norm on all elements of this vector space. 


Solution : Since f is continuous, f 2 is continuous. If a function is continuous, it is integrable; thus, 


([ f’lxldx) 11 - ||f || 


is well-defined. 

Let V be a vector space. A norm on V is a nonnegative number associated with every v ^ Y denoted || v ||, such that 

a) 

|| v || > 0 and || v || = 0<=>v = 0, 














b) 


|| kv || = | k 11| v || for k, a scalar, 

c) 

|| V+W II < IIVII + II w II, for w e V 
It is necessary to show that 

(| f^xjdx )* 5 

J 0 

satisfies conditions a) - c) above. 

a) If f(x) e C[0, 1], then! 2 (x) > 0 on [0, 1]. But this implies that 



then 

f 2 (x) = 0 

and, therefore, f (x) = 0 on [0, 1] since a nonnegative function continuous over the interval [0, 1] can have zero integral over [0, 
1] only if that function is identically zero on [0, 1]. So, || f || = 0 if and only if f = 0. 

b) Let k be a scalar from the field over which C[0, 1] is defined. Then, 

||kf|| =(f [kf <x)j] 2 dx) h = |k|(J f s (x)dxj** = |k| ||f || . 

Jo 0 

c) First, show that 

|| f+g ||, f, g e C[0, 1] is well-defined. 

Now, 

||f+g|| =(j [f (x) + g(x) ] 2 dxj* 

exists since sums and squares of continuous functions inC[0, 1] are also inC[0, 1] and, therefore, integrable over [0, 1]. Note 
also that 

fg=‘/i[(f+g> 2 -f 2 -g 2 ] 

is also in C[0, 1] and integrable over [0, 1]. It is now possible to show 

l|f+g||<l|f|l + llg||- 

iif+gii<iifii+iigii»iif+giP<(iifii+iigii) 2 , (i) 



but 


llf+gll* 


[f(x) + g(x)] 2 dx 


f 2 (x)dx + 2 f(x)g(x)dx + g 2 (x)dx 


(Ilf II + llgll ) 2 = IUII 2 + 2 ||f || ||g|| + ||g|| 2 
=J f 2 (x) dx + 2 (j f 2 (x)dx)* 5 ^ | g 2 (x 


g 2 (x)dx 

Comparing (2) and (3), we see that (1) can hold if and only if 

f(x)g(x)dx < ( f 2 (x) dx) ** ( g 2 (x)dx) ,s . 

Jo Jo Jo 

By the properties of the absolute value functions, 


f(x)g(x)dx < |f(x)| • |g (x)| dx . 

•»0 

It can be proven that 

If (x) | • |g(x)|dx< ||f || || g || . 


Let X be a real variable and form 

f (|f (x) I + A |g(x) |) 2 dx > 0 . 

Jo 

But, 

(|f (x) | + A | g (x) |] 2 dx = 

J 0 


■r-‘ 

J 0 


g 2 (x)dx + 2A |f(x)||g(x)|dx + | f 2 (x)dx 

Jo 

is a nonnegative quadratic polynomial in X. Hence, it has no real roots and its discriminant is nonpositive; 


f 1 f 1 f 1 

4( |f(x)| |g(x)|dx) 2 - 4 g 2 (x)dx f 2 (x)dx : 

Jo Jo Jo 



which implies 


| |f (X) I |g(x) |dx < (I fMxldx) 5 * (f gMxJdx)* 5 , 

*0 'o ^0 

as was to be shown. 

Thus, 



defines a norm on C[0, 1] known as the Euclidean norm. 

• PROBLEM 2- 

Let A be an nxn Hermitian matrix (i.e., A = A* = (A T )“ = (A“) T where A - is the conjugate of A). Show that the eigenvalues 
of A are real. 

Solution : Let <, > denote the standard inner product. Note that since 
<x, y> = <y, x>“ and <Bu, v> = <u, B*v> 
for complex x, y and real u, v, and matrix B, then 
<Ax, y> = <x, A*y>. 

Recall also the properties of inner products 
<ax, y> = a<x, y> = <x, ay> 
and 

<x, x> = 0 <=> x = 0. 

Let X be any eigenvalue of A. Hence there exists a corresponding eigenvector v ^ 0 such that Av = Xv. Therefore 
<Av, v> = <Xv, v> = X<v, v> 
and 

<v,Av> = <v,Av> = X<v,v> . 

Since 

A = A*, <Av, v> = <v, A*v> = <v, Av> 
and thus 

A = X ( <v,v > 4 0 since v £ 0). 

This means that X is real. Note also that a Hermitian quadratic form is real valued for 
<Ax, x> = <x, Ax> = <Ax, x>“. 

INVERTIBILITY 


PROBLEM 2- 





Show that a linear operator A on a finite-dimensional vector space X is invertible if and only if it is one-to-one or onto. 


Solution : If X were any vector space, then A being invertible (i.e., there exists a linear operator A 1 on X such that 
AA _1 x = A _1 Ax = x 

for all x e X) is equivalent to A being one-to-one and onto. To see this suppose first that A is one-to-one and onto. Then each 
x e X has a unique u e X such that Au = x. 

Defining A -1 by A -1 x = u for each x where Au = x, we have 

AA _1 x = Au = x 

and 

A _1 Au = A _1 x = u. 

Furthermore, ifx,y e X, then 

A[A _1 (x + y)] = AA _1 (x + y) = x + y 


and 


A[A _1 x + A -1 y] = AA _1 x + AA _1 y = x + y. 

Since A is one-to-one and onto, this means that 
A -1 (x + y) = A -1 x + A -1 y. 

Similarly, 

A -1 (ex) = cA-'x 

for all x e X and scalar c. Hence A -1 is linear. Conversely, suppose A -1 is an inverse of A. Then Ax = Ay for x,y e X 
implies that 

A _1 Ax = x = y = A _1 Ay. 

Also, AA _1 x = x for all x e X implies that Au = x, where u = A -1 x e X, for all x e X. Hence, A is one-to-one and onto. If X 
is a finite-dimensional vector space, then A is still invertible if and only if it is one-to-one and onto. To show that A is 
invertible if and only if it is one-to-one or onto, it must be shown that (for a finite-dimensional X) A is one-to-one and onto if 
and only if it is one-to-one or onto—i.e., A i s one-to-one if and only if it is onto. To show this, first choose a basis 

{x l5 

of x. Since A is linear its image, Im A, equals the span of 
B = {Ax l5 ..., AxJ. 

Therefore, Im A = x if and only if B spans X or, equivalently, if the elements of B are independent. 

Moreover, A is onto if and only if B is independent. Suppose A is one-to-one and 

n 

J c^Ax.^ = 0 for scalars c- 


Then 



0 . 






But AO = 0, so E c. x. = o. 
i=l 1 1 

Hence 

Cj = ... =c n = 0 

and thus B is independent. Conversely, suppose B is independent and 

A (Ji c i*i) ■ 0 • 


Then 


J L c i Ax i = 0 


and hence 

Cj = ... =c n = 0. 

Therefore, Ax = 0 if and only if x = 0. If Ax = Ay then Ax - Ay = A(x-y) = 0. But then x-y = 0 or x = y. Thus, A is one-to-one. 

• PROBLEM 2- 

Let T and S be linear operators on the vector space Y Show that the following are possible: 

i) T is one-to-one but not invertible; 

ii) S is onto but not invertible. 


Solution : If V is finite dimensional, i) and ii) cannot occur by the previous problem However, a linear operator must be 
bothone-to-one andonto (i.e., injective and surjective respectively or, equivalently, bijective) for it to be invertible. Thus, 
examples must be found on an in finite dimensional vector space where an operator T is one-to-one but not onto and an 
operator S is onto but not one-to-one. 

Let 

v= {(x 1; x 2 , ... ) : xj e R, i = 1,2 , ...}. 

As a result V is the set of all sequences of real numbers. Defining addition of sequences and scalar multiplication as in R n , V 
becomes an infinite dimensional vector space over the reals. 

Define T: Y -> Y and S: Y -> Y by 
T (x 1; x 2 , x 3 , ... ) = (0, x,, x 2 , x 3 , ...) 

S(X!,X 2 ,X 3 , ...) = (x 2 ,x 3 , ...) 


for all v e Y Both T and S are linear transformations since 


T (v T + v 2 ) = T ((x,, x 2 , ...) + (y,+ y 2 , • • •)) 
= [(0,x 1 ,x 2 , ...)T(o, yi,y 2 , •••)] 

= (0, X, +y,,x 2 + y 2 , ...). 


On the other hand, T (v 3 ) = (0, Xj, x 2 , ...), 
T (v 2 ) = (0, y l5 y 2 , ...) 







and, hence, 


T (vj) + T(v 2 ) = (0, xj + y 1; x 2 + y 2 , ...) = T( Vl + v 2 ). 


Also, 


T (avj) = T (ax b ax 2 , ...) = (0, ax b ax 2 , ...) = aT^). 


Similarly, it can be shown that S is a linear transformation. Further, T one-to-one because T(x) = T(y) implies 
(0,x,,x 2 , ...) = (0, y,, y 2 ,...) 


so 


X; = yj for every i i.e., x = y. 

But T is not onto since the vector (1,0,0, ...), although in Y can never be the image of a vector in V under T. Thus, T is one-to- 
one but not onto. 

S is onto since the range of S(xj, x 2 , ...) is (x 2 , x 3 , ...), again an infinite sequence of real numbers. But S is not one-to-one 
since S(l, 0, 0, ...) = (0, 0, ...) = 0, i.e., the kernel of S contains other elements besides the zero vector. Thus, S is onto but not 
one-to-one. 


• PROBLEM 2- 


Show that the nxn matrix A is invertible if and only if det A ^ 0. 


Solution : The elementary row (or column) operations on a matrix A are (a) row (column) interchanging, (b) row (column) 
multiplication by a non-zero constant, and (c) row (column) addition [or non-zero multiple of row (column) addition]. An 
elementary matrix is then an nxn matrix obtained from the identity matrix by an elementary row or column operation. Two mxn 
matrices are equivalent if one can be obtained from the other by a finite sequence of elementary row and/or column operations. 
Since any matrix A is row equivalent to a matrix in reduced row echelon form, then, by elementary column operations (of type 
(a) above followed by some of type (c) above), A is equivalent to a matrix D of the form 


1° °l 

where I k is the kxk identity and k < m,n. Thus, there exist elementary matrices E,, ... , E p and F,, ... F r such that 
A = E p E^ 1 ...E 1 ,...,DF 1 ,...,F r . 

It is easily seen that det EA = Det AE = det E det A for an elementary matrix E. Hence 
det A = detE p ... det E, det D det F, ... detF r . 

Since det Ej ^ 0 (i = 1, ... , p) and det Fj ^ 0 (j = 1, ... , r), det A ^ 0 if and only if det D ^ 0. Moreover, det A ^ 0 if and only if 
k = n. But A is invertible if and only if A is a product of elementary matrices and hence if and only if A is equivalent t o I n . 
Therefore, A is invertible if and only if det A ^ 0. 

• PROBLEM 2- 


Show that the system 

anxi + ... +a ]n x n = b 1 










•(1) 


a ni x i+... +a nn X n = bn 

has a unique solution if det A^ 0 where 

*11 a ln 

*nl " "' a nn 

Moreover, solve the system(l) for Xj,..., ^ (Cramer’s Rule). 


Solution : If det A ^ 0, then A is invertible. Let (1) be expressed as 
Ax = B 

where A is as in (2), x = (xj ,..., xj 1 ', and B = (bj,... bj 1 . Now 


" 1b - srr-s 


‘11 * ” nl 


In ''’ nn 


where A- is the cofactor of a,j (i.e., if My is A without the i-throw and j-th column, then 
Ay = (-1)^ det Mjj). 


l det A li 1 


(A. .b. + ... + A b ) (i = 1 


a ll *•' a li-l b l a li+l ••• a ln 

a nl *'* a ni-l b n a ni+l * * * a nn 

Evaluate det A; by expanding about the i-th column to get: 

det A; = Ajjbj + ... + A ni b n . 

Hence 


det A. 
x i = detA 


(i = 1 


n) . 


n). 


Note that det A ^ 0 and hence, the solution (3) of (1) exists and is unique. 







PROBLEM 2- 


If A is a real invertible matrix, show that it is a product of a symmetric positive definite matrix S and an orthogonal matrix 
R. 

Solution : Since, for two matrices B and C we have 
(BC) t = c t b t 
and 

<BCx, x> = <Cx, B t x>, 
then for B = A and C = A T 

(AA t ) t = (A t ) t A t = AA t 
and 

< AA t x, x> <A t x, A t x = || A t x || 2 > 0 

for x ^ 0. Thus AA T is symmetric and positive definite. By the Principal Axis Theorem, there exists an orthogonal matrix P 
such that 

P“AA t P 

is diagonal and positive definite. Let T be the diagonal positive definite matrix such that 
T 2 = P'AA t P 
Hence, 

S = PTP- 1 

is symmetric and positive definite and 
S 2 = PT 2 P- t = AA t . 

So, let R = S _1 A. 

Then 

RR t = s^AA 1 (S' 1 ) 1 = s 'S 2 (S ')' = S” 1 S 2 S- ! = I, 
since S is symmetric (i.e., S = S T ). Thus, R is orthogonal and A= SR. 


DIAGONALIZATION 


Construct an orthogonal matrix H from the eicrenvectors associated with the symmetric matrix: 


• PROBLEM 2- 


1 -1 








j How does the transformation x = Hy affect the related quadric surface, where H is the orthogonal matrix? | 

Solution : An orthogonal matrix is a matrix H such that 

h.h t = i, 

where I is the identity matrix. If H is a matrix whose column vectors are mutually orthonormal, then H is an orthogonal matrix. 

We know that any symmetric real n x n matrix is diagonalizable, and the eigenvectors of such a matrix form an orthogonal 
basis ofR n . Thus, from the given matrix A which is symmetric, we construct the associated orthogonal matrix H. This is done 
by finding the eigenvectors of A, normalizing them, and making them the col u mn vectors of H. 

Recall that these eigenvectors also form the basis of a coordinate system in which any quadric surface whose quadric form 
corresponds to A is in canonical form. That is, the transformation x = Hy will give us a coordinate transformation that 
diagonalizes the quadratic form 

The quadratic form associated with the symmetric matrix (1) is: 



The eigenvalues associated with (1) are scalars k that satisfy the matrix equation 
Ax = kx. (2) 


From (2), we obtain 
[A-Ik]x = 0 


which implies det[A- kl] = 0. Thus, the result is the characteristic equation: 

5-A 1 


(3) 


Expanding (3) along the first row, 

(5 X) [(5-k) 2 - 1] - 1[(5 X) + 1] + 1[-1 - (5-k)] = 0 

k 3 - 15k 2 + 72k-108 = 0. (4) 

This can be factored as 
(k-x) (k-y) (k-z) = 0 
Thus, 

xyz= 108 
x + y+z=15. 


By trial and error, we find x=3 and y = z = 6; hence (4) is 
(k-3) (k-6) (k- 6) = 0. 




Thus, the eigenvalues are 
= 3; X 2 = 6 ; ^ 3 = 6 . 

An eigenvector associated with X, = 3 is found by solving the system: 



One solution is [-1,1,1]. Next, find mutually orthogonal eigenvectors corresponding to the double root X = 6 . Form the system 



Two solutions to this system are [1,1,0] and [1,-1,2]. Further, since [1,1,0] • [1,-1,2] = 0, they are orthogonal. 

The next stage is to form an orthogonal matrix whose columns are the components of the normalized eigenvectors . The 
norms of [-1,1,1], [1,1,0] and [1,-1,2] are /j, and /£, respectively. Hence, the required orthogonal matrix is 

-1//3 1//2 1//5 

h = 1//3 1//2 -1//6 

1//3 0 2//E 

Since H is orthogonal, H -1 = H T and H _1 AH = H T AH is a 3 x 3 diagonal matrix with diagonal entries 3, 6 , 6 . 

The transformation 



transforms the equation 


+ 5x£ - 2x_x_ + 5x| = k 


in the (x b x 2 , x 3 ) coordinate system to the equation 


3yf + 6y| + 6y| = k 

in the (y |; y 2 , y 3 ) system 


• PROBLEM 2- 


Find a matrix P that diagonalizes 






Solution : The following is the procedure for diaqonalizing a diagonalizable nxn matrix A. 

1. Find n linearly independent eigenvectors of 

A, x 1 ; x 2 , ... V 

2. Form the matrix P having 

Xi,X 2 , ... x n 

as its column vectors. 

3. The matrix P -1 AP will then be diagonal with 

X h X 2 , ... An 

as its successive diagonalentries where \ is the eigenvalue corresponding to 
Xj, i = 1, 2, ..., n. 

The characteristic equation of A is 

X-3 2 0 

det 2 X-3 0 = 0 . 

0 0 A-5 

Expanding alonq the third row, 

-»rr j = ° - 

or (X-5)[(X-3) 2 -4] = 0 

or (X-5) (X-l) (X-5) = 0. 

The eigenvalues of A are Xj = 1 and X 2 = 5. 

Solve the equation (51 - A)y = 0 to obtain the eigenvectors corresponding to A = 5: 

2 2 0] TyA to 

2 2 0 y 2 = 0 

0 0 o [y 3 [o 


Solving the above system yields: 
yi=-s,y 2 = s,y 3 = t, 


or 





Thus, 



-i 1 [o' 

= 1 and x 2 = 0 

O J 1 

are two linearly independent eigenvectors corresponding to X = 5. 

Similarly, we find that 

1 

x 3 = 1 

0 

is an eigenvector associated with X = 1. Thus x,, x 2 and x 3 are linearly independent vectors such that 

-1 o 1 

p = 10 1 

0 1 0 

To find P -1 , use the adjoint method: 

P " 1 -asTp ad i- p - 

We find 


It follows that P 1 AP is the required diagonal matrix. 


- 1/2 1/2 0 


3-2 0 


-1 0 1 

0 0 1 


-2 3 0 


10 1 

1/2 1/2 0 


0 0 5 


0 10 


There is no preferred order for the col u m ns of P. Since the ith diagonal entry of P 'AP is an eigenvalue for the ith column 
vector of P, changing the order of the columns of P merely changes the order of the eigenvalues on the diagonal of P _1 AP. 


Thus, had we written 



-1 


P = 1 1 0 

l 0 0 1 I 

in the last example, we would have obtained 

'5 0 0 

P _1 AP =010 
4 0 0 5 

Furthermore, if the columns of P (i.e., the eigenvectors of A) are normalized, then 

JL o i 

/2 /3 

-±- 0 -i- 

/5 /2 

0 1 0 

for example. Now p T = P _1 , so that P is orthogonal. Thus, in this case, and in the case of any symmetric nxn matrix A, there 
exists an orthogonal matrix P which diagonalizes A. 

• PROBLEM 2- 

Diagonalize the transformation T on c 3 , where T is represented by the matrix | 

o l-l 

T = 1/4 0 3/4 

2 1 1 

over the standard basis. That is, represent T as a diagonal matrix over some basis. Check the result. 

Solution : To do this, find the eigenvalues of T (i.e., solve det (T - tl) = 0). 

-t l -1 

det (T - tl) = det 1/4 -t 3/4 

2 1 1-t 

= (t 2 - t 3 + § - ±) - (2t - | t + ± ± t) 

= -t 3 + t 2 - t + 1 

and hence the eigenvalues of T are the solutions of 
-t 3 +1 2 -1 + 1 = 0. 

These are A., = 1, k 2 = i , and k 3 = -i. To find the corresponding eigenvectors, solve 
Tz = kjZ (i = 1, 2, 3). 

First, for z = (z,, Z 2 , x 3 ) e C 3 , 








-1 


Tz 


1/4 0 3/4 z 2 

.2 1 1 J [z 3 

Z 2 " Z 3 
(l/4)z 1 + (3/4> 3 


For Tz = lz, (1) gives 

Z 1 = Z 2 " Z 3 

z 2 = 1 Z 1 + ! Z 3 

z 3 = 2Z 1 + z 2 + z 3 • 

This system yields the solution 

2 = - i z = _ 1 z 

Z 1 2 Z 2 3 z 3 


( 1 ) 


Thus, an eigenvector is (1, -2, - 3). Similarly, fromTz = iz, an eigenvector is (-3 + 4i, 1 - 3i, 5) and fromTz = -iz, an 
eigenvector is (-3 -4i, 1 + 3i, 5). Therefore, T can be represented by the diagonal matrix, 


1 0 0 

D = 0 i 0 

0 0 -i 

over the basis 

B = {(1, -2, -3), (-3, + 4i, 1 - 3i, 5), 

(-3 -4i, 1 +3i, 5)}. 

To check this let 


1 

u = -2 x + 

-3 


r_ 3 _4i 
1 + 3i z 


Then, 


x - (3-4i)y - (3 + 4i)z' 
-2x + (l-3i)y + (l+3i)z I 
L~3 x + 5y + 5 z 




0 

1 

-1 ’ 

x - (3-4i)y 

(3+4i)z 

Tu = 

1/4 

0 

3/4 

-2x + (1—3i)y 

+ (l+3i)z 


2 

1 

1 , 

-3x + 5y + 5z 



-2x + (l-3i)y + (l+3i)z + 3x - 5y - 5z 

2x - (6-8i)y-(6+8i)z-2x+(l-3i)y+(l+3i)z-3x+5y+5z 


' x - (4+3i)y - (4— 3i)z 
-2x + (3+i)y + (3—i)z 
-3x + 5iy - 5iz 



1 -3+4i -3-4i 


X 

= 

-2 l-3i 1+ 3i 


iy 


-3 5 5 


-iz 


x 

y 


-3+4i -3-4i 

l-3i l+3i 


= ADu 

where A is the change of basis from the basis B to the standard basis. 


• PROBLEM 2- 


Reduce the quadratic form 

Q(x 1# x 2 , x 3 )= x 2 + x 2 - 2 XjX 2 - 2XjX 3 + 10x 2 x 3 

to the simplest form What is the matrix of the transformation? 


Solution : A quadratic form is i n simplest form when all cross-product terms are eliminated. This is accomplished by 
completing the square and relabeling terms within parentheses by a change of variables. Geometrically, this relabeling 
corresponds to a coordinate transformation. We have, 

Q(x 1# x 2 , x 3 ) * x 2 + x| - 2 XjX 2 - 2x^x 3 + 10x 2 x 3 . 

Now add and subtract 


x| to Q. 

Q*(x£ + x 2 + x| - 2 XjX 2 - 2 x ^2 + 2x 2 x 3 > + 8x 2 x 3 - x| 

Note that 

(x^ - x 2 - x 3 > 2 = x£ + x| + x| - 2 x^x 2 - 2x^x 3 + 2x 2 x 3 . 


Q 


(iy 


Therefore, 







Next, introduce new variables 

Yl = C x l - x 2 - x 3 ); y 2 = x 2 ; y 3 = x 3 . 

Then(l) becomes 

Q’ = y| - y| + sy 2 y 3 . 

Subtract and add i6y| to Q': So, 

Q’ = y{ - y| + 8y 2 y 3 - lfi yl + 16 v| 

- y[ - (y| - 8y 2 y 3 + 16y’) + 16y| 

- y£ - (y 2 - 4 y 3 ) 2 + ™y 2 3 • 

Introduce new variables once more: 

Zi = yi;z2 = y2-4y 3 ;z 3 = 4y 3 . 

Then Q' is transformed into 

Q" = z l ~ z 2 + z 3 •• 

The above transformations were all linear, i.e., they have matrices associated with them Since 
Yl = X 1 - x 2 - x 3’ V2 = x 2> and y 3 = x 3’ 
the transformation from 
( x i, x 2’ x 3 ) to (y b y 2 , y 3 ) 
is given by the matrix equation. 

10 0 y x 

-110 = y 2 

-10 1 y 3 

Similarly, the transformation from 

(yi, yi, y 3 ) to (zj, zs, z 3 ) 

is 

T(y b y 2 , y 3 ) = (y b y 2 - 4y 3 ,4y 3 ). 

The matrix equation of the linear transformation is, therefore, 

10 0 

[y i» y 2 ' y 3 ] 0 10 

0-4 4 

The change of coordinates from(x 1 , x 2 , x 3 ) to ( z b z 2 , z 3 ) is, consequently, given by the product of the two matrices: 





PROBLEM 2- 


100 1 00 1 0 0 

-110 0 1 0 = -1 10 

-10 1 0-4 4 -1 -4 4 


Show that any n x n real symmetric matrix A can be diagonalized by an orthogonal matrix T such that the eigenvalues of A 
are on the diagonal of A. (i.e., 

T^DT = T l DT = A 

where D is diagonal.) Conclude that any real quadratic form is equivalent to a diagonal quadratic form (Principal Axis 
Theorem) and that the norm of corresponding vectors is preserved. 

Solution : To prove this important result, the following lemma is needed: 

Let Q = ax 2 + 2bxy + cy 2 . 

If the maximum value of Q evaluated on the unit circle S 
(i.e., x 2 + y 2 = 1) 

is at x = 0, y = 1, then b = 0. To prove this, note that x 2 + y 2 = 1 implies that 2x + 2yy = 0 and hence y' = 

Also, 

Q* = 2ax + 2by + 2bxy' + 2cyy' = 2ax + 2by - 2b ^— 2cy ^ 

on S. Therefore, at the maximum x = 0, y = 1, Q' = 2b. Since Q' = 0 at a maximum, b = 0. 

Back to the problem, define the quadratic form 
Q(x) = <Ax, x>, 

where 

x = (x l5 ...,Xn) e R n . 

Since this is a polynomial, it is known to be continuous. Furthermore, Q is continuous and bounded by 

I l» Aj l 

i,j=l 13 

on the compact sphere s m = {x e R n 11| x || = 1}. 

Thus, Q has a maximum A, on s m . 

Suppose that for x, e S m , Q (x,) = k,. Letting a, = x b choose a new orthonormal basis 
Ba= {a 1? ...,a n }. 

Now in terms of new coordinates y b ..., y n of x relative to B, and a new symmetric matrix B = (by), Q(x) = <By ,y> where y = 
(y 1? ..., y n ). Note that a, = (1, 0, ... , 0) in terms of B a , and hence the maximum value is 


Q(oq) = <Boq, oq> = b u = X b 








This is still the maximum if Q is restricted so that all but the two variables yj and y^ (i ^ 1) are zero. Thinking of this resticted 
Q as a function in the two variables y, and y i; then Q attains its maximum on S at y, = 1, y = 0. So, by the above lemma, b H = 0. 
Applying this procedure for i = 2 , ... , n, then b H = 0 for i = 2 , ... , n. Hence, 


Q(x) = < By,y> = A iy | + £ b i;j y iyj . 

i,j - 2 

Now set 

Ql (x) -Q(x) - Xjy* = ^ b ij YiYj # 

irj-2 

which is a quadratic form in n-1 variables. These variables are coordinates in 
S™ -1 C Span {oq, ..., 0 ^} = oq 1 
(Here, oq 1 is the orghogonal complement of al). 

Reapply the above method and continue until 

QM - Jjsf + ... + VS 

for 

Here (z, , ... , z n ) represents x relative to the orthonormal basis 

B* = {a£ , ... , a*} 

where aJ = a i ' a 2 = B 2 (fr° mt he second basis Bp), a* = y 3 (from the third basis B y ), etc. 

Thus, 

Q(x) = <Az, z> 

where A is the diagonal matrix sought and z can be expressed by x over the orthonormal basis B*. Since the basis for x can be 
thought of a s the usual basis 

E= {e l5 ... ,e n } 

where e^ consists of all zeros except the number 1 in the ith place, let 

T = (a* ... a*) 

where the a? are expressed in terms of E. This means that 

<Ax, x> = <Az, z> 

= <ATx, Tx> 

= <T l ATx, x> 

and therefore A = T l AT. But T is orthogonal since the a£ are orthogonal, so A = T -1 AT. Moreover 
<Tx, x> = <x, T l Tx> = <x, T -1 Tx> = <x, x> 


and hence 





|| Tx || = || x ||. 

Furthermore, since similar matrices have the same characteristic equation, 

[det (A-XJ) = det ('T 1 AT - X'T'lT) = det (T^A - A1)T) 

= det T” 1 det (A - XI) det T = det (A - XI)] 

and hence same eigenvalues, the X/s are the eigenvalues of A and the at's were chosen to be eigenvectors. 


ORTHOGONALITY 

• PROBLEM 2- 

Show geometrically that for each angle 0, the transformation 
T e : R 2 -> R 2 , 

defined by T e (x, y) = (x cos 0 - y sin 0 , x sin 0 + y cos 0), is an orthogonal transformation. 

Solution : Let Y be an inner product space. A linear transformation T: Y —► Y is said to be orthogonal if 


II Tv || = || v ||, 

i.e., if it preserves the norms or magnitudes for each vector v in Y Thus, orthogonal transformations are those linear 
transformations which preserve distances. 



The matrix of the transformation with respect to the standard basis is 


cos 9 - sin 9 

sin 9 cos 9 


From the figure, it is seen that x = r cos a, y = r sin a. Then, 
Oh, Yi) = T(x, y) 


x, =r cos (a + 0) = r cos a cos 0 - r sin a sin 0 
= x cos 0 - y sin 0 

Yi = r sin (a + 0) = r cos a sin 0 + r sin a sin 0 


= xsin0 + ycos 0. 







Thus, 


= Tg(x,y) 


The figure describes a rotation through an angle 0, and from the figure we derive the given transformation. Hence, the given 
transformation is a rotation. A rotation preserves magnitudes; however, we can check explicitly that T e is orthogonal. Let 


(x,y),||v|| - /x 2 + y 2 . 


Now, 


T e v = (x cos 0 - y sin 0, x sin 0 + y cos 0), 


||T e v|| = -^(x cos0-y sin0) 2 +(x sin0+y cos0) 2 


i J-x. 1 cos 2 0 + y z sin 2 0 - 2xy cos 0 sin 0 + x z sin 2 0 + 


+ y 2 cos 2 0 + 2xy cos 0 sin 0 


= v4 2 (cos z 0+ sin 2 0) + y 2 (sin 2 0+ cos 2 0) 
= /x 2 + y 2 

(since sin 2 0 + cos 2 0=1) 


• PROBLEM 2- 

Let W be a subspace of the finite-dimensional inner product space Y Show that 
V = W©W ± and (W ± ) ± =W. 

(Projection Theorem). 


Solution : W -1 denotes the set of all vectors in Y which are orthogonal to every vector in W. That is, if <, > denotes the inner 
product, then 

<w, v> = 0 

for all w e W and v e W 1 . [Note that W -1 is sometimes called “W perp”]. Also, ifU and W are vector spaces (over the 
same field) then their direct sumU © W is the vector space whose underlying set is 

U x W= {(x, y)} | x e U, y e w} with 


a (x,, yi ) + b (x 2 , y 2 ) = (ax, + bx 2 , ay, + by 2 ). 


For example, the vector space R © R is the vector space whose underlying set is 


R x R = R 2 







and is therefore usually denoted by R 2 . Note also that this is equivalent to saying that every vector z in U © W is determined 
uniquely by z = x + y where x e U and yew. In order to prove the desired results, the following will be needed: If 

S = {xj, ... ,x m } 

is any finite orthonormal set in an inner product space Y x is any vector in Y and 
aj = <x, xj>, 

then 

| laj 2 < INI 2 

(Bessel’s inequality). 

Also, the vector 

y = x - l a.x. 

i=l 1 1 

is orthogonal to each Xj and consequently to the span of S. To prove the first part of this statement: 


o < llyll 2 = <y.y> = <X - i a.x. , x - l a.x.> 
i=l 11 i-1 1 x 


<x,x> - l a. <x., x> - l a. <x,x,> + [ a. g. <x., x.> 

i=l 11 i=l 1 1 i, j=l 1 : 1 3 


m in . r i i i 

- I l«il ! - l l»il ! + A 1 *! 1 

i=l 1 i=l 1 1 x 


= llx || 2 - l laj’ • 
i=l x 

Hence, Bessel’s inequality is provea To prove the second partwe have: 

m 

<y,x.> = <x - a.x. , x.> 

= <x,x.> - a. <x., x.> 

= a. - aj 
= 0 . 

Now, to prove the Projection Theorem, let 

S = {x 1; ... , x^ be an orthonormal set that is complete i n W (i.e., spans W) and let z be any vector in Y Set 

m 

x = l 

i=l 1 1 


a { = <z, Xj>. 


The above result says that y = z - x is orthogonal to W and hence in W 1 . W and W 1 are disjoint (except 0), for ifxe W and 



X e W 1 then 

|| x || 2 = <x, x> = 0. 

Hence, z = x + y where x e W and y e W 3- and thus 
V=W©W ± . 

Observe that 

<z,x> = <x+y, x> = || x |p + <y, x> = || x |p 

and 

<z, y> = <x+y, y> = || y || 2 . 

If z e (W 1 ) 1 - so that <z, y> = 0, then || y || 2 = 0 and z = x e W. Thus (W 3 -) 1 - £ \y. But clearly W £ (W 3 -) 1 - , so 
W = (W ± ) ± . 

• PROBLEM 2- 

Let S = Sp {(1, 0, 1), (0, 2, 1)} . Then S is a subspace of R 3 . Find the orthogonal complement of S. 

Solution : Let V be a vector space and W a subspace ofV A vector v ^ V is orthogonal to W ifv is orthogonal to each vector 
in W. Then, the orthogonal complement of W in V is the set of all vectors of V that are orthogonal to W. 

To find the orthogonal complement, first find a set that spans the subspace W. Then, a vector v is orthogonal to the subspace 
W ifv is orthogonal to each vector in the spanning set. 

Two vectors that span S are the given vectors namely, Wj = (1, 0, 1) and w 2 = (0, 2, 1). Let 

v = (x 1; x 2 , x 3 ) e R 3 . 

Then, the condition that v be orthogonal to w, and w 2 is given by the solution set to the two homogeneous equations : 
v . Wj — (x b x 2 , x 3 ) .(1,0, 1) = 0 , 

v • w 2 = (x T , x 2 , x 3 ). (0, 2, 1) = 0 , (1) 

or 

x T + x 2 = 0 , 

2x 2 + x 3 = 0 , 
or 

Xi=-X 3 , 

2x 2 = - x 3 . 

Let x 3 = -2. Then, x 2 = 1 and x, = 2. Thus, the orthogonal complement of S in R 3 is the set 

S -L = Sp {(2, -1, -2)} since the system (1) has only one linearly independent solution. Note: dim S _L = 1, and, since w, 
and w 2 are independent, dim S = 2. Consequently, 


dim (S _L © S) = 3 





and the set 


{( 1 , 0 , 1 ), ( 0 , 2 , 1 ), ( 2 ,- 1 ,- 2 )} 


is a basis for R 3 . 

• PROBLEM 2- 

Use the Gram-Schmidt process to transform 

[(1,0, 1), (1, 2,-2), (2,-1,1)] 

into an orthogonal basis for R 3 . Assume the standard inner product. 


Solution : The standard inner product for R n is the dot product defined as follows: 
Let 


U=(U!,U2, ... , Un), Y=(V,,V 2 , ... , V n ) 


be two vectors in R n . Then, the inner or dot product of u and v, denoted <u,v>, is given by 

<u,v>«<(u 1# u 2 , ... , u n ),(v lf v 2 , ... , v n )> 

= u lVl + u 2 v 2 + ... + u n v n 

n 

- I u. Vi . 

i=l 1 1 

The dot product is useful for defining both orthogonalization and the length of a vector. The norm of u, denoted || u ||, is given 
by 

II u II = <U,U> 1/2 . 

Two vectors u,v are orthogonal if <u,v> = 0. 

The Gram-Schmidt process constructs a set of orthogonal vectors from a given set of linearly independent vectors. 

Since a basis for R 3 must contain three linearly independent vectors, we check that the given vectors are linearly independent. 
Set 

Cl (1, 0, 1) + c 2 (l, 2, -2) + c 3 (2, -1, 1) = 0. 

Thus , 

Cj + c 2 + 2 c 3 = 0 

2c 2 - c 3 = 0 

Cj — 2 c 2 t c 3 = 0. 

The only solution to this system is 
Cj = c 2 = c 3 = 0, 

i.e., the three vectors are linearly independent and forma basis for R 3 . 


Label the three vectors u b u 2 ,u 3 respectively. Choose u, and relabel it v, . Thus, 

i = (l,0, 1). 








The set now becomes {v 1 ,u 2 ,u 3 } . We know u, and u 2 are independent, and the vector space they span is also spanned by {v b 
u 2 } . We wish t o construct a vector v 2 in this two-dimensional subspace of R 3 which is perpendicular to v, . Choose v 2 as the 
candidate for this transfiguration. 

v 2 ^ Sp{u 1; u 2 } 


implies v 2 e Sp{v 1; v 2 } which, in turn, implies v 2 = CjVj + c 2 u 2 for some constants Cj and c 2 . The required orthogonality of Vj 
and v 2 implies 

<v,, v 2 > = 0. 


Hence, 


CV^C^ + C 2 U 2 > = <V,,CiV,> + <v 1; c 2 u 2 > 

= C,<V|,V]> + c 2 <v 1; u 2 > = 0. 
Assume that c 2 = 1. Then 

_ -yy _ -<v r u 2 > 

1 < V V l > " l|v,|| ! 


and hence, 


<v l' u 2 > 

V, = C-U- + c.u. = U--V, . 

2 2 2 1 1 2 llvjf 1 


Thus, 


(1,2,-2)- -l- ( - 1 -e. g - t . ;j . /l 1 > 2 f-2)> ( lf 0 ,l) = (1,2 ,-2) - 

II (1,0,1) || 2 


(-*5) (1,0,1) = (3/2,2,-3/2) . 


{Vl,V 2 } 

is orthogonal and forms a basis for the subspace of R 3 . Now seek a third vector v 3 that is orthogonal to both v, and v 2 . Again, 
Spjuj,^,^} = Sp{v!,v 2 ,v 3 }, 


so 


v 3 e Sp{U],u 2 ,u 3 } 
implies v 3 can be written as 

v 3 = b,V]+ b 2 v 2 + b 3 u 3 , 
subject to 

<v 3 ,vj> = <v 3 ,v 2 > = 0. 
That is, 


<bjV] + b 2 v 2 + b 3 u 3 ,Vj = 0 



By the rules of the dot product, 


bi<Vi,Vi> + b 2 <V 2 ,v 1 > + b 3 <u 3 ,u 1 > = 0 


b 1 <v 1 ,v 2 > + b 2 <v 2 ,v 2 > + b 3 <u 3 ,v 2 > = 0. 


Since 


<v 2 ,v^ = <vi,v 2 > = 0, 
the above two equations reduce to 


bi<y 3 ,Vi>. + b 3 <t%$jj?* = 0 


b 2 <v 2 ,v 2 > + b 3 <u 3 ,v 2 > = 0. 
Assume b 3 = 1: 

b zvii: 

1 ii 

Thus, 


<U 3' V 2 >V 2 <U 3* V 1 >V 1 


v, = b_u, + b,v 0 + b,v, = u- ■ 

3 3 3 2 2 1 1 3 l|v 2 |[* llvjl 2 

= (2,-1,1) - < -- 2 j S ‘~~ /2)> (3/2,2,-3/2) 

- «2,-i f iMi f o fl) > ( 1 > 0 ,i, 


= (2,-1,1) - 3 ^ 74 — (3/2,2,-3/2) - 3/2(1,0,1) 

= (2,-1,1) + (3/34,2/17,-3/34) + (-3/2,0,-3/2) 
- (10/17, -15/17, -10/17) , 


The required orthogonal basis is 

{(1,0,1), (3/2,2,-3/2), (10/17,-15/17,-10/17)}. 

Any scalar multiple of these basis vectors will have the same properties of orthogonality, and so, if we wish, we may take 
{(1,0,1), (3,4,-3), (2,-3,-2)} as an orthogonal basis ofR 3 . 

• PROBLEM 2- 

Orthonormalize the first four functions of the set 
{l,x,x 2 ,x 3 , ...} 

over [0,1]. (Use the inner product < f » 9 > = | f gdx ) 

'0 







Solution : This is an application of the Gram-Schmidt process. Let 


aj = 1, a 2 = x, ... , ajj = x 11 ' 1 , ... 


Let {bx,b 2 , ...} be the orthogonal functions constructed from {a 1; a 2 , ...}. Start by letting bj = 1. 


Using the formula b =a -A 1 b , n>2 , we cbtain 



fVdx f X x 5 (x-*j)dx f 1 * 1 (x 2 -x+|)dx 

J ° - 4 - (x-j*)+ 4 -1- (x’-x+i) 

dx (x-«j) 2 dx (x 2 -x+|-) 2 dx 


=x 3 - + 7T^) (X *- X+ ^J “ x3 " [f x +<& - l* x 

-x 1 - fx 2 - T V X+ * 




CHAPTER 3 


CONTINUITY 

The study of continuity is an integral part of mathematical analysis. Historically it arose from attempts to explain Zeno’s 
paradoxes (Achilles and the tortoise, how does an arrow ever leave the bow, etc.). In calculus, continuity is defined in terms of 
limits; in advanced calculus alternative definitions are phrased using sequences and neighborhoods. The mose rarified 
approach is that of topology where a function is said to be continuous if the inverse image of every open set in the range is an 
open set in the domain. The underlying idea for all these definitions of continuity is that points which are near each other in a 
set are mapped by a continuous function to points that are near one another in some other set. 

The problem of determining whether a function f: R n —> R m is continuous at a point x 0 e R n is solved by applying the 
following definition: Let a > 0 be given. Then f is continuous at Xq if there exists a 8 > 0 such that 

11 f(x) - f(xo 11 < s whenever 11 x — x 0 | | < 5 
Here 11 ■ 11 denotes the standard Euclidean norm on R n or R m , i.e., 



if x s R n . 

Remark It must be observed that for a given a > 0 and x 0 a R n the 8 will in general depend on both x 0 and a. In order to stress 
this dependence it is better to write 8 = 8 (a, Xq). 

Functions may be discontinuous at isolated points in their domain or they may be discontinuous at more points than they are 
continuous. 

The Dirichlet function 

0 if x is rational 

f (x) = 

1 if x is irrational 

is an example of the latter kind of function. 

The notion of continuity, like that of convergence can be expanded and refined. Uniform continuity of a function occurs 
when the number 8 depends only on a and not on the point Xq; that is to say whenever 

11 x x — x 2 11 < 8 implies 11 f(xj) - f(x 2 ) 11 < a. 

Absolute continuity and semicontinuity are further variations on the theme. Finally, the concept of equicontinuity is used to 
prove the Arzela - Ascoli theorem, an analogue of the Heine-Borel theorem, for spaces of continuous functions. 

The 19th century pioneers of mathematical analysis uncovered some paradoxes of their own. The most famous is that of 
Weierstrass who discovered a function that, although continuous everywhere, fails to be differentiable anywhere. Peano’s 
continuous space-filling curve which blurs the distinction between length and area is another study in mathematical pathology. 

SHOWING THAT A FUNCTION IS CONTINUOUS 


PROBLEM 3 





n=l 


be a sequence of real numbers. The sequence is said to have the limit L if, given s > 0, there exists a positive integer Hq such all 
the terms of the subsequence 


remain at a distance less than s from L, i.e., 

L-e<a m <L+s 

for all m > Hq. 

To find 

(1 + c/n 2 ) n , 

use Newton’s binomial theorem to find the expansion of (1 + c/n 2 ) n for finite a 


Now 


H)" • '-im- 


0 - 


r!(n-r)! * 


ft* ■ 

To see this, observe that 

Q = n(n-l)(n-2) ... (n-(r-l)) 


( 1 ) 


■n-n 







Hence 


r=l ' \n 


n _1_ 
2 r ~ r 


which implies 

1 + l 


H7h‘-m 


(because r! > 1) 

Now compare this sum with the potential limit (i.e., 1). Thus 

■•if-T,L(“)' • 

Since n > | C | as n —> oo 

y /iclY< | C | /n 
r=i \ n / “ 1 ~ CIcI/n) 

(The sum of a geometric series is 

? ,r a - a n+1 „ a 

r £i a "l-a “ 1 “ a 

if 0 < a < 1). 

Let s > 0 be given. Chose no so large that 

| C | /n 0 < min 


i£i < M < min (± , 


! _ M > ! _ I = I 

1 n 1 2 2 


1 " C |cT/n < 


if-' I irfftr 


if n > iiq showing that 



= 1 . 


=H)' 


• PROBLEM 3 



L!iL 

Q(z) 


where P and Q are polynomials, i.e., 
P(z) = a 0 + a,z + a 2 z 2 + ... + a n z n , 

Q(z) = b 0 + bjz + ... + b^. 


The value of 

lim P (z) 
z»a Q(z) ' 

where a is a constant is different according to the values of P(a) and Q(a). 

i) If 


Q(a) # 0, 


P(z) . 
Q (z) 


P(a) 
Q (a) 


ii) If 


Q (a) - 0, P (a) 0, 


fails to exist. 


iii) If 

P( a ) = Q(a) = 0, 

lim P(z) _ lim P(z)(z-a) n 


where m,n are the first powers of (z - a) such that 


P(z) 
Q (z) 


is similar to cases i) or ii). 

a) 







lim x n - c 1 
x-*-C x - c 


Here, at C, P (C) = Q (C) = 0 so case iii) applies. 

P(x) = x n - c n = (x - C) (x 11 - 1 + Cx"- 2 + ... + c n “ 2 x + c 11 - 1 ) 


Then 


lim (x-C) (x 1 *- 1 + Cx n ~ 2 + ... + C n ~ 2 x + C 1 * -1 * 
x+C (x - C) 


b) Limits of this type can be evaluated by rationalizing the denominator. Multiply numerator and denominator by 


(x 2 + 1)' /2 + 1 


to obtain: 


lim x 2 _ lim x 2 {(x 2 +l ) 55 + ll 

**° (x + 1 ) 1 * - 1 x+0 [ (x 2 +1) ^ - 1] [ (x 1 +l) 35 + 11 


x 2 { (x 2 +l)^ -t- 1 } 
(x 2 + 1) - 1 


lim 

x->0 


(x 2 


l )* 5 + 1 = 2 . 


• PROBLEM 3 


Let f: R 2 —» R be given by 
f(x,y)=x 2 + y 2 . 

Show that 'f is continuous a t (0,0). 

Solution : A real-valued function 
f :R 2 —» R 


is continuous at a point (a 1? a 2 ) in its domain if 


1 ) 


lim f(x,y) 
(x,y)->(ai ,a 2 ) 


exists 


2 ) 


lim f(x f y) = f(aj r a 2 ) . 

(x.y)-Mai ,a 2 ) 

The definition of the limit of a function of two variables is as follows: A function f (x, y) approaches a limit A as x approaches 
a and y approaches b, 

lim 

x-*-a f (x,y) = A 
y-b 

if, and only if, for each s > 0, there is another 8 > 0 such that whenever | x-a | < 8, | y-b | < 8 and 
0 < (x-a) 2 + (y-b) 2 ,then | f (x,y) - A | < s. 

This means that when (x,y) is at any point inside a certain square with center at (a,b) and width 28 (except at the center), f(x,y) 







differs from A by less than s. 


The function whose limit is to be evaluated as (x,y) approaches the origin is f (x,y) = x 2 + y 2 . Let s > 0 be given and 
choose s = /c"72 • Then the inequalities | x | < TTfl, | y | < /e7I imply (x 2 + y 2 ) < s. Hence, 

lim (x 2 + y 2 ) =0 

x-*-0 

y-0 

and condition 1) is satisfied. 

For condition 2) note that 
f(0,0) = 0 2 + 0 2 = 0 


and thus f is continuous at (0,0). 


• PROBLEM 3 


Show that 


lim 2x 3 - y 3 
(x,y)-* (°/°) x , + y . 


0 


Solution : Let f: R 2 —>R be a real-valued function from the plane to the real line. To show that f is continuous at a given point 
(a,, a 2 ) in the plane it suffices to show: 

1) 


lim 

(x,y)-*-(ai ,a 2 ) 


f(x,y) 


exists 


2 ) 


<x,y^<ai,a 2 ) f < x '*> = f < ai ' a ’> 

If only the first condition is satisfied, f is said to have a removable discontinuity or a discontinuity of the first kind. If neither 
condition is satisfied f has an essential discontinuity or discontinuity of the second kind. 

In the given problem it is required to show that f approaches 0 as (x,y) —> (0,0). This means that if s > 0 is given, there 
exists a 8 > 0 (depending on s) such that 

2x3 ~ y3 I < e if 0 < (x 2 + y 2 ) 3 * < <5 (1) 

x 2 + y 2 | 

(Thus x,y are in an open disk of radius 8 , with center at the origin; this point is deleted since what happens at (0,0) is not of 
concern here. ) 

Now 

|2x 3 - y 3 | < 2|x| 3 + |y| 3 , (|a-b| < |a| + |b|) 

2|x| 3 + |y | 3 = 2|x|x 2 + |y|y 2 . 


Now 

|x| < (x 2 + y 2 )' A , |y| < (x 2 + y 2 )' 72 


and thus 







|2x 3 - y 3 ! < 2(x 2 + y 2 )' 4 x 2 + (x 2 + y 2 )' 4 y 2 


|2x 3 - y 3 | < (x 2 + y 2 )' 4 [2x 2 + y 2 ] < 2(x 2 + y 2 ) 


|2x 3 -y 3 |<2(x 2 + y 2 ) 3/: 


< 2 (x 2 + y 2 ) ** if 0 < x 2 + y 2 . 


Let 8 > 0 given Choose 8 = s/2. Then, comparing (1) and (2), observe that (1) will hold for all positive s. Thus 


(x,y)-(0,0) x 2 + , 


Let f (x,y) = x 2 + 3y and let s > 0 be given. Prove that F is continuous in the whole plane by finding 8 > 0 such that for | 
(x,y) - (xo, y 0 ) | < 8 

|F(x,y) - F(xo,y 0 ) | < s where Xo,y 0 is an arbitrary point in the plane. 

Solution : The difference between F(x,y) and F(xo, y 0 ) is: 

F(x,y) - F (xj, y 0 ) = (x 2 + 3y) - (x 0 2 + 3y 0 ) 

= (x 2 - xi ) + (3y - 3y 0 ) 

= (x + x#) (x - xo) + 3(y - y 0 ) • 

Given s > 0, the problem is to find a neighborhood S of P 0 (xq, y 0 ) such that 
|F(p)-F(p 0 )|<8 

(where p = (x,y)), for all points p£S. The neighborhood can be in any shape but for convenience let S be a square of side 
28 centered at (xq, y 0 ). Then 

I x - Xq | < s and | y - y 0 | < 8 

for any p ^ S, where without any loss of generality it can be assumed that 0 < 8 < 1 (8 is usually thought of as a small 
number). For p£U one has 

|x + x 0 | = |x-x 0 + 2x 0 |<|x-x 0 | + 2|x 0 |<l+2|x 0 | 
and 

|F(p)-F(p 0 ) | < | x —xq | |x + Xo| + 3|y-y 0 | 

<8(1 +2|xo|) + 38 
<(4 + 2|xo|)8 
The condition 

| F(p) - F(p 0 ) | < s holds when (4 + 2|xo|)8 < 8. 
i.e., 







0 < 5 


(4 + 21 x« | ) ' 


< 1 > 


Thus given s > 0, 8 may be chosen according to (1) so that for any (xq, y 0 ) in the plane 

I (Xy) - (% y 0 ) I < § 

implies 

F( X ,y) - F(x 0 , y 0 ) | < £. 

This shows that F is continuous everywhere in the plane. 

• PROBLEM 3 

Let F(x,y) = x 2 + 3y be defined on the unit square 
S = {(x,y): 0<x< 1,0 <y< 1} 

Show that F(x,y) is continuous on S. 

Solution : Here F: R 2 —>R is a real-valued function and the domain of definition is the unit square with the lower left vertex at 
the origin. 

Since the problem is to show that F is everywhere continuous on S, let 
Po = ( x o, Yo) 

be an arbitrary point in S (p 0 may even be on the boundary of S). Let F(x,y) = F(p). Then 
F(p)-F(po) = F(x,y)-F(x 0 ,y 0 ) 

= x 2 + 3y - (xq 2 + 3y 0 ) 

= (x 2 -Xo 2 ) + (3y-3y 0 ) 

= (x- x o)(x + x 0 ) + 3(y-y 0 ) (1) 

Now (1) maybe used to obtain an estimation of the variation of F around p 0 . Since 
0 < x< 1 
and 

0<x o <l,0<x + x o <2 


I F(p) - F(p 0 ) | < 2| (x- xq) | + 3| (y- yo) | (2) 



and (1) may be rewritten as 








Let 8 > 0 given. The inequality (2) may be used to determine a 8 > 0 such that 
|F(p)-F(p 0 )|<£ 

whenever 

Ip - Pol < 5 

Thus showing that F(x,y) is continuous on S. 

For example, suppose s = 0.03. Then a neighborhood U about p 0 in which the variation of F is less than s must be found. 
Since the problem is in rectangular coordinates the neighborhood can be chosen as a square of side r|. Since the center of the 
square is (xo,y 0 ), 

|x - x 0 | < q/2, |y —y 0 |<r|/2. 

Since 

|F(p) - F(p 0 ) | < 2 |x - Xo| + 3 |y - y 0 | 
and 

|F(p) - F(p 0 )| < s , ( = .03) 
set 

2|x-xo| + 3|y-y 0 |<.03 
or 

2(r|/2) + 3 (t]/2) < .03 
or 

T] < .0012. 

In general, if the neighborhood U is a square of side (.4 )e , then 
l x_x ol < (-2) £ 


and 

|y — Yol < (-2) £ 


so that 

|F(p) - F(p 0 )| < 2(.2 )e + 3(.2)e = £. 

Thus, given any s > 0, 8 > 0 can be found so that 

I (Xy) - (xo,Yo) I < 8 

implies 

|F(x,y) - F(xo,y 0 )| < £ 
where (xo,y 0 ) e S. 

This shows that F(x,y) is continuous. 

• PROBLEM 3 


r 




Let f :R 2 —► R be a real valued function with domain R 2 which is of the form 


5xi 

f(x, /x ) = - . 

1 + x 2 

Show that f is continuous at (0,0). 

Solution : Let R n denote the set of all n-tuples, 

R n = {(xj, ... , xj: Xj e R i=l, ... , n} 

Let f :R n —>R be a function from R n to the set of real num b ers. Then f is said to be continuous at (x/ 0) ,... , x n ^ 0) ) e R n if, given 
any s > 0, there exists a 8 > 0 such that 

|f(x 1 ,...,X n )-f(x^X 2 (°)...,X n (°))|<8 
for all (x b ... , Xj,) e R n for which 

I l(x,, ••• .*n) - (x^°*),x 2 <0) ), ...,x ]1 <0) )| | <8 
Here | (x b ... ,x n | denotes the Euclidean norm of (x b ... , x n ) given by 



The norm is used to measure the distance of a point from the origin or the distance between points. Since f is real-valued, 11 f | 
can be written as | f |. 

Applying this definition to the given function, note that n = 2 and (x/°), ... , x t / 0) ) = (0,0). Thus f(x b x 2 ) is continuous at 
(0,0) e R 2 if, given any s > 0, there exists a 8 > 0 such that 
|f(x b x 2 ) - *0,0)| < £ 

whenever 

I l(x b x 2 ) - (0,0) 11 < 8. 

Since 

f(xi,x 2 ) = , f(0,0) = - = 0 . 

1 + x* 1 + (0) 2 

|f(x b x 2 ) - *0,0)1 = |f(x b x 2 )|. 

Now 

|f (Xi,x 2 ) | = ■ - I < 51 Xj | r 

|l + x| | 

since 1 + x* 1 for all real x 2 . 

But 

(Xjl < 11 (x b x 2 ) 11 for all x b x 2 since 

||(Xl,X 2 )|| = •/ (x x 2 + x 2 2 ) >_ Vxf = | XI . 








Thus, 


-_5x j__ 
1 + x| 


< 51|(xi/X 2 ) | | 


Let 8 > 0 be given and choose 8 = e/5. 
Then 

11 (xi,x 2 ) 11 < 5 

implies 


and f(x 1; x 2 ) is indeed continuous at (0,0) e R 2 . 

Note that 8 is chosen according to how s, the challenge n u m b er is chosen. In fact 8 is a function of 8 and the point 

(X # ! , X£) 

at which continuity is tested. 

• PROBLEM 3 

Let f :R 3 —► R be given by f(x,y,z) = y 3 z/(l + x 2 + z 3 ). Show that f is continuous at (0,0,0). 


Solution : f is a real valued function from R 3 to R. If it is to be continuous at the origin then it must satisfy the definition of 
continuity at the origin. 

f: R 3 —*■ R is continuous at (xo,y 0 ,Zo) e R 3 if, given any s > 0, there exists a 8 > 0 such that 11 (x,y,z) - (x (J ,y 0 ,z 0 ) || < 8 
implies | f(x,y,z) - ffpc^yo,^) | < s, (x,y,z) e R 3 . In this problem, (x^y^) = (0,0,0) and f(x,y,z) = y’tJX + x 2 + z 2 . Suppose s > 0 
is given (say s = 1/10). Then the problem is to find a 8 > 0 such that 11 (x,y,z) - (0,0,0) 11 = 11 (x,y,z) 11 < 8 implies | f(x,y,z) - 
f(0,0,0) | 

_ I V 3 2 _ 0 3 CO) I _ I y 3 z I 

|l + x 2 + z 2 1 + 0 2 + 0 2 | I 1 + x 2 + z 2 I 

< e (=1/10). 

The method used here to find 8 is to show that - 5 -- is less than some function of the norm of (x,y,z). Once this is 

11 + x 2 + z 2 ! 

done, choosing (x,y,z) such that 11 (x,y,z) 11 < 8 will guarantee that -- < e. 

I 1 + X 2 + z 2 I 

Now 


V 3 z 

1 + X 2 + z 2 


|y 3 z| 


since 


1 

for all x,y. 


But 


|y 3 z|<||(x,y, Z )|r' 





for all (x,y,z) e R 3 since 

11 (x,y,z) 11 = (x 2 + y 2 + z 2 / 72 > jz| and 
11 (x,y,z) 11 3 > |y| 3 . 

Thus, for each s > 0, choose 8 = s% > 0. Then 
11 (x,y,z) 11 < 8 implies | f(x,y,z) | < 8 4 = s. 

If 

e = 1/10, 6 = = .5623 

This means that if the coordinates (x,y,z) are chosen such that the distance from (x,y,z) to (0,0,0) is less than .5623, |f(x,y,z) - 

f(0,0,0)| < 1/10. 

Thus f is continuous at (0,0,0). 

• PROBLEM 3 

Show that the function f: R n —> R given by f(x,, . . ., x n )=max{x 1 ,. . is continuous everywhere. 

Solution : The given function f is a real-valued function on R n . It is a special version of the projection function which sends an 
n-tuple to its i th coordinate. Since the projection function is continuous, the function sending an n-tuple to the coordinate with 
largest positive value (or least negative value) must also be continuous. 

The coninuity of f may also be shown as follows: 

Let s > 0 be given. Now, 

(N,x 2 , • • •,x I1 )-(a 1 ,a 2 ,.. .aj |<8 

implies 

|(xi-a,,x 2 -a 2 ,... ..Xn-aJ |<8. 

In particular this means 

|(x 1 -a 1 |<8, |x 2 - a 2 | < 8,...., 

|Xn-a n |<8 

and hence 

maxdxj - a T |,...., ^- a n |) < 8 


Let x eR 1 be arbitrary and let x k = max(x 1 ,..., x tl ) and let aj = max(a 1 ,.. .,a n ) 
Then 

max (x l9 max(a 1 ,. . ,,a n ) < x k - a k < |x k - a k | 

max (a 1? ..., aj - max(x 1? ..., J < aj - Xj < |Xj - aj| 

so that 

|max (x 1; .. ,,x n )-max(a 1 ,.. ..aJI < maxdxj - a T |,.. 

The above string of inequalities now imply that 
max (x, a,|,.. -X a„|) < 8 














if 


I I (Xi, .. (a,,.. .,a n ) 11 <5 


Letting 8 = s yields the continuity of the function f. 


• PROBLEM 3- 


Let f: R —» R be given by f(x) = x n where n£N, the set of natural numbers. Prove that f is everywhere continuous. 


Solution : A function f: R —>• R is continuous at a point a ^ R if lim exists ii) lim f(x) = f (a) An alternate 

x-*a x-*-a 

definition would be that f is continuous at a if, given s > 0, there exists a 8 > 0 such that if |x - a| < 8 then |f(x) - f(a)| < e. Both 
of the above definitions are local characterizations of a continuous function. However, if a is chosen arbitrarily in the domain 
then they become global definitions also. 

For the given function, let x be close to a, say |x — a| < 1. Then 

|f(x) - f(a)| = |x n - a n | = |(x- a) (x n “ 1 + ax n “ 2 + ... + a n “2x + a 11 ” ')|. 


Now 

|x— a| < 1 implies |x| < 1 + |a|. 

Substitution of 

1 + |a| for |x| 

yields 

|x n — a n | < |(x- a) ((1 + |a|) n_ 1 + a(l + |a|) n_2 + ... + a n_2 (l + |a|) + a n ~ ] )| 


But 

|a| r <(l + |a|) r 


so 

|a r (l + |a|) n — r — !| < (1 + |a|) n - 1 

Thus 

|x n — a n | < |x- a|n(l + |a|) n_ 1 
Set 

5 = min [1, --—--r \ 

^ n(l + |a|)" 1 ) 

Then |x — a| < 8 implies 
|x n — a n | < s 

and f is continuous at a. 

• PROBLEM 3- 

^ho^^ia^i^^onentia^netioi^efine^^ I 











is everywhere continuous. 


Solution : The problem falls naburally into three pieces: 

(1) Show that exp x exists for all x£ R 

(2) Prove the functional equation 
exp (x + y) = (exp x) (exp y) 

(3) Use the functional equation in (2) to show that exp x is continuous everywhere. 


(!) Exp x - (l ♦ g) . 


+ n(n - 1) . . ■ (n - (r - 1)) ^x^ r + 
Newton's binomial theorem), 

• ■ • im ■ 


The general term n(n - 1) (n - 2) __._(n - (r -_lj ) | x\ may be rewritten as 


1(1 - l/n) (1 - 2/n) . . . . (1- (r- l)/n) x r 


£ Ul-l/n) (1-2/n) (1-3/n) . . . (l-(r-l/n) x r (2) 


1(1 - l/n)(l - 2/n) . . . (1 -(r- l)/n< 1 (3) 


As n increases (2) increases monotonically in value for each positive x. For 0 < x < 1, [ ——— in (3). For x > 1, 

r=l r ‘ 1 “ x 

replace x by £ where k > x, k an integer. Then 


knJ 1 - (x/k) 


or, 




xY™ ( xV k 

1 + < 1 - £ (for all ng N) 


(since 1+2 < 1 + £ ). 


Thus, for x > 0, (i + 21 ] is bounded and monotonically increasing. This shows that 


exists for nonegative x. For x < 0, note that -x > 0 and 


'x * sV . ii» L . if ilJi 
’V V u.it 


Exp x is therefore defined and exists for all x e R. 

( 2 ) 

(i ♦ s) n £ (i ♦ ;)T • 

For convergent sequences the limit of the product is equal to theproduct of the limits. Thus 


But as n— mx> and for fixed x and y 


Thus, 







= exp (x + y) 

(3) To show that exp x is continuous everywhere, suppose 0 < x < 1. Then 


1 


1 

1 -x 


or 1 < e *P * £ 

As x -*■ 0 i_ x 1 an d thus 

lim 

x +0 exp x = 1 = exp 0 
x >0 

Also 

lim lim lim , 

x -*0 exp(x) = x -*-0 exp(-x) = x +0 , -■ > = 1 

x <0 x >0 x >0 exp,x ' 


Therefore exp x is continuous at 0. 
For any x e R and he R, 


^0 {exp (x+h) - exp (x) } = (exp x) (exp h - 1) 


= (exp x)( 1 - 1 ) = 0 

and exp x is indeed continuous. 

• PROBLEM 3- 


Let f: R n —> R m be a linear transformation, i.e., 
f(ax + bz) = af(x) + bf(z), 

where 

x = (x b ... , x^, z =(z 1 ,..., Zq) e R n , a, b e R 
and 

f(x), f(z) e R m . 

Show that f is continuous at every point in its domain. 

Solution : Every linear transformation has associated with it an m x n matrix with respect to the usual bases 
{ei, {e l5 ... e m } 


for R n and R m respectively. 

Letf(ej) = z,j = 1, 2, ... n 

Since Zj e R m it can be expressed as 








: j - C lj e l + Czj e 2 + - ^ 


l C 4i e l 

Jt=l * 


If x e R n and x = Xj + ,«^-+ ^ e n , it 
follows by linearity of f that 

n 

f(x) = Xjfle^ + ... + * n f(e n ) = jJ^ x kf < e k> 


I x £ e i 

k=l x k fc=l xx * 


m / n \ m 

I ( l c tk x k ) e = l y 4 e t 

1=1 \k-l J 1 *-l 1 


y £ = X c * k x k 

* k=l *■* K 


(1-1,2, ... m) 


This is the general linear transformation from R n —> R m 
The matrix of the transformation is 


‘'ll ^12 
C 21 C 22 


(1) 


|^ml C m2 C mnJ 

The Cauchy inequality may be used to prove that every linear transformation is everywhere continuous. 
The Cauchy inequality 

l hi »il i (i V)” (i 'if 

may be restated as 

I I *i bj |’ < X .J* X V 

or, 

la^bj + a 2 b 2 + ... + a n b n | 2 < (a^ + a 2 + ... + a^ 2 (bj + b 2 + ... + b^ 2 

Applying this inequality to each equation in system (1) yields, for 1 < j < m 

|y j | 2 i(|C jl | 2 -HC j2 l 2 +... + IC jn | 2 )|| x || 2 = 

£ I C j;L I 2 II x || 2 
i=l 






(since 


bsP - |Cj, x, + Cj2 x 2 + ... + Cj, xj 2 < (|Cj, P + |C j2 P + ... + ICjJ 2 ) (x , 2 + x , 2 + ... + x„ 2 )) 


Summing the j equations 1 < j < m 



( 2 ) 


(where | |x| | is the norm of x, i.e., 

| |X| | = | |(X 1? ... ,3011 = ( Xl 2 + X 2 2 + ... +X n 2 ) 1/ >.) 


From (2) it follows that 


IIyII - 11 fcx> 11 < 



or, setting 



= A 


I IfU) ||< A I |x| I 


(3) 


Inequality (3) may be used to prove that every linear transformation is continuous, i.e., the following theorem; 
Let F : R n —> R m be a linear transformation. Then there exists a positive constant A such that for u, v e R n , 


I |f( u ) - f(v)| | < A| |u-v| |. (4) 


As a corollary note that if s > 0 is given, 
| |f(u) - f(v)| | < e 


whenever 


| |u—v| | < s/A, i.e., 

f is continuous at any V e R n . 

To prove the theorem, let x = u-v in (3). 

Then 

I |f( x )| | = | |f(u-v)| | < A| |u-v| | 

Since f is a linear transformation, 

| |f(u-v)| I = I |f(u) - f(v)| I < A| |u-v| I 

which is (4). Thus the theorem is proved and according to the corollary every linear transformation from R n to R m is 
everywhere continuous. 


• PROBLEM 3- 


Show that a continuous function of a continuous function is continuous by means of the following examples (i.e., show that 
go fis continuous): 

(a) f(x,y) = (1 + xy) 2 g(z) = sin z. 

(b) f: R 2 —>R 3 is defined by 






f(x,y) = (x,y, x(l + x 2 + y 2 ) -372 ) 
g: R 3 —>R defined by 
g(x,y,z) = x 2 + y 2 + z 2 . 


Solution : The theorem applied here is: 

Let D C R n and let f: D—»R m be continuous. If the image of D under f is S £ R® let g: S—>R P be continuous. Then the 
function h: D—>R P defined by 
h(x) = (g°f)(x) = f(f(x)), 

where x = (x,, ... , x n ) e R n , is continuous inD. 

a) The composition g°f is 

g(f(x,y)) = g([l + xy] 2 ) = sin (1 + xy) 2 . 

Now f(x,y) = (1 + xy) 2 is continuous everywhere in R, and g(z) = sin z is continuous everywhere in R. Thus by the theorem (g 
°f) (x) is everywhere continuous in R. 

b) Clearly f is continous everywhere. Similarly 

g(x,y,z) 

is everywhere continuous. Then 

(gaf)(x,y) = g(f(x,y)) = g(x,y, x(l + x 2 + y 2 )“ 3/2 ) 


is an everywhere continuous function of (x,y) e R 2 . 

• PROBLEM 3- 

Let f: R—>R be a real-valued function. Then f is said to be continuous at a point Xq e R (the domain) if, given e > 0, there 
exists a 8 > 0 such that 

|x — Xq| < 8 implies that |f(x) - f(xo)| < s. 

This is a local definition of continuity. Suppose 
f: A—»R, A = [0,4] is given by f(x) = 2x. 

Show how a global definition of continuity can be applied to this function, and generalize t o an n-dimensional domain. 











Solution : 

The domain of f is [0,4], In order to apply the global definition, let G be any open set in R. It is to be shown that f -1 (G) is an 
open set in D, i.e., f _1 (G) = HDD where H is open in R. If _1 (G) = (p (for example, if G = (5,10) f _1 (G) = (p there is nothing to 
prove. Let c e f _1 (G) so that f(c) = 2c£ G. 

There are two cases now 

case (i) 0 < c < 4. 

In this case f(c) = 2c so 0 < f(c) < 8 

Chose s > 0 so that 

0<2c-s<2c<2c + a<8 (see fig.) 

-1—I-1-1 Fig. 2 

I) 2c-e 2c 2c+e 8 

since G is open and f(c) = 2c e G, the s may be chosen so that (2c - s, 2c + e) C G. With such a chose it follows that 

(c - | , c + f - 1 (G) 

and 

” f ' c + I) C [0 ' 41 * 

In particular 

- f , c + - •§ , c+fjn [0,4] 

is an open set in [0,4], it contains C and is contained in f -1 (G) 
case (ii) c = 0 or c = 4. 

Suppose for the sake of argument c = 4. Then for some s 
(8-s, 8+s) C G 

and 

f _1 (8-e, 8+e) = ^4 - | , 4 + |j H [0,4] 

The set 

(4 - \ , 4 + f [0,4] 

is open in [0,4], contai ns 4 and is contained in f _1 (G). The argument for c = 0 is similar showing that f -1 (G) is open in [0,4] 
whenever G is open in R. 

The obvious generalization to n-dimensions is: 

Let f: D—»R be a function defined on a set D C R n . Then f is said to be continuous if L'(G) is open in D whenever G is open in 
R, i.e., r ! (G) = H fl D where H is open in R n . 


PROBLEM 3- 





Show the equivalence of the following three definitions of continuity. 


Let (X,dj) (Y,d 2 ) be two metric spaces. A function f from X into Y is said to be continuous at a e X if: 

(1) For each s > 0, there exists a 8 > 0 such that 

f(P(a;5))cp(f(a) ;e) 

(2) For each neighborhood N of f(a) in Y there exists a neighborhood M of a in X such that 

f(M) C N 

(3) For each neighborhood N of f(a) in Y, fi 1 (N) is a neighborhood of a in X. 


Solution : A metric space is a set of points with adistance function defined on it. Thus, given any two points in a metric space it 
is possible to say how far a part they are. 

For example, R n the set of all n-tuples of real num b ers is a metric space if the distance between x and y is defined as 
d(x,y) = 

The equivalence of the three given definitions of a continuous function from one metric space into another can be shown by 
proving the implications 

(1) => (2) => (3) => (1). 

(1) => (2) : 

The first definition states that if f is continuous then there exists a ball of radius 8 around a e X which is mapped by f into a 
ball of radius s around f(a) e Y 
Pictorially: 


l 

i=l 


(X i ~ Vi) 2 


X 



In metric spaces, open balls of radius 8 or s are nothing but neighborhoods of the points which are their centers. Thus (1) states 
that for each neighborhood of radius s around f(a) e Y there exists a neighborhood of radius 8 around a e X such that the 
neighborhood of a is mapped by f into the neighborhood of f(a). But this is (2). Thus (1) => (2). 

(2) =* (3): 

The second definition states that eyery neighborhood N of f(a) contains the image of some neighborhood Mofa e X.By the 
rules of compositions of functions and their in-verses, since f(M) C N, 

fi 1 (f(M)) C fi 1 (N) 

or, since f -1 (f(M)) D M, 

M C fi 1 (N). 

But M is a neighborhood of a in X. Thus f -1 (N), since it contains a neighborhood of a is it self a neighborhood of a in X which 
proves (3). 

( 3 ) =>( 1 ): 







Again, since f(fr' (N)) C N, it follows that every neighborhood of f(a) in Y contains the image of a neighborhood of a in X. 
That is, every neighborhood of radius s of f(a) contains the image of a neighborhood of radius 8 of a inX. This is the first 
definition. 

Thus the three definition saree quivalent. 

DISCONTINUOUS FUNCTIONS 


• PROBLEM 3- 


Show that 


f<x,y) = ’ x * = 1 X = -y 

is discontinuous at the origin by showing that 


lim f(x,y) 
(x,y)-*-(0,0) 


does not exist. 


Solution : Here f is a real-valued function from R 2 . 


A real-valued function f: R n —»R is continuous at a point a in its domain if 
i)x-*-a f * x> exists and ii) x+a f(x) “ fJa> . 


In the given problem it is required t o prove that i) does not hold. But there are two ways in which the limit of a function as it 
approaches a point may not exist: 

a) The function may grow without bound as x approaches the point of interest. 


b) A basic theorem regarding limits is that the limit of a function is unique. Thus if it can be shown that the value of f does not 
approach one and only one value as x—>a, the limit of fat a does not exist. This method is particularly useful when evaluating 
functions of two or more variables. 


Let f: R 2 —»R be given by f (x,y) = 0 and suppose it is of interest to find whether f is continuous at some 


(a l5 a 2 ) e R 2 , i.e., whether (firstly) 


lim 

(x,y)-*-(ai ,a 2 ) 


f (x,y) 


exists. 

A quick way of verifying that the limit does not exist is to letf approach (a 1? a 2 ) along two different paths (since in the plane 
(a,, a 2 ) can be approached from an in finite n u m b er of directions). If the limits along the two routes are different, then f has no 
limit at (a 1? a 2 ). 

Applying this technique to the given function, let y approach zero independently of x. Thus 


v-*-0 vl — 2lnl 

lim 


- 1: ’ Lm 

lim x - y 

x-*-u t ix,yj - n 

y-*-0 x u 

y+0 

_ 

x+0 

y+0 x + y 

lim 

X 

lim . 



x+0 

X 

x-*-0 1 

= 1 



lim 

x-*-0 f (x,y) 
y-t-0 


( 1 ) 







On the other hand, let x approach zero first independently of y. Then 


lira 

x-*-0 f (x,y) 
y-*-0 


lira 

y-*-0 


lira 

x-*-0 


f (x,y) 


lim lim 
y-t-0 x->0 



. Xi “ - * = -1 
Y-0 y 


Thus 


lim 

x+0 f(x,y) 

y-o 


is not independent of the method of approach, i.e., the limit is not unique implying that the limit does not exist. Thus f (x,y) is 
discontinuous at the origin. 


• PROBLEM 3- 


Let f (x,y) be given by 

xy 2 /(x 2 + y 4 ) 

f(x,y) =■{ 

1 ° 

(x,y) * (0,0) 

x = y = 0 

Is f continuous at the origin? 




Solution : The problem is to determine whether 


lim f(x,y) 

x-*0 

y+0 


= lim 
x+0 
y-*-0 


xy 2 

x 2 + y" 


0 ? 


Continuity of a function may be defined in terms of neighborhoods or, equivalently, in terms of sequences. The sequential 
definition of continuity is as follows: 

Let f:D—>R m and let {p n } be any sequence of points in the domain D of f. Let p be the limit of the sequence, i.e., {p n } 
converges top e D, Then f is said to be continuous at p if and only if 

lira f(p n ) = f(p> 


for every sequence (p n ) which converges to p, i.e., the sequence {f(p n )} converges to f(p). 


It is interesting to see how this definition can actually be deduced as a theorem from the more elementary definition of 
continuity (f is continuous at X 0 in the domain if, given s > 0, there exists a 8 > 0 such that |x - Xq| < 8 implies | f(x) - f(xo)| < s 
for x in the domain). 

The theorem to be proved is: Let f: D—>R m where D £ R n . Let {p n } be a sequence of points in D converging top. Then f 
is continuous at p if and only if the sequence {f(p n )} converges to f(p). 

To prove the necessity, assume f is continuous at p, i.e., 

|f(p n )-f(p)|<£ 

whenever |p n - p| < 8. Since 

lim 

n-K» p n p ' 

there exists an integer N such that |p n - p| < 8 for all n > N. Thus there exists an N such that |f(p n - f(p)| < s for n > N, i.e., 







{f(p n )} converges to f(p). 


For the reverse implication suppose that f is not continuous at p. Then the reexists an s > 0 and a sequence (p n ) in D such 
that ^ p n “ p I * n but 
|f(Pn)-f(P)l>£- 

The sequence p n converges to p but f(p n ) is always a distance at least s fromf(p) and so cannot converge to f(p). This is 
contrary to assumption and hence f must be continuous at p. 

To check the given function for continuity at (0,0), let y = cx and consider all sequences of the form 



As c takes on different values, the sequence p n will approach (0,0) along different lines. Since 


(±\(ci\/ ± + d£l i + c!' 

Vn 2 nV ny \n z n\ 


— i + 


n 3 (l + ~) nM 


and 


lira c 2 i 


0 . 


n + c’ n“ + c’ 

This shows that f(x,y) is continuous when y is aline a linear function of x. However, if 
x = y 2 , 

a new sequence 


and 

f(q , = iZnl 

\ny \n 2 y Vn 4 ny 2/n 4 

lim q = llItl A = ( 0 , 0 ) 

n-*-® n-*-® l 2 nl ’ ' ' 


= 1/2 * 0 . 


but 


lira . 


f(q n ) = 1/2 * f(0,0) . 

Thus the sequences {q n } and (f(q n )} converge to values such that 

lim _ 

n-H" ^ 


but 





Thus f is not continuous at the origin. 


• PROBLEM 3- 


Distinguish between removable and essential discontinuities. Decide, for the following functions whether the points of 

discontinuity are removable or discontinuous. 

a) f(x,y) = xy/x 2 + y 2 

(x,y) e R 2 - {(0,0)} 

b) f(x,y)=x 2 y 2 /x 2 + y 

(x,y) e R 2 - {(0,0)} 

c) f (x) = X x 

x e R, x > 0 

Jx 

x € R, x > 0 

g(x) =■{ 

d) l 2 

x 6 R, x = 0 

e) h(x) = sin (1/x) 

X e R, x>0 


Solution : Let D c= R n and let f: D—>R m . Let p 0 e D. 


If f(p 0 ) is defined and 


exists but L^ f(p 0 ), then f is said to possess a removable discontinuity at p 0 . The discontinuity may be removed by redefining f 
atp 0 as Lso that 


lim 


f(p) = L 


and f is continuous at p 0 . A point of discontinuity is also removable if f is not defined at p 0 but 

f (p) 

exists. Here the domain of f can be extended so as to include p 0 . 


lira 

P-Po 


Now, suppose 


does not exist. Then p 0 is an essential discontinuity for f since no value can be assigned to f(p 0 ) so that 

lim f(p) = f( Po ) . 


is discontinuous at the origin. To check the type of discontinuity let y = mx. Then 

xy _ mx 2 _ in 


(x,y)-(0,0) x2 + 


x 2 (m 2 +1) m 2 + 1 


Now let x = y 2 and consider the sequences 







(1/n 2 , 1/n) = (x,y) 


for n e N the natural numbers. Then 


lim xv lim 1/n 3 

(x,y)-M0,0) x2 + y2 = n- XpTTT 

_ lim 1 _ lim 1 _ Q 

" n- n p, + fl “ n + 1 ~ 

n 2 n 


Thus 


1 f ( X V) 

(x,y)-M0,0) r ' x,y ' 

is not unique and therefore does not exist. The origin is a point of essential discontinuity. 

b) 

The function 


f<x,y) 




is undefined at the origin. To check whether 

f(P> 


lim . 

p+0 


(where p = (x,y)) exists, note that 

ixyi<iipii 2 iipii 2 =iipip 


and 

|x 2 + y 2 | = 11 p | p 

so that 


But 


If(p)I i | j p j j = IIpI1 2 ■ 
I IpI I 


p is Mpll* = o 

since the norm function is continuous. Thus 


lim 

(x,y)-*-(0,0) 


f(x,y) = 0 . 


Since the limit of f as (x,y) approaches (0,0) exists, f has a removable discontinuity at the origin. If f is 



( 0 . 1 )' 


Fig. 1 

defined as zero at the origin the domain f becomes all of R 2 . 

c) 

The graph of x x is 

As x approaches zero 

lim x 
x+0 ‘ 

To show this, rewrite x x as 
e log x x . 


Then 


lim x 
x-*-0 


lim 

x-0 


e 


x log x 


But 


“o x log x = 0 

since x approaches zero faster than the decrease in log x, and 

lim x x = e° = 1 
x+0 e 1 ‘ 

The point x = 0 is therefore a removable discontinuity. 



d) 


The graph of g is 



The limit of g as x approaches 0 is 


lim 

x+0 


g(x) 


lim 

x-*-0 


x = 0 . 


But g (0) = 2 ^ 0. Since the limit exists x = 0 is a removable discontinuity. If g is redefined at 0 so that g (0) = 0 g is continuous 
for nonnegative reals. 


e) At x = 0 the function 



is not defined. Since 1/x gets larger and larger, sin 1/x oscillates more and more rapidly between zero and one. Thus 



does not exist and the point x = 0 is an essential 

• PROBLEM 3- 


What is meant by a discontinuity of the first kind? A discontinuity of the second kind? Show that monotonic functions have 
no discontinuities of the second kind. 


Solution : Let (a,b) C R and let f: R—>R. If x is a point in the domain of definition of f at which f is not continuous, we say that f 
is discontinuous or that f has a discontiuity at x. There are two kinds of discontinuity and they are defined using the concepts of 
right-hand and left-hand limits of fat a pointy in its domaia The right-hand limit of f at y is denoted by f(y+) while the left-hand 
limit is f (y-). 

The right-hand limit of f at y is defined as f(y+) = q if f(t n ) —> q as n —» oo for all sequences {t^} in (y,b) such that t n —> y. 
Similarly, the left-hand limit of f at y is f[y-) = p for a < y < b if f(t n ) —> p as n —»■ oo for all sequences {t n } in (a,y) such of the 
first kind if f(y+) and f(y-) exist. In this case there are two possibilities 

a) f(y+) t f(y-) 

b) f(y+) = f(y-)^f(y) 

(If f(y+) = f(y-) = f(y) then f is not discontinuity at y). 

The function f has a discontinuity of the second kind if f(x+) or f(x-) do not exist. 

For example, the Dirichlet function 


f (x) 


(x rational) 


(x irrational) 


has a discontinuity of the second kind at every point x since neither f(x+) nor f(x-) exist. 

Now consider monotonic functions. Monotonic functions are defined on intervals (a,b). f is said to be monotonically 
increasing on (a,b) ifa<x<y<b implies f(x) < f(y). f is said to be monotonically decreasing on (a,b) ifa<x<y<b implies 
f(x) > f(y). 






Fig. 1 

In the given figure y = x 3 is monotonically inincreasing over R, y = -x 3 is monotonically decreasing and y = x 2 is neither 
over R. 

A basic theorem on monotonic functions is the following: Let f be monotonically increasing on (a,b). Then f (x+) and f (x-) 
exist at every point x of (a,b). In fact, 

a“<* flt » ' fl *-» i II * 1 i f<tl ‘ 

To prove the theoremnote that, since f is monotonically increasing, the set 

F = { f(t): a<t<x} 

is bounded above by f(x). By the properties of the real num b er system, F has a least upper bound, say A. Now A < f(x) and it 
remains to show that A = f(x-). To do this let s > 0 be given. Since A is a least upper bound, there exists 8 > 0 such that a < x - 
8 < x and A- s < f(x- 8) < A. But 

f(x - S) < f(t) < A (x - 8 < t < x) 

(by monotonicity). Thus 

A-e< f(t) < A(x-8 <t<x) 


or 

|f(t) - A| < s (x - 8 < t < x) 

and thus 

f(x-) = A. 

The fact that f(x+) = B is proved in the same way. 

Since, by the theorem, f(x+) and f(x-) exist at every point in the domain of f it follows that f can have no discontinuities of 
the second kind. 

If f is not monotonic, then f(x+) and f(x-) need not both exist. For example, letf (x) = 1/x. Then, at 0, f (0+) and f (0-) both 
do not exist. 



PROBLEM 3- 


Consider the function f: [0,1 —>► [0,1] given by 
f(x) = 1/q, q > 0, x = p/q, i.e., rational 
f(x) = 0 xirrational, x e R-Q 

a) Show that f is discontinuous at any rational number. 

b) Show that f is continuous at each irrational. 

Solution : a) Letx 0 = ^ 
be any rational number. Then 



In order to show that f is discontinuous at Xq let 

1 

e= 2q ‘ 

For any 8 > 0 (x 0 - 8, x 0 + 8) contains an irrational number x. Hence 

|f(x) - f(x 0 ) | = |0- i| = | 

can never be less than, £ = showing that f is discontinuous at Xq. 

b) Let Xq be irrational so that f(xo) = 0. Let s > 0 be given. Choose n so that n < e . Let A m be the set of those rational num b ers 
which are of the form 


p = 0, 11, ±2, ... 


n-1 

A = U A 

m _i m 

m=l 


The set A m has no limit points and hence A has no limit points. Therefore 


B = U A 
m=n m 

It follows that whenever x is rational and 

|x-Xol<8 


then x3 A i.e., x must be in B and hence of the form 







with j > a Hence 

If(X) - f(Xo)! = |i - 0| < i < e . 

On the other hand, if x is irrational and |x - Xq| < 8 then 
|f(x) - f(xo)| = 0 < 5 

Thus f is continuous at Xq if Xq is irrational. 

• PROBLEM 3- 

The Baire category theorem states that the real line is of the second category. 

Show how the Baire category theorem can be used to prove the following theorem: 

There exists no F: R—»R such that f is continuous at each rational but discontinuous at each irrational. 


Solution : The term category (as used in analysis) is an application of the following definition: 

Let A c R. Then A is nowhere dense in R if the closure of A, A, contains no nonempty open interval of R. For example, the set 
of integers Z is nowhere dense as is the Cantor set. 

Let D ^ R. Then D is said to be of the first category if D = n u 1 E n where E n is nowhere dense as defined above. Thus D is 
of the first category if it is equal to the countable union of nowhere dense sets. If D is not of the first category it said to be of the 
second category. 

Thus Baire’s theorem states that R is not equal to the countable union of nowhere dense sets. 

To prove the given theorem, note that R equals the disjoint union of the set of all rationals and the set of all irrationals. The 
set of all rationals, Q, is a set of the first category since Q = u ” <J n where q n is a rational num b er (i.e., a one-point set). Here 
{q n } is closed and nowhere dense for each n. 

Now note that if A and B are sets of the first category then A U B is of the first category. To prove this let A = u A n and 

<x> n = l 

B = u B n where A n , B n are nowhere dense. Then A U B is the union of a countable n u m b er of nowhere dense sets, i.e., A U 
n=l n n n 

B is of the first category. 

Since R is of the second category by Baire’s theorem, it follows that the set of all irrationals is of the second category 
(otherwise R being the disjoint union of two sets of the first category would be of the first category). 

It follows that if there indeed exists a function that is continuous at each rational and discontinuous at each irrational, the set 
of its discontinuous points must be of the second category. To prove that this is impossible requires a string of definitons and 
lemmas. 

To begin with, letfbe any real valued function. If J is any bounded open interval inR, the oscillation of f over J (co [fj]) is 
defined as 


u>[f; J] 


l.u.b. 

x6J 


f (x) 


g.l.b. 
xSJ 


f (x) . 


Let a e R. The oscillation of f at a is the infimium of all co [f;j ] where J contains a. Thus 
co [f;a] = g.l.b. co [fy]. 

Since 


l.u.b 

xej 


f(x) 


g.l.b 

xGj 


f (x), 







co[fy]>0 


and 


co [f;a] > 0 
for any a R. 

Now suppose f is discontinuous at a. This implies that the oscillation of f on J is positive for some J containing a and thus 
co [f;a] > 0. This fact may be used to prove the following theorem: 

Let f: R—>R For r > 0, let G r be the set of all e R such that co [f;a] > 1/r. Then G r is closed. 

The theorem states that the set of all points at which f has positive oscillation (i.e., f is discontinuous) is a closed set. To 
prove the theorem, let x be a limit point of G r , and let J be a bounded open interval containing x. Since J is an open set and x is 
a limit point of G r every neighborhood of x in J must contain a point y e G r . But co [f;j] > co [f;y] (since co [f;y] is the g.l.b. over 
all co [fij] where J contains y). Since ye(?,(o [f;y] > 1/r. Thus co [f;j ] > 1/r. Since co [f;x] is the g.l.b. of all co [f;j ] where J 
contains x, co [f;x] > 1/r and x e G r . Since G r contains its limit points, G r is a closed set as was to be proved. 

By definition D £ r i s said to be of a type F 0 if d = u" =1 F n where each F n is a closed set in R. (Note that the countable 
union of closed sets need not be closed e.g., 

A = u” =1 [1/n, n]). 

Thus a set D C R is of type F 0 if it is equal to a countable union of closed sets Let f be a real-valued function defined on R. 
The set of points at which f is discontinuous is of type F 0 . To prove this, let x e D, the set of discontinuities. Then 

co[f;x] > 0, 


co[f;x] > 1/n 
and 


^ n=l 

Conversely, if 


G l/n 

G l/n 


then 

co[f;x] > 0 
and x ^ D. Thus 

D = G l/n ' 

but each G 1/n is closed by the previous theorem (the set of points at which f has positive oscillation is a closed set). Thus D is 
a countable union of closed sets, i.e., of type F 0 . 


Note that the set of all irrationals R-Q is not of type F 0 for if it were then 


where each F n is closed. But each F n contains only irrationals and thus no open interval (between any two irrationals there 
exists a rational). Thus each F n is closed and nowhere dense, i.e., the set of irrationals is of the first category which is a 




contradiction. This shows that the set of all irrationals is not of type F a . 

The conclusion is that for any f: R—>R the set of discontinuities is of type F a while the set of all irrationals is not of type F a . 
This proves that there exists no f: R—>R which is continuous at each rational and discontinuous at each irrational. 

• PROBLEM 3- 

Prove that there is no continuous real-valued function f on R such that 
f(x) is irrational if x is rational 
f(x) is rational if xis irrational. 


Solution : This problem requires the notion of connectedness. Let (x,p) be a metric space, i.e., a set of points with a distance 
function defined on it. Two sets 

A, B + ® C x 

are said to be separated if £ n b = , aob = <t> 

(where s denotes the closure of a set). The metric space X is connected if there exist no separated nonempty sets A,B such that 
X = A U B. 

IfX is not connected, then there exist nonempty sets A, B C X such that x = AUB,AOB = (t> , a O 5 = <p But this 
implies that A C B c = A (since A U B = x, the whole space). 

Since AC A, A is closed. Similarly B is closed. Thus the definition of connectedness could also be phrased a s follows: 
The space X is connected if there exists no pair of non-empty closed sets A and B in X such that X = A U B and A fl B = O. 

The real line is a connected space. 

The range of a continuous function defined on a connected set is connected. 

Using these two facts the given problem may be solved. First, note that the domain of the given function is the set of real 
numbers, a connected set. Assume that there exists a continuous function from R into itself such that 


f (x) 


I irrational, x = p/q p,q 6 Z 
I r/s, r,s 6 Z x irrational. 


(Note that there exist many such discontinuous functions. 
For example, 


f (x) 



x rational 
x irrational) . 


Now, for any non-degenerate interval in R (any interval in R is connected) the image of f should be connected. But the image of 
f consists of a set of rational num b ers and a countable set of irrational num b ers. In other words the range of f is a countable set 
which cannot be conconnected because the only connected subsets of R, besides O and singletons, are intervals which are 
uncountable. Thus f cannot be continuous. 


UNIFORM CONTINUITY AND RELATED TOPICS 


PROBLEM 3- 


















Solution : Upper and lower semicontinuity are defined as the inequalities that follow from the definition of continuity. Letf be a 
real-valued function defined on a subset D of R n . Then f is continuous ata e D if, given s > 0, there exist a 8 > 0 such that 
|f(x) - f(a) | < s for |x - a| < 8. 

Removing the absolute-value signs yields: 

- s < f(x) - f(a) < 8, or f(a) - 8 < f(x) < f(a) + 8 


for |x — a| < 8. 









f is said to be upper semicontinuous if 
f(x) < f(a) - |x-a| < 8 (1) 

Similarly, f is said to be lower semicontinuous if 
f(x) > f(a) + 8, |x - a| < 8. (2) 

The graph of the greatest integer function is: 



Fig. 1 

To show that f is upper semicontinuous requires the notion of the nondeleted limit superior of a function at a point a. 

The inequality (1) implies that 

sup {f(x): | x-a| < 8} < f(a) + s . (3) 

If the least upper bounds are taken in (3) for all 8 > 0, may be rewritten as 

sup{f(x): |x — a| < 6} < f(a) . ( 4 ) 

But |a - a | < 8 for all positive 8 and hence 

f(a) = sup{f(x): |x - a| < 6 ) 

Since 

sup {f(x): | x — a| < 8} 

is nonincreasing as 8 (the supremum of f over a larger neighborhood is always greater than or equal to the supremum over a 
smaller neighborhood), 

g>0 sup{f(x): |x - a| < 6} = sup{f(x): |x - a| <6} . 

This is the limit superior of f at a and is denoted by jj f(a). 

A function is upper semicontiniuous at a point a in its domain if and only iff ( a) = (a) 

For the greatest integer function, let a e [n,n + 1] where n, n + 1 are integers and a is a real number. Since 

supff( x): |x - a| < 6} = n = f(a) 

for all a in the interval (n, n + 1), [x] is upper semicontinuous in this open interval. Since f is is discontinuous at either end¬ 
point, these end-points must be considered separately. At n, every 8 neighborhood of n yields n and n - 1 as values of f(x). 

But sup {n, n-1} n and thus f ( n ) = Lf ( n ). 

At n + 1, every 8 neighborhood of n + 1 contains points at which f(x) = n + 1 and points at which f(x) = n. 



Thus sup {n, n + 1} = n + 1 and since f ( n+ i) = If ( n+l)> f is upper semi-continuous at n + 1. Thus f is upper semicontinuous 
on the real line. 


• PROBLEM 3- 








Let I be an interval of length 28, 0 < 8 < 1 on the real line centered at Xq. Then | x- Xq | < 8 and |x + x 0 | = |x-x 0 + 2xq \ < | x- 
x 0 | + 2|x 0 |<l+2|x 0 |. 

Note that 8 is chosen less than 1. 

Thus 

|x 2 -Xo 2 | = |x + x 0 ||x-x 0 | 

<(l+2)|xo|)S<s 

Thus 8 is to be chosen so that 
(l+2)|xo|)S<8 


or, 

5 < --- (1) 

1 + 2|Xo| 

Since 8 can be found both for all s > 0 and for all x 0 e R, it follows that f is continuous everywhere. From(l) observe that 
depends not only on s but on | xq|. For example, suppose 8 = 2 and | Xq| = 1. 

Then 



Now suppose s = 2 but | Xq | = 100. Then 

, < 2 
0 X + 200 

or, 8 < .00995. This shows that for f(x) = x 2 ,8 is a function of both s and x 0 . 

Contrast this with f: R — ► R given by f(x) = 6x. Let s > 0 be given. Then | f(x) - f(xg) | = 6 | x - Xq |. Choose an interval 
around Xq of length 28. Hence | x - Xq| < 8 and 8 is to be chosen so that 

6|x-Xq| < 68 , i.e., 68 < s , or 8 < s/6. 

Since 8 depends only on s and not on the point where continuity is being tested, f(x) = 6x is said to be uniformly continuous on 
R. 


The precise definition of uniform continuity is: 

Let D^R" and let f: D —> R m . Then f is uniformly continuous on D if, given s > 0, there exists 8 > 0 such that | |x - a 11 < 8 
implies 11 f(x) - f(a) 11 < e for all a e D. 

From the definition it follows that f(x) = x 2 is not uniformly continuous on the real line. Note, however that f is uniformly 
continuous on any bounded interval of the real line. 

• PROBLEM 3- 

Which of the following functions are uniformly continuous on the specified domains? 

a) f(x) = x 3 (0 < x< 1) 

b) f(x) = x 3 (0 < x < oo) 

c) f(x) = sin x 2 (0 < x < oo) 

d) f(x) = 1/(1 + x 2 (0 < x < oo). 






Solution : Let A £ R and let f: A —» R. The function f is continuous at a point x 0 in its domain if, given s > 0 there exists a 8 > 0 
such that | f(x) - f(xo)| < s whenever |x - x 0 | < 8 . In general, the number 8 depends on both s, the challenge number, and Xq , the 
point at which f is being tested for continuity. The function f is said to be continuous on A if it is continuous at every point of A. 

Now suppose s > is given and a 8 is found that satisfies the definition of continuity for all X 0 e A, i.e., 8 depends only on s 
and not on x 0 . Then f is uniformly continuous on A. 

a) Let s > 0 be given. Choose 8 = s 1/3 . Then for | x - xq| < 8 = 8 1/3 , |f(x) - f(xo) | 

= |x 3 - Xq 3 | < |x 3 - Xq 3 | + 3xxq |x- Xq I = |x- Xol 3 


if 

0 < x < 1 and 0 < Xq < 1. 


But 

|x - XqI 3 < (e 1/3 ) 3 = 8 

and thus 

|x 3 - Xq 3 | < 8 

Hence f is uniformly continuous on [0,1]. 

b) Since f is defined on an unbounded set it will not be uniformly continuous. What this means is that given any s > 0, Xq , x, in 
the domain can be found such that although |x 0 - x,| < 8 , | f (xq) - fix,) | > 8. 

To prove that f(x) = x 3 cannot be uniformly continuous, rewrite | f(xo) - fix,) = |xq 3 | as |xq - x, |xq 2 + Xq x, + x, 2 <8 |x 0 2 + x 0 x, 


Now, let 8|xq 2 + Xq x l + Xj 2 | < s 
or 


|x 0 2 + Xo Xl + Xi 2 1 

But as x 0 , X] —>• co , 8 —>■ 0 and thus no 8 can be found that will work for all x in the interval [0, <x>], 

c) Here |sin x 2 | < 1 regardless of the value of x. Furthermore, f(x) = sin x 2 is uniformly continuous on the interval [0, /ji ]. 
Since this is its period, it follows that sin x 2 is uniformly continuous over any interval. The proof that (f(x) = sin x 2 is uniformly 
continuous on the interval [0, /ji ] is an application of the following sufficiency criterion for uniform continuity: If the real 
valued function f is continuous on the closed, bounded interval [a,b] then f is uniformly continuous on [a,b]. 

d) If 

f (x) = - - - (0 < x < <*>) , f(0) = 1 

1 + x 2 

and 


Thus | f(x) | < 1. To see that 








Also, if a function f satisfies the Lipschitz condition |f(x) - f(y)| < c|x - y| x,y e I then f is absolutely continuous on I. To see 
this let s > 0 be given. Then choose 8 = s/c so that if 

X I— y i | < 6 = e/c, 

i=i 

X IftXi) - f(y A )| ScX IXj. - y t l < c(E/c) = e 


and f is absolutely continuous. 

Thus there exist necessary (uniform continuity) and sufficient (f satisfies a Lipschitz condition) conditions for a function t o 
be absolutely continuous. 

To illustrate the concept of absolute continuity consider the given figure. 



Given s > 0, three open disjoint intervals have been chosen in I = [a,b] of length 8/4, 8/3 and 58/12 respectively. 
Corresponding to these intervals, f(x) varies in values of 8/2, 8/3 and 8/5 respectively. Thus 

3 

X (bi - a±) <8 and X l f < b i) “ f (aj) I ^ e - 
i=l 

Note that f(x) = x 2 sin 1/x is continuous throughout the half-open interval (0,1]. It is discontinuous at 0 but this is a 
removable discontinuity since 

I im x 2 X sin 1/x < 1 im x 2 111 
x-*0 ” x+0 

(since |sin l/x| < 1 and lim x 2 =0). 

x-*-0 

Thus f may be defined as zero at 0 making it continuous throughout the closed interval [0,1]. 

The sufficiency criterion (existence of a Lipschitz constant) maybe used to show that f is absolutely continuous in [0,1]. By 
the mean-value theorem; 

■ L f ~ f 1 = | f • (5 ) I for some £ between x and y 


|f(x)-f(y)| = |f’(^) ||x-yj. 

Replace | f • ( 5 ) | by x g ^o P ]j I f’ ( x ) I to obtain the inequality 
|f(x)-f(y)|< A|x-y| 


A = 


sup 

x€[0,1] 


|f*(x)| . 


where 





It remains to show that ^ I f ' < x > I exists, i.e. is equal to a positive constant. Now f (x) = 2xsinl/x-cos 1/xand this 

function is bounded on the interval (0,1]. Furthermore it has value 0 at 0. Thus f (x) is bounded on [0,1] i.e. 

To P i 1 = A < “ . This shows that f(x) = x 2 sin 1/x satisfies a Lipschitz condition on [0,1] and thus it is absolutely 

continuous in that interval. 


• PROBLEM 3- 


The Arzela-Ascoli theorem states that a set E in C(X,R) is compact if and only if it is closed, bounded and equicontinuous. 

Let C(X,R m ) be the metric space consisting of all continuous functions from the compact metric space X into R n with 
distance function given by d (f,g) = sup {| | f(x) - g(x) 11: x£ X}. State the Arzela-Ascoli theorem for this space. 


Solution : Let (x^dj) be a metric space, and let E C x. An open cover of E is a collection of open sets in X whose union 
contains E. Thus 

E c Yg/t where {E y } y <= A is a collection of open sets indexed by A. E is said to be compact if every open cover of E 
contains a finite collection of sets whose union covers E (known as a finite subcover). 

The set C(X,R) consists of all continuous real-valued functions defined on the set X. Usually X is taken to be the unit 
interval [0,1] or the closed interval [a,b]. If X is compact the subset E consists of functions that are not only continuous but 
uniformly continuous. Thus for each feE, and each e > 0, there exists a 8 > 0 such that 

d (x,y) < 8 implies |f(x) - f(y)| < s (1) 


for x,y[a,b]. 

Now suppose that a 8 can be found such that (1) holds for all fe E. Then E is known as a family of equicontinuous functions. 
The definition of equicontinuity is as follows: A set E in C(X,R) is said to be equicontinuous if for each s > 0 there exists a 8 > 
0 such that 

|f(X]) - f(x 2 )| < 8 for x b x 2 e X, d(x b x 2 ) < 8 and f£E. 

The Arzela-Ascoli theorem gives necessary and sufficient conditions for a subset of C(X,R) to be compact, where C(X,R) 
is a metric space whose elements are continuous real-valued functions defined on the compact metric space X. The given 
metric space is a generalization of C(X,R). (It may be thought of as C(X,R m )). Since X is compact the uniform metric 

d(f,g> = x6X { ll f < x) “ 9< x > Il> 


may be replaced by 


d(f,g) = max {| | f(x) - g(x) 11: x£X}. 

The metric space C(X,R m )is complete with this metric defined on it. The Arzela-Ascoli theorem for this space states: 


A set E in C(X,R m )is compact if and only if it is closed, bounded and equicontinuous. 

• PROBLEM 3- 


Show that any finite set of continuous functions is equicontinuous. 


Solution : Let C(X,R) denote the space of continuous realvalued functions on a compact metric space X. A set E in C(X,R) is 
said to be equicontinuous if, given s > 0, there exists a 8 > 0 such that 

|f(xi)- f (x 2 ) | <8 


whenever d (x b x 2 ) < 8, V x b x 2 e X and feE. Here d (x h x 2 ) denotes the distance between x, and x 2 according to whichever 









metric is imposed on X. 

Let E = {f lv . . ., fii} be a finite family of functions in C (X, R) . Since each 1 < i < n, is a continuous function defined on 
a compact space, each fj is uniformly continuous. This implies that, given s > 0, there exist 8; > 0 1 < i < n, such that 

| fi (x T ) - f { (x 2 ) | < s 1 < i < n 
whenever 

d (x b x 2 ) < 8j 1 < i < n 


for all x b x 2 e X. 

Picks = 1 < m j n < 

Then f; (x, ) - fj(x 2 ) | < s 


6 i 

1 <i<n 


whenever 

d (x 1? X 2 ) < 8, V x 1? x 2 e X. 

This shows that { f, f n } is equicontinuous. An alternative method of solving the problem is to use the Arzela-Ascoli 

theorem, which states that a subset E of C(X, R) is compact i f and only if it is closed , bounded and equicontinuous. Since {fj, 

..., f n } is a finite set, it is compact. Hence ,by the Arzela-Ascoli theorem it is equicontinuous. 

PARADOXES OF CONTINUITY 

• PROBLEM 3- 


Let I = [0, 1], the closed unit interval on the real line . Then I x I = I 2 is the unit square in R 2 . Show that there exists a 
continuous function f: I x I which is surjective, i.e. the image of f is the square. 


Solution : A curve is defined as follows: Let [a, b] C R. A curve defined on [a, b] is a mapping f: [a, b] —> R n . Thus the 
problem asks one to find a curve whose image is the unit square. 

The map f is constructed as the limit of a sequence of continuous functions, {f n } with domain I and co-domain I 2 . 

The sequence of continuous functions is set up as follows : 

i) lj) is the map that sends [0, 1] to [0, 1] x [0, 1] as drawn in Fig. 1 (a) 



ii) f, is made by breaking up [0, 1] into 8 equal intervels and mapping to four quadrants of the square in Fig. 1(a) (See Fig. 1 

(b)): 






(b) 


n 



0 


iii) f 2 is constructed from 4 in a similar manner: 


0 


h 



Kc) 


iv) Note that at the nth step, fii is a path made up of 4 n triangular paths (f 0 : 4° =1, f,: 4 1 = 4, f 2 : 4 2 = 16). Furthermore, each 
triangular path lies in a square of edge length l/2 n . 

v) The function f n + 1 is obtained by applying i) to each triangular path, replacing each one by four smaller triangular paths. 

It remains to show that I) {fii} converges to a function f which is continuous. II) f is surjective, i.e. every point in I 2 is the 
image of some point in I. Let d ((x,, x 2 ), (y b y 2 )) denote the square metric on R 2 , 


d ((x l5 x 2 ) (y l5 y 2 )) = {|x, -y, |, |x 2 - y 2 |}. 

Using this metric it is possible to define a supremum metric on the space of all continuous functions from I to I 2 (C(I, I 2 )). Let 
f,g e C(I, I 2 ). 


Then 


p(f, g) = lub {d(f(t), g(t): te 1} 


( 1 ) 


Equipped with the metric (1) the space C(I, I 2 ) is a complete metric space, i.e. every Cauchy sequence converges to an element 
in the space. 

Consider the sequence of functions {4} given by iv) and v) above. If it can be shown that {f n } is a Cauchy sequence, then 
the limit function f £ C (I, I 2 ), since C (I, I 2 ) is complete. To show this, note that each small triangular path in f n lies in a 
square of edge length l/2 n . f n + 1 is obtained from fn by replacing one triangular path by four triangular paths that lie in the same 
square. Therefore the distance between f n (t) and f n + j (t) is at most l/2 n using the square metric on I 2 . This is shown for 4 and 
4 in Fig. 2. 



Fig. 2 


Thus p (f n , f n + ,) < l/2 n and 













P(f n ,f n + m) 1 — 


.n+m-1 


But 


< ^ < 2 > 


I 2 . Next, to prove that f is surjective, let (x b x 2 ) e I 2 . For a givenn, the path f n comes within a distance of l/2 n of (x b x 2 ) as 
may be seen from Fig. 3 where n = 2. 



Fig. 3 

Let s > 0 be given and choose N large enough so that p(f N , f) < s/2 and — < e/2. There is a point t () e I such that 
d((xi,x 2 ), f N <t 0 )) £ where f N (to) is the point on the path closest to (x b x 2 ). Then 

d((xi, x 2 ), f (t o)) < d((xi, x 2 ), f N (t) ) + 

d((f(t), f N (t)) < + e/2 < e/2 + e/2 = e. 

Thus, given s > 0, there exists an s neighborhood of (x b x 2 ) which intersects f(I) and (x l? x 2 ) belongs to j(Ty (the closure of 
f(I)). Since I is compact f(I), its continuous image is compact and therefore closed, i.e., 7777 _ f ( X ) and (x b x 2 ) e f(I), 
which shows that f is surjective. 

• PROBLEM 3- 


Show why the function. 


f(x) = l a n cos(b n irx) 0 < a < 1 b = 2k-l 

n=0 

constructed by Weierstrass, is continuous everywhere but differentiable nowhere. 

(1) 


Solution : Comparing (1) with the series 
n lo « n (0 < a < 1) 
note that 

|a n cosO^x)! < a 11 (n = 0 , 1 , 2 , ...). 

By the Weierstrass M-test the series given by (1) converges uniformly to f(x) and since convergence is uniform the limit 
function f(x) is continuous everywhere. 


Note that if 











Iab| < 1, l |ab| n < - , 

n=0 

then the series representing f(x) may be differentiated term by term and the resulting series converges uniformly to f (x); thus 
f(x) is continuously differentiable if |ab| < 1 . 

Weierstrass showed that if |ab| is large enough, then f is nowhere differentiable . To find an inequality involving |ab|, first 
construct a sequence x^ tending to x by setting b n x = u,-, + c n where u n is an integer and _ I < c < I, defining x n by b 11 x n = u,-, 
+ 1. Thus b n (x-x n ) = c n - 1 and 

|x - xj < b~ n |c n - 1| or |x - xj < b -n (3/2) . (2) 

This inequality holds for x n sufficiently close to x but also depends on b. The derivative of f at x is the limit of the difference 
quotient 


f(x) - f{x ) 


l a ™ 


a cos(b ttx ) . 


Thus (3) equals 


n-1 co 

1 t l 

m=0 m=n. 


a (cos b rex - cos b itx n 


For the first sum 

n-1 

l 

m=0 


a m (cos b m Jtx - cos b Jtx n l 


note that according to the mean value theorem, 
cos b m T!X - cos b m irx 


: -b it sin(c) . 


(3) 


(4) 


Thus 


|cos b m 7tx - cos b m 7ix n | = |-b m sin c| |x - x T1 ], 


But 


|sin c| < 1 and | - b™^ sin c| < b" 1 ?!. 


Hence, 


|cos b^x - cos b^Xnl < b^jx - xj 


and 


n-1 rn ,in , in 

v a cos b - cos b ttx 

1 _D 

m=0 x - x 

n 


n-1 

i 

m=0 


But 



Now 


\ a m b m Tr = ir l"l + ab + (ab) 2 
m=0 L 


(ab)"" 1 ]. 


1 + ab + (ab) 2 + ... + (ab) n_1 = ^bT _ ~ 1 ~ 

(since (ab) n - 1 = (ab - 1) [(ab) n_ 1 + (ab) n_2 + ... + ab + 1]) 

Thus 


n-l 

I 


m=0 


aV. 


(ab) n - 1 ir (ab) n 
(ab - 1) ab - 1 


assuming that ab > 1. 

The second summation must be treated differently, 

b m ^ = b M (b n TtXjj) = b®- 11 71(1^ + 1) 


(5) 


(Since b n ^ + 1). Since b is odd, b™ -11 is odd and b™ -11 7i(u n + 1) is an even multiple of 7i if and only if + 1 is even. Thus 

cos (b™7i xj = (-1)%+ 1 

(cos 2kji = +1, cos (2k- l)7i = -1 k an interger). 

Similarly, 

cos b m nx = cos {b m_n 71 ( 1 ^ + c n )}, 

Since 

Ujj + c n = b n x. 


But 


cos {b m n 71 ( 1 ^ + c n )} = (-l) Un cos b™ -11 7IC n . 


Thus, 


This shows that 


cos dStx - cos b 7TX 



I ■ 

m=n 


cos b xx - cos b nx 


l 

m=n 


a m (l + cos (b m-n xc n )} 



(6) 


But 



(from (2)). Thus (6) becomes 


Tjv}, 


J -f a 1 ^ 11 ■< 1 + cos (b m-n ire ) } 


j a n b n -^1 + cos + J -| a^b" + cos b m_n irc^ 

> ^ a n b n -^1 + cos a n b n 


(since | c | < T implies that |nc n | < - ■ 
which implies that cos 7ic n > 0). 


Substituting these two inequalities into (4): 


f (x) - f(x n > n-1 a cos b irx - cos b irx n 

x “ x n “ " m=0 x " x n 


£ a m cos b m irx - cos b i 


a b > i + -y., f is not differentiable at x, i.e., f (x) does not exist. Since x was arbitrarily chosen from the domain this shows 
that 

f(x) = l a n cos (b n itx) 
n=o 

is nowhere differentiable if ab > 1 +—. In contrast, if |ab| < 1, f(x) is continuously differentiable. 


Construct an everywhere continuous function that is nowhere differentiable from the following function: K(x) is the 
distance from x to the nearest integer, K: R—»R. 


Solution : The simplest example of a function that is continuous everywhere but is not differentiable at a point in its domain is 
the absolute value function, f: R—>R given by f(x) = |x|. 





Note that f is continuous at the origin, since given s > 0, we can set 8 = s so that 
|x — 0| <6 implies |f(x) - 0| < s. 

But f is not differentiable at x = 0. To see this, note that when x < 0, f(x) = -x and f (x) = -1 and that when x > 0, f(x) = x and f 
(x) = l. 

Thus 


lim If(x+h) - f(x)I _ _ L 


and 


lim If(x+h) - f(x)1 = x 
x-*0 + | h | 


A function is differentiable at a point only if the derivative is unique at that point. Thus f(x) = |x| is not differentiable at x = 0. 

The same principle (a function being continuous at a point with different values of the derivative depending on the 
approach to the point) is used to construct everywhere continuous but nowhere differentiable functions. 


Note that K(x) has period 1, i.e., 


K(x+1) = K(x). 



Fig. 2 


It can be seen from Fig. 2 that K(x) increases continuously from 0 to Vi and then decreases continuously from Vi to 0. Note that 
K is not differentiable at C + Vi (where C is an integer). Also note that if a, b both lie in either [C, C + Vi] or [C + Vi, C + 1] 
then 


|K(b)-K(a)| = |b-a| 


Define v^x) = 10 1 KQO 1 x) for i = 0,1,2,.... 


Thus, 


VO (x) = K(x) , VI (x) = yjj K(10x) V2 (x) = 


K {lOOx) • • • • Now V](x) shrinks the height of K(x) in Fig. 2 by a 












factor of 10 , v 2 (x) by a factor of 100 , etc. 


Let H(x) = T v.(x) , x € R * 
i=0 1 

Since 0 < Vj(x) < 10 _1 for all x, the series H(x) is uniformly convergent. This can be deduced from the comparison test for 
uniform convergence (Weierstrass M-test). Every v^x) is everywhere continuous and Vj(x + 1) = Vj(x). Thus, H(x) is 
everywhere continuous and has period 1 . 


It remains to show that H(x) is nowhere differentiable. Since H is periodic, let [a, b] = [0, 1] and let d e [0, 1], Then 

, ng m»> - »(d) (1 , 

is the derivative of H at d. 


To show that (1) exists nowhere in [0, 1], suppose d has the infinite decimal expansion 

- d. 

d = .did 2 d, ... = l —ir 

i=l 10 1 

where, as usual,. Cj ... 999 ... is written as. Cj ... 1000... 

Let x n be defined near d by 

d + 10 -n if d M or 9 
x =< n 

n | d - 10 n if d n = 4 or 9 

If d n = —for example, then has 

I0 n + I0 n io n 

at the n-th decimal position and hence 1 Ohc n and 1 ffd lie in the same half of an interval [m, m + 1 ] when 
0 <j <n— 1 . 

If d n = —for example, then x,-, has —^ at the n-th decimal position, so once again 10*x n and lffd lie in the same half of an 
interval [m, m+ 1 ] when 0 < j < n- 1 . 

This shows that 

|K( 1 O^Xh) — Ki( 1 O^d)| = 110^- 10)d| = W~ n 0 < j < n-1 


and hence 

Iv/xJ - Vj(d)| = 10 “J IKfTffxJ - K(10id)| 

= 10 - n =|x n -d|, 0 <j<n-l 


Also for j > n, 10'x n and 1 ffd differ by an integer. By the periodicity of Vj it follows then that 

|Vj(Xn)-Vj(d)| = 0forj >n 

Adding over j = 0,1,..., n-1: 




H(x n ) - H(d) 
x„ - d 


10 

10 "' 


10 _ 

10 " ] 


(n terms) 


The kth term is positive or negative depending on the decimal expansion of d. However, regardless of the si gn s 
±1 ±1 ±1 ... ±1 

is even when n is even and odd when n is odd. 

Therefore 


lim H( V - »< d > 

x n - d x n - d 

does not exist, i.e., H(x) is not differentiable at d. Since d was arbitrarily chosen, H(x) is not differentiable on [0, 1]. Since 
H(x) is periodic with period 1, H(x) is nowhere differentiable. 



CHAPTER 4 


ELEMENTS OF PARTIAL DIFFERENTIATION 


The concept of “rate of change” of a dependent variable with respect to an independent variable is the cornerstone of 
differential calculus. If a function, say the distance z of a projectile above the earth depends only on one variable, e.g., the 
position p of the projectile on the axis along which it was shot (say the x - axis) then the derivative of z(x) with respect to x is 
simply 


z 1 (x) 


-11m 

Ax-*0 


M 

Ax 


11m 2 < x * A*? - «<*> . 
Ax-0 Ax 



In other words, z' (x) is the ratio of the change in z to the change in x, where the change is infinitesimally small. Now if there is 
a breeze blowing perpendicular to the xz-plane, the projectile will not travel along the x-axis and z will depend on both x and 
y. (Figure 2). Now there are several rates of change which are of interest: 1) at what rate is p moving along the x-axis at a 
given point (x 0 y 0 )?; 2) at what rate is p moving along the y-axis at (x 0 , y 0 )?; 3) at what rate does p move along its direct path, 
C (assuming the breeze is constant)?; and 4) if the breeze is not constant and depends on time, t, at what rate does p move along 
some axis, say the x-axis? Questions 1) and 2) lead to the concept of partial derivatives, dz/dx and dzJdy. Question 3) leads to 
the concept of directional derivative, d - z(x,y), and question 4) leads to the chain rule for functions of several variables for 
finding 


y M l . 



Another quantity, called the differential of a function, df(x, y), which may have seemed superfluous to the student when it 
was defined in single-variable calculus as df(x) = f (x)dx will be found to be of great importance in multi-variable calculus. 


PARTIAL DERIVATIVES 











PROBLEM 4 


Let u = u(x, y) be implicitly defined as a function of x and y by the equation u + l n u = xy. Find 

da and £u_ . 

dx * 3y * 3x3y 3y3x 


Solution : The partial derivative of a function is defined as follows: Let z = f(x, y) be defined in a domain D of the xy-plane and 
let (x b y, ) be a point of D. Then f(x, y,) is a function depending only on x and if its derivative at the point x, exists, it is called 
the partial derivative of f with respect to x at (x b y,) and is denoted by 


M 

ax 




^1 


l (x 1 ,y 1 ) 


If the point (x b y, ) is now allowed to vary, one obtains a new function of x and y (wherever the derivative exists) denoted 
by 




Apparently, then, |”( x .y) may be obtained by simply treating y as a constant and differentiating f with respect to its only 

remaining variable, x. In the case at hand, u is not defined explicitly as a function of x and y but the partial derivatives may be 
obtained by differentiating both sides of the defining equation with respect to x or y recalling that u depends on both x and y. 
Thus 


au(x.y) + a .{.nluCx.v) ] = a (xy) 
ax ax ax 


Using the chain rule of single variable calculus, (1) becomes 


or u 


+ alia u] au 
dx du 3x 


y 


y . Therefore, u x (-H^L) . y , so that, 


u , = s u ( x ,y? *y 

x 3x u + 1 u(x,y) + 1 


( 1 ) 


( 2 ) 


(3) 


Also, from the defining equation, 


au(x.y) + a /.n[u(x,y)] _ 3(xy) 
dy ay 3y 


and the single variable chain rule can be used again to obtain 


so that 


u = = ux _ u(x.y) -x 

y ay u + 1 u(x,y) + 1 


(4) 


The second partial derivative d 2 /dxdy is defined as o(u y )/ox; that is, the partial derivative of the new function du/dy with 
respect to x. Thus, from (4), one obtains 







= i-TiS- 'j . u_ + „ AJ-uCkj)_ 1 

Sx&y axLu + lj u + 1 axLu(x.y) + lj 




It can be seen from (5) and ( 6 ) that $-2- = This is a relation that can be proved to be true for all continuous functions u(x, 
w w axay ayax F 


• PROBLEM 4 


Let u(x, y) and v(x, y) be defined as functions of x and y by the equations 


u cos v - x = 0 , 

( 1 ) 

usinv-y = 0 . 

( 2 ) 

Find 


and — . 


dx ax 



Solution : Two methods will be used. 

Method 1: The derivatives can be calculated directly if u and v can be found explicitly in terms of x, y. Squaring (1) and (2) 
yields 

u 2 cos 2 v = x 2 , u 2 sin^ = y 2 . 

Adding these two equations gives 

u 2 cos 2 v + u 2 sin 2 v = x 2 + y 2 or u^cos^v + sin 2 v) = x 2 + y 2 . 

Thus 

u 2 = x 2 + y 2 
or 

u - + .A 3 + y 2 • (3) 

Now substitute this value for u into (1) and (2) to obtain 

cos v = x , sin v = . -^- 

± t 

so that 


can 




(A) 


if x ^ 0. Note that v has an infinite number of possible values differing by multiples of n and that u has two distinct values for 







each x, y (differing only in sign). Thus, from (3), 


and from (4) 




( 5 ) 


to 

dx 



d tan* 1 (y/x) a(y/x) 
d(y/x) ' ax 


• % = i^TT- ■ 


( 6 ) 


This equation is only valid on a specified branch of v (x, y) = tan"'(y/x). 

Method 2: A second method is to differentiate each side of equations (1) and (2), keeping in mind that u and v are each 
functions of x and y. Also, we must at this point simply assume that these equations do implicitly define certain functions, and 
that these functions do indeed have partial derivatives. The theoretical considerations raised by this method are discussed in 
connection with the implicit function theorem, which will be discussed in the next chapter. Now, assuming everything is valid, 
differentiate (1) and (2) to yield 


cos v-|^-ustnv'|^-l = 0, 
sin v to + u cos v ^ - 0 = 0 . 

These two linear equations in to and to may be solved by Cramer’s rule, i.e., 


or 


Similarly, 


or 


Icos V 1 | 

ay _ | 8ln v °1 

3x Icos v-u sin v| 
|sin v u cos v| 


TuF7 


ay = -sin v 
ax = u 


(7) 



U COS® V + 


u sirfv 


to 

ax 




( 8 ) 


Finally, from(l) and (2) it is seen that 




= to 


ax 




. 


which brings (7) and (8) into agreement with the answers obtained by Method 1. 


• PROBLEM 4 


Define the partial derivative of a real valued function, f. Then compute of/ox and of/oy where 












a) f(x, y) = xy, b) f(x, y) = cos[x(l + y)], c) f(x, y) = x y . 


Solution : Let f be a real-valued function defined in a neighborhood of 


in R n , i.e., f: R n He R. Then the partial derivative of f with respect to Xj at the point is defined as 

_ f(x. + t,... ,x ) - f(x. ,... ,x ). (1) 

(x.) = 11m L 0 l 0 _^0_ x 0 n 0 

SX 1 0 tH t 

Thus, the partial derivative is computed simply by considering all but the relevant variable as constant. 


b ) ! 


■ -(1+y) sln[x(l+y)], 


x(l+y)] 




Here, to find df/dy, first take the natural logarithm of f(x, y) = x y , that is, 

In f = ln(xy)=y lnx. 

Now take the partial of both sides of this equation with respect to y to yield 

7 ^ * In x or = f In x * x^ In x , 
f by by 


DIFFERENTIALS AND THE JACOBIAN 


Define the terms differentiable and differential for a function f: R 2 —>R of the variables x and y. Then find the differentials, 
df, of the functions 

a) f(x, y) = x 2 - y 2 

b) f(x, y, z) = xy/z. 


Solution : A real-valued function f of two variables x, y is said to be differentiable at (xq, y 0 ) if f is defined in some 
neighborhood of (xq, y 0 ) and if there exist numbers A,B such that 


|Af (x 0 ,y 0 ) - (A dx + B dy) | 

1 ins 

(dx,dy)-(0,0) v dxS + 


( 1 ) 








where Af^, y 0 ) = f(xQ + dx, y 0 + dy) - f(x 0 , y 0 ). This definition is easily extended to vector-valued functions of n variables 
R n _ R m by changing-4 the norms in (1), i.e., 


||Af - (J 1 dx/...+A <ix )|| 

lim --1—1-3—Q—i „ o 

(dXj,dx 2> ...,dx n )-*- (0,0,..., 0) (dx^ + dx^ +...+ dx 2 J 3 * ’ 

where iv, 1 < i < n, and A f are now both vectors and ||-|| is the norm in R m . 

In any case, the quantity subtracted from Af is called the differential of f at (xq, y 0 ) if the quantities A, B or 7^,... ,a* exist. It is 
easily proven that if these numbers do exist, they are simply related to the partial derivatives of f at the point in question. In the 
case of two variables (see equation (1)) the relations are 


k * a^VV • 1 


■ ^(x ,y ) 

d/ 0 ’V * 

so that for a general point (x, y), the differential is usually written 


df 


- a* d X + m d y . 
ax ay y 


a) ££ = 2x , « -2y, hence 

7 ax ’ay 7 


df 


‘ ff dx + & y - 2xd * ‘ 2ydy ’ 


b) There are three independent variables here, however, the following extension of (3) is obvious: 

df = dx + ^ dy + ^ dz (4) 

ax dy J dz 

and since 


’ay z ’ az 


equation (4) gives 


Find the differential of the vector function f. R3 _ R5 defined by 


/ f 1 (x 1 ,x 2 ,x 3 )\ 

/ *1 + **2 - ^ 

f(x 1 ,x 2 ,x 3 ) = f 2 (x 1 ,x 2 ,x 3 ) 

' (1> 

Vywv/ 


Evaluate f ( 2 i d and then find ?(2.01,1.03,1.02) exactly and approximately using differentials. 


Solution : The differential d f of an m-dimensional vector function i of n variables (x b ... ,x n ) is given by 

df = J f dx (2) 

d? = / df x 

f f 2 I and is the Jacobian matrix of j given by 








In the case at hand, m = n = 3 and j f may be computed using equation (1). Thus, taking the derivatives indicated in (3), 



and equation (2) gives 





From (1) it is found that 


( 2 , 1 , 1 )' 
f (2,1,1)4 £ 2 (2,1,1) 


2® + l a - I s 

2® - l 3 + I s 

•2 s + l a + I s 



(4) 


(5) 


( 6 ) 


and similarly 1(2.01,1.03,1.02) - ( 4 . 0606 , 4 . 0196 ,- 1 . 9388 )- Now recall that the differentials df l5 df 2 , df 3 of the components of 
are linear approximations at each point x - (x 1 ,x 2 ,x 3 ) to 

A fj = fj (xj + Ax b x 2 + Ax 2 , x 3 + Ax 3 ) - f(x 1; x 2 , x 3 ) 

where i = 1,2,3, respectively. In fact, the important point about df; is that it is the only linear function of (dx,,dx 2 ,dx 3 ) which 
arbitrarily approximates AfJ. By “arbitrarily” it is meant that the error [Afj - df ; | = s||(dx], dx 2 , dx 3 )|| can be made arbitrarily 
small by making (((dxj, dx 2 , dx 3 )|| small enough. Here s is a function of a real-variable t such that s(t)—>0 as t—>0 and ||-|| is the 
norm in R 3 . Thus, the following approximation is valid 

?(2.01,1.03,1.02) =- 1 ( 2 , 1,1) + d?(x 0 ,dx 0 ) . (7) 


Herex = (2,1,1) anddx 0 - (.oi,.03,.02)so that 





df(2,1,1,.01,.03,.02) - J f (2,l,l)dx 0 


4 2 -2 \ /.0l\ .Ob 


= | 4 -2 2 

-4 2 2 


.03 = .02 

1.02/ \ .06 


Therefore, from (7) and (6), 


which means that 


1(2.01,1.03,1.02) - (4,4,-2) + (.06,.02,.06) 


?(2.01,1.03,1.02) - (4.06,4.02,-1.94). 

Note how close this is to the exact value computed above (just after equation (6)). 


Find the Jacobian matrix and the differential of the vector function j. R 3 R 3 defined by 


/ u(x,y,z)\ 

fj+y-A 



xyz 3 

(1) 


\ 2xy - y?z j 



Solution : The differential £ of an m-dimensional vector function ^ of n variables (x,, x 2 ,. . . , x^) is given by 

df = J f dx (2) 

where 


dx = / dx \ , df = 



is the Jacobian matrix of ■* and is given by 


' 3f i 9f i 

^ ^ • 

*2 

&f 

m 

v^r • 


In the case at hand m = n = 3, f,= u, f 2 = v, f 3 = w and j f may be computed using equation (1). Thus, taking the derivatives 
indicated in (3), 


yz xz 2xyz 

2y 2x-2yz -y 3 






Finally, using equations (2) and (4) to obtain the differential of J, we have, 


or 



2 x 

yz a 

2 y 


1 “M 

xz s 2xyz 

2 x-2yz -y 2 


dx 

dy 


2 xdx + dy - dz 1 

yz s dx + xz 2 dy + 2xyzdz 
2 ydx + (2x - 2yz)dy - j^dz 


• PROBLEM 4 


Find the Jacobian matrix and the differential of the vector function ?. jf -» R 3 defined by 


/x(u,v)\ 


cos u cos v\ 


y(u.v) 

= 

1 cos u sin v 1 . 

(1) 

\ z(u,v) J 


\ sin u J 



Solution : The Jacobian matrix of £ is given by 



If these partial derivatives are computed it is found that 


-sin u cos v 
-sin u sin \ 


The differential of J is defined to be 

df = J f du 

so that in this case, with * _ ( U , v)= we 

-sin u c 

df = l -sin u sin \ 


-cos u sin v 
cos u cos v 


I -sin u cos v du - cos u sin v dv 
df = I -sin u sin v du + cos u cos 1 


cos u du 





PROBLEM 4 


Compute the Jacobian determinant of the transformation from 

(a) cylindrical coordinates to Cartesian coordinates, 

(b) spherical coordinates to Cartesian coordinates. 



Solution : (a) Examination of Figure 1 shows that the cylindrical coordinates (r, 0, z) are related to the Cartesian coordinates x, 
y, z by the equations x = r cos 0, y = r sin 0, z = z. Thus, the assignment of Cartesian coordinates to points represented by the 
cylindrical coordinates (r, 0, z) may be viewed as a transformation or vector function r? - ^ where j is given by 


f(r,0,z) 


(r,0,z) 

y(r,e,z) 

(r.e.z) 



The Jacobian matrix of such a transformation is given by 





ax 

dr 

\* 


M 


d0 

dz 

ax 

ax 

de 

dz 

ax 

ax 

30 

dz 


Therefore, using (1) and taking the derivatives indicated in (2), we have 



(i) 


( 2 ) 


(3) 


Finally, the Jacobian determinant or simply the Jacobian, which is denoted by | (* * ! * * )» ’ s ^ e ^ ne< ^ by det U f - p f Hence, 
from (3) we find that 


*(x,y.z) = lj I , 

a(r,e,z) 1 f< 



-r stn 0 
r cos 0 



Expanding about the last row gives 

f (r 1 6* f) = 1 ’ < r cosa 6 + r aln ^0) = r . (4) 

(b) In this case the transfornation may be represented by the vector function g. R 3 _ r 3 given by 














g(p.0.<p) = 

Hence, the Jacobian determinant is given by 


A (p.e.cpA / 

p sin cp cos 0\ 

ly(p,e,cp) - [ 

p sin cp sin 0 1 

\z(p,e,<p)y ' 

y p cos <p / 


Expanding this determinant about the last row gives 


to 

to 

to 

dp 

de 

d<p 

to 

to 

to 

dp 

d0 

dcp 

M 

to 

to 

dp 

de 

dcp 

sin 

Cp COS 0 


sin 

sin e 

cos cp 


JS 

- p 3 s 

in 3 0 sin 

cp CO 

cp(p 

sii^cp cc 

S S 0 


■p sin cp sin 0 
p sin cp cos 0 


p cos cp sin 0 


-p sin cp(p sii^cp cos s 0 + p sin 3 cp sin?0) 

= -p a sin?e cos 3 cp sin cp - p 3 cos a cp sin cp cos 3 0 
-p 8 sin? cp cos 3 0 sin cp - p 3 sin?cp sii^0 sin cp 
“ -p a [cos 3 cp(sin a 0 + cos 3 0)sin cp 

+ sin s cp(cos s 0 + sin 3 0)sin cp] 

= - p s sin cp(cos 3 cp + sin?cp) 

= -p 3 sin cp • 


Let u(x,y) - =(* ! y) and 5( u>v ) - so that s< u (x,y),v<x,y)) . ?) Verify the theorem 

which states that if T, and T 2 are successive transformations with the resultant transformation T 3 , then the product of the 
Jacobians of Tj and T 2 is equal to the Jacobian of T 3 . 


Solution : First compute the Jacobian of u(x,y) (that is, the determinant of the Jacobian matrix): 


to 

to 



dx 

dy 


l l 

to 

to 


l -l 

dx 

dy 




- -1 -1 - -2 . 

Now, the Jacobian of the transformation 5( u , v ) is 


to 

to 


du 

dv v 

u 

M 

an 1 

1 

du 

dv 



Finally, the Jacobian of the composite transformation |( x ,y) = ?(u(x,y),v(x,y)) is 







( 3 ) 






2x 

-2y 


ax 

ay 



■ 

M 

ill 

‘ 

2 

0 


ax 

3y 





= 4y . 


Now observe that 

v - u = v(x, y) - u(x, y) = (x - y) - (x + y) = -2y 
so that from (2) 


att.T.) 

d(u,v) 


-2y . 


(4) 


Combining (1), (3), and (4) yields 


iiSJll . a(u,.Y). = (- 2 v)(- 2 ) 

a(u,v) a(x,y) ( zyM z; 
Thus, the theorem is verified for these transformations. 


4y 


adt.ti) 

“ 3(x,y) ' 


(5) 


THE CHAIN RULE 


• PROBLEM 4- 


Let F(x, y) be differentiable in x and y and introduce polar coordinates r, 0 by writing x = r cos 0, y = r sin 0. Find SF/or 
and 5F/50 in terms of oF/ox and oF/oy. 


Solution : The chain rule for composite functions states that if F = F(x, y) and x = g(u, v), y = h(u, v), then at the points where all 
of the derivatives exist, 


iZ 

= if 

a* + az 


(i) 

du 

3x 

du 

ay 

3u ’ 

iZ 

= iZ 

ax + az 

il 

(2> 

dv 

ax 

av 

ay 

av * 


In the case at hand, x = x(r, 0) = r cos 0 and y = y(r, 0) = r sin 0, so that 


fr = 008 0’ to = " r sln 9’ fr “ sin e » fe = r cos 9 * 

Thus, replacing u and v with r and 0 in equations (1) and (2) and using the results of (3) gives 

(4) 


iZ » iZ c 


ax 


h g e 


It. Jl T 


8 + » r ‘ 


(5) 


• PROBLEM 4- 


\ y 2 (u l ,u 2* u 3y \V*3 + **2 J 


U 2< X 1 * X 2 ) 
.U-(x, ,x ) 



Find 











J 

axil 

!hl 

| 

l|(1,0) 

dX 2[(l,0) 

9x l|(l,0) 

Sx 2|< 


Solution : The general chain rule for vector functions of several variables states that 

x. - (V X 3 --) (1> 

Y(X) ' ?(U)' V U(X)' 

where j is the Jacobian matrix of the indicated transformation. Therefore, to find the desired quantities the Jacobian matrices 
of (1) will be computed at the point (x l5 x 2 ) = (1, 0). However, 



Now multiplying the matrix of (2) by that of (3) gives, by equation (1) 



For example, 


- (u 2 -u 3 ) [cos x 2 + 2(x 1 -x 2 )J + Uj^(sin x^) - ^<2*^) . 

To compute at a particular point, however, it is more convenient to first find and at this point and then do the 
matrix multiplication. Thus, at (x l5 x 2 ) = (1, 0), note that (u b u 2 , u 3 ) = (2, 0, 1) from the defining equation of uqq so that 


j 

Y(U) 


2 

0 








-2 


so that 


But 


so that from (4) 



• PROBLEM 4- 


Let F = F(x, y) have second partial derivatives in a region of the xy-plane and introduce polar coordinates in thils region by 
writing x = r cos 0, y = r sin 0. Find <3 2 F/<9r<30 in terms of derivatives of F with respect to x and y. 


Solution : Here we have a composite function F = F (x(r, 0), y(r, 0)) so that the chain rule must be used. First, the chain rule 
gives 


if . ili* + if ii 

ae ax ae ay ae 


= . M 
ax 


sin G + 


if 

ay 


r cos 0 . 


(1) 


Now differentiate both sides of (1) with respect to r, keeping in mind that oF/ox and <9F/<9y depend on x and y and are thus 
composite functions of r and 0. Therefore, the chain rule must be used when differentiating these functions with respect to r. 
Hence 





e ) 


£i = a_/az\ = a_/ -m 

drae arW ar\ ax 

8iQ e) -f^Jg 

+ g |_ (r cos 9) + ^(U) 


in ej + f-ff 2 . 

J ar\3y 


sin e 
' cos e 


Now, the chain rule must be used on the composite functions |^[x(r,e),y(r,e) ] and|£[x(r,e),y(r,e)]- Hence, it is foimd that 

jL/an . a_/ar\ . m m ^ f3 x 

aAa x/ axW ar ayW ar 

and 

a_/M N , = Sl./M'' . M + LjZT\ . f4 N 

aAay/ axVay; ar ayW ar K/ 


Thus, (3) and (4) become 


Using (5) and (6) in (2) yields 


&£) “ 0 coa 9 + Sfe sin 9 

Sl-iZI) , a s F 
ar\ay/ ( axay 


ayax 

cos G + sin 0 . 


(5) 

( 6 ) 


ft - - ? •*» 

arae a* 


» + Sfe sln 0 1 


in e 

+ a7 C08 0 + (Sfe cos 9 + a^ sin ^ r cos e * (7) 

Now, if the second partial derivatives of a function F are continuous, as shall be assumed in this problem, then a theorem 
which states that 8 2 F/8x8y = 8 2 F/8y8x is valid. Using this relation, equation (7) may be simplified to yield 


£i-- r 

arae 


sin 0 cos e(£f - fj£) ■ 


r(cos* 0 - sirf>0) fj^ • 


• PROBLEM 4- 


Use differentials to compute 

(a) & , where z - 

v ’ ax ay y 

O’) £•£ • £ where < . jFT? 
(c) , 1^- where z = arctan(y/x). 


Solution : The important concept here is that if z = f(x, y, t, ...) then 


s = ^ dx + ^ e 
ax 3y 


(1) 


holds whether x, y, t, ... are independent variables or functions of other variables, in which case dx,dy,... are also 
differentials of dependent variables. Thus, any equation in differentials which is correct for one choice of independent and 
dependent variables remains true for any other choice. An application of this idea is that in order to compute partial 
derivatives we can first compute differentials as if all variables were functions of a single variable, t, so that all of the rules of 
ordinary differential calculus apply. From the resulting differential formula the partial derivatives may be obtained. 

(a) z(x,y) «= ** ' 1 - Now assume that x and y depend on t so that 




(x(t),y(t)) = z(t). (2) 


*(x,y> 


- i 

y(t) 


.mi = 2 

g(t> 


By ordinary differential calculus 

ss .. g 2x ^ y - j* 3 - x) S 

dt fecop y 8 

so that 

dz . 2xydx - y - l)dy • (3) 

By (1) it can be seen that 

hi . 2x £z _ I_- ag. t (4) 

5x y ’ Sy y 2 

This might seem to be a rather circuitous route, but it is convenient when the partial derivatives cannot be easily computed 
directly. 


(b) Again, let x = x(t), y = y(t) so that r = r(t). Then [r(t)] 2 = [x(t)] 2 + [Y(t)] 2 and upon differentiating both sides of this 
expression with respect to t it is found that 


dt 


so that 


2rdr = 2xdx + 2ydy (5) 


From (1) and (6) it is seen that 


hi . * B _*_ ai. X_ 2 — 


** r JFT? ' * r JF~T? 

Equation (5) can also be arranged to give dx = r/x dr - y/x dy so that 

hi „ X „ . 


(c) Introducing the variable t gives z (t) = arctan (y(t)/x(t)) so that 


d(y(t)/x(t)) 


' 1 + (y/x) 2 ‘ 




_ x(t)dy/dt - y(t)dx/dt 

x 3 + y* 


and 


dz « 


x? + y 3 


(8) 


dz 

dx 


* v? + y* 


Using (1) and (8) it is seen that 














PROBLEM 4- 


Let u = F(x, y) have second partial derivatives in a region of the xy-plane and introduce the change of variables 

x = s+ t,y = s- t (1) 

in that region so that u = F(x(s, t), y(s, t)). Find 

a a u 

SP " -3P 

in terms of derivatives with respect to s and t. 


Solution: It is interesting to note that the equation 


S 3 u d a u . 

SP " Sp = ° 

(2) 

is called the wave equation and is important in applied mathematics. 1 
equations such as (2). First, solve (1) for s and t to find 

rhe change of variables ( 1 ) is If equently used to solve 

s = !4(x + y), t = !4(x + y). 

(3) 

Now the chain rule may be used to obtain 


\i 5u 8 s 3udt 1 Ju ,3u 

. (4) 

Similarly, 


8 u 9uds du &t 

~ + S S ~ ~ «-3t* 

( 5 ) 

Differentiating (4) with respect to x gives 


2 fu i a i au^ , B/ du\ 

SP = *S\S) + *Si\&) ‘ 

(6) 

But use of the chain rule on the composite function du/ds gives 


d /du\ a (b u\ ds a iba\ at 

= Si + St\s) ’ -Si 

, (7) 

and use of the chain rule on ou/ot gives 


^ _ a u\ Bs B | Bu\ at 

^V3t7 “ S\Si) Si + 'StVSt/ • Si 

( 8 ) 

Using (3), we have (7) and ( 8 ) may be rewritten as 


■KVSt - 5^+5^ 

(9) 

and 


a (i , a 2 u 

SiKSi) = * -5J3t + * aF • 

(10) 

Using (9) and (10) in ( 6 ) gives 


4 a^ + *'8i& + + 4 • 

(11) 

Differentiating (5) with respect to y gives 








( 12 ) 


tt = - i-ay® • 


Again, the chain rule is used on the composite functions du/ds and du/dt to give 

& (*a\ _ a /*\ _ as a_/au\ _ at _ x £u _ , y u 


a/9u\ a/duN as a /3u\ at x a? u 

" isvasJ • + -StV^y • ^ = * a^ ■ *-are 


a , auN a , du\ a 3 a /au^ at _ , b^u , a?u 
■^vat/' aivat)* "ay + s^st) * ^ " 4 'sat' ? ap 

Therefore, (12) maybe written as 


<fu _ i a a u 
- 4 -S2- ' 


4 aiat ‘ 


4 at as 


-i 


The assumption will be made that all of the second partial derivatives, involved are continuous so that 


Then equations (11) and (15) become, respectively, 


a 2 u 


a?u _ o 3 u 
dsSt “ at 3s ' 


a^u 


1 O u , 1 

4 a s 2 2 atds 4 at 3 

i?u 1 a*« , a^u 

- 4 air 3 "" *"5t3S + 4 W 


(16) 

(17) 


Subtracting (17) from (16) gives the desired result, 


a^u a^ u 

a? ” ly 5 dtSs 


• PROBLEM 4- 


If G(s,t) = F(e s cos t, e s sint), show that G n + G 22 = e 2s (F n + F 22 ), where G n and G 22 are evaluated at (s,t) and F n and F 22 
are evaluated at (e s cos t, e s sint). Note: G n , G 22 are abbreviations for 

fa a 3 c 

a s 2 a t ® 

respectively and F n . F 99 are abbreviations for i-£ and respectively. 

a s a at 


Solution : The problem is to find the second partial derivatives of a composite function. For such a function, the chain rule must 
be employed. Here, 

G(s,t) = F(e s cos t, e s sin t). (1) 

Letting f(s,t) = e s cos t and g(s,t) = e s sin t, (2) 

(1) can be rewritten as 

G(s,t) = F(f(s,t), g(s,t)). (3) 


G x (s,t) 


ao 

= "3s 


3f bg 

~3f "3; + "5g "3s 


Then, by the chain rule 




which is written as 


Gi(s,t) = F 1 (f(s,t),g(s,t))f 1 (s,t) + F 2 (f(s,t),g(s,t)) gl (s,t). (4) 

Similarly from (3), by the chain rule, 

G 2 (s,t) = F 1 (f(s,t),g(s,t))f 2 (s,t) + F 2 (f(s,t),g(s,t))g 2 (s,t). (5) 

Next, — , — must be computed from (4) and (5) respectively. Again, employing the chain rule, this yields 

da 8 &t 2 


= ■3it P iG(s.t),g(s,t))f 1 (8,t)+F 2 (f(8,t),g(s l t))g 1 (s,t)] (6) 

Then, using the abbreviations 

f T = f,(s,t), f 2 = f 2 (s,t), g T = g,(s,t), g 2 = g 2 (s,t), 

F T = F,(f(s,t),g(s,t)), F 2 = F 2 (f(s,t),g(s,t)), 

F n = F n (f(s,t),g(s,t)) and F 22 = F 22 (f(s,t),g(s,t)), 

(6) becomes 

Gu = Fjf u + (F u f! + F 12gl )^ + F 2gll + (F 21 fj + F 22gl ) gl . (7) 

Similarly, 

G 22 = Fi% + (F n f 2 + F 12 g 2 )f 2 + F 2 g 22 + (F 21 f 2 + F 22 g 2 )g 2 . (8) 

However by (2), 

f(s,t) = e s cos t and g(s,t) = e s sin t. 

Therefore 

f[(s,t) = e s cos t gj(s,t) = e s sin t 
f n (s,t) = e s cos t g n (s,t) = e s sint 
f 2 (s,t) = -e s cos t g 2 (s,t) = e s sin t 
f 22 (s,t) = -e s cos t g 22 (s,t) = -e s sin t 
Hence, by (7) and (8), 

G n = F^e 8 cos t) + (F n (e 8 cos t) + F 12 (e s sint))e s cos t+ F 2 (e s sint) + (F 21 (e s cos t) + F 22 (e s sint))e s sint, 

G 22 = Fj(-e s cos t) + (F n (-e s sint) + F 12 (e s cos t))(-e s sint) + F 2 (-e s sint) + (F 21 (-e s sint) + F 22 (e s cos t))e s cos t. 

Thus 

G|| + G 22 = F,(e s cos t) + F n (e 2s cos 2 1) + F 12 (e 2s sin t cos t) + F 2 (e s sint) + F 21 (e 2s sin t cos t) + F 22 e 2s sin 2 t- F^e 8 cos t) + 
F n (e 2s sin 2 t) - F 12 (e 2s cos t sin t) - F 2 (e 8 sin t) - F 21 (e 2s sin t cos t) + F 22 (e 2s cos 2 t) 0. 


Which simplifies to 




Solution : As far as the particle is concerned, the temperature at any time t is a composite function given by 









T(x(t),y(t),z(t)) = x(t)y(t) + y(t)z(t) + z(t)x(t). 


(3) 


Therefore, the particle experiences a change in temperature as time goes by at the rate 

^-T'CO . (4) 

The chain rule tells us that 

dt ax dt ay dt az dt ’ 

so that using (1) and (2) in (5) yields 

“ (y+z) • 1 + (x+z) • 6t + (y+x) (-2 sin t) . (6) 

However x = t, y = 3t 2 and z = 2 cos t and substituting this information into (6) gives 

^ = 3^ + 2 cos t + (t + 2 cos t)6t + (3t® + t)(-2 sin t) 
- 9t? + (12t + 2) cos t - 2(t + 3t® )s in t 

as the rate of change of temperature observed by the particle. 


GRADIENTS AND TANGENT PLANES 


• PROBLEM 4- 


Show that the line normal to the surface given by F(x,y,z) = 0 at a point (x (J ,y 0 ,z 0 ) has direction ratios 

m . m . *Z| 

** 3yl (x 0 ,y 0 ,z 0 ) 32 (x 0 ,y 0 ,z 0 ) 

What are these ratios when z = f(x,y) i s a solution to F(x,y,z) = 0 ? 


Solution : The equation 


F(x,y,z) = 0 (1) 

represents some surface S in 3-dimensional space consisting of all points (x,y,z) which satisfy it, That is, the points on the 
surface S are given by S = {(x,y,z) | F(x,y,z) = ,0 }. Let (\q,Yq,Zq) be some point on this surface (i.e., F(xo,y 0 ,ZQ) = 0), and let 



be some curve passing through 


x(t 0 ) 

y(t 0 ) 

*<t n ) 


F(x(t),y(t),z(t)) = F(t) = 0 for all t in the domain of the vector function r. By the chain rule, it is then seen that at to 

m\ = M| 5*1 + ai| 5*1 + M| 5*1 .0. (3) 


, 3yl r n dtl t 


SzL <*tI, 


This can be written in vector form as 








7 F(? 0 ) • r-(t 0 ) - 0 . 

where '? F ( r 0 ^ is the gradient of F at r 0 and is given by 

A.'foA 

«’<'»> - V'o> • 

\W/ 

while 

(*■ 

Recall now that r 1 ( c 0 ) is the "velocity vector" and is tangent to the curve. When the dot product of two vectors is zeso, they 
must be perpendicular. Hence, we conclude from (4) that vF ^ r o^ must be perpendicular to the tangent at r 0 . That is, v F < r 0 ) is 
normal to the curve and therefore to the surface given by F(r) = o, at (x 0 ,y 0 ,Zo), So that the direction numbers for the normal are 

(F x<V’ W’ • 

Obviously, since the chosen curve and the point r 0 were arbitrary, the above conclusion holds for all points (x,y,z) on the 
surface. It is important to note the following point; in equation (3) we could have multiplied through by dt to obtain (dropping 
the subscripts) 



(4) 


( 5 ) 


Then since the differential of x(t) is defined as dx =x’(t)dt = dx/dt dt, and similarly for the other functions oft, (6) may be 
written as 


dF ’ ff dx + & dy + S dz ‘ 0 * (7) 

This reasoning i s frequently used in texts and at first glance it may be confusing. It seems as though we have shown that if 
F(x,y,z) = 0 then the differential of F at (x,y,z) is zero, and this is certainly not a true statement. The confusion arises because 
whether we specify a curve ?(t) or not, it has been assumed that (dx,dy,dz) can vary only along the surface F(x,y,z) = 0. That is 
, the reasoning used in going directly from (1) to (7) is that if F(x,y,z) = 0 and (dx,dy,dz) can only vary in directions such that 
F(x+dx, y+dy, z+dz) = F(x,y,z) = 0, then dF(x,y,z) = 0. 

Finally, if the equation of the surface can be written as z = f(x,y), then F(x,y,z) = f(x,y,z)-z = 0 so that the direction ratios F x 
: F y : F z at a point (x,y,z) become f x : f y : -1. 

• PROBLEM 4- 


Find the equation of the tangent plane to the surface described by the equation F(x,y,z) = 0 at the point (xq, y 0 , Zq). What is 
this equation if z = f(x,y) is a solution to F(x,y,z) = 0? 


Solution : The key point in the argument to be given is that the gradient vector of a function f(x, y, z) at a point is normal to the 
surface given by F(x,y,z) = 0 at that point. This result was proved in a previous problem but the proof may be sketched as 
follows: let (x^y^Zj) be a point on the surface S given by F(x,y,z) = 0 and let 

/*(t>\ 

r(t) = y(t) 

\ 2 (t >/ 


be a position vector which traces out a curve C on S with 




•<t ) = 


Then F(x(t),y(t),z(t)) = F(t) = 0 for all t in the domain of C and by the chain rule 

SL -SL '•<*'! *8L ’'<*>1 ♦2L ■ 


This may be written in vector notation as 

?F(r Q ) • r' (t Q ) = 0 , (2) 

where ^ = (F x ,F y’ F z* is the gradient ofF and r '(t) = Ot'(t),y'(t).*'(t)) i s the velocity vector of C. Since *" (t) is always tangent to C, 
(2) implies that vf is normal or perpendicular to C at r o since the dot product of two nonzero vectors is zero only if they are 
perpendicular. But C can be any curve on S through r o, so (2) implies that vf i s normal to S at r o. Now, a point (x,y,z) will be 
on the plane tangent to S at r o = <x o ,y o’ z o* if the vector directed from (xq^Zq) to (x,y,z,) is perpendicular to the normal 
"<VV*o> That is, (x,y,z) is on the tangent plane if 

&(? 0 ) • ir - t q ) = 0 (3) 

or, writing this out, the equation of the tangent plane to S at r o is given by 


If the surface is described by z = f(x,y), then F(x,y,z) = f(x,y) - z = 0 so that 

dF dF df br 

'£--£’'3y = ^’'S = “ 1 

and (4) becomes 


(y - y n ) - (z - z n ) = o . 


Find the line orthogonal to the graph of f (x,y) = xy at the point (x^y^) = (-2,3,-6). 





Solution : It is possible to solve this problem if one of two facts is known. The first fact, which has been derived in a previous 
problem, is that the equation of the tangent plane to the graph of f(x,y) = xy at a point ’ y o ’ z c? 3 r o is given by 


II. 




(y - y 0 > - (z - z ) = o . (i) 


In the case at hand, 


so that from(l) 


* 

1 

<vV 


fcl 

Sr 1 

* fx y ) 

= ^| 

3) - (z + 6) 

= 0 


z = 3x + 6 - 2y (2) 

is the equation of the tangent plane to the graph of f(x,y) = xy at the point (-2,3,-6). Equation (2) can also be written as 

3x-2y-z + 6 = 0. (3) 


Now recall that for a plane given by the equation Ax + By + Cz + D = Oa vector normal to this plane is given by n = (A,B,C). 
Hence, it can be seen from (3) that the vector n = (3,-2,-d. i s normal to this tangent plane. Thus, the line orthogonal to the 
graph of f(x,y) = xy at r o, that is to say the line orthogonal to the tangent plane to this graph at r o, is given by 


or 


(x.y.z) = r Q + t N = (-2,3,-6) + t(3,-2,-l) 


(4) 



(5) 


Justification of (4) may be made if one remembers the parallelogram rule for adding vectors, as shown in Figure 1 . 

The second fact which gives an immediate solution to the problem and which was also derived in a previous problem is that 
the vector which is normal to a surface given by f = f(x,y) at a point (xo,y 0 ) has direction numbers (f x (xo,y 0 ), f y (xo,y 0 ), -1). 

Thus, from (la) and (lb), the normal to the surface f(x,y) = xy at (-2,3,-6) has direction num b ers 

N = (3,-2,-1). 

This is the same result as was found before, so that using equation (4) will give the same result (i.e., equation (5)), for the line 
orthogonal to f(x,y) = xy at (-2,3,-6) as we previously found. 

• PROBLEM 4- 

Find the equation of the tangent plane to the graph of 
z = f(x,y) = x 2 + 2y 2 - 1 

at the points 

(a) (xo,y 0 ) = (°’°) 

(b) (xo,y 0 ) = (l,l). 




Fig. 1 


Solution : As has been shown in previous problems, since points (x,y,z) on the tangent plane to the graph of F(x,y,z) = 0 at 
(xo,y 0 , 2 fl) must be such that the line segment or vector connecting (x,y,z) with (x^y^) is perpendicular to the normal to this 
surface, the equation of this plane is 


^ F ( x o ,y o ,z o ) 



(i) 


This is so because the gradient of F at x 0 ,y 0 ,ZQ, i.e., VF(x o’ y o’ z o*, is indeed normal to the surface described by F(x,y,z)= 0. In 
the particular case where the surface is described by z = f(x,y), we have 
F(x,y,z) = f[x,y) — z = 0 
so that writing out (1) gives 


?r<x 0 ,y„,z 0 > • ( y - y° ) - ff | <* - «o> * g| <T - V * g| '■ - *0> 


■ ti| 0 tx • V + tfl 0 (y - 'o’ • '* ■ V 
- 0 (2) 

where the symbol | 0 means that the partial derivative is to be evaluated at the point (xq^Zq). In the case at hand, (2) yields 
2x| (x - x Q ) + 4y| o <y - y Q ) - (z - * Q ) - 0 (3) 

for the equation of the tangent plane at the point (x (J ,y 0 ,z 0 ). (a) Here (x 0 ,y 0 ,Zo) = (0,0,-1) so that (3) gives 

z = -l (4) 

as the equation of the tangent plane a t (0,0,-1) This is a horizontal plane as shown in the figure. 

(b) Here (xo,y 0 ,Z()) = (1,1,2) so that (3) gives 

2(x-l) + 4(y-l) - (z-2) = 0 


z = 2z + 4y-4. (5) 


Equation (5) then gives the equation of the tangent plane to the graph of 
z = f(x,y) = x 2 + 2y 2 - 1 a t the point (1,1,2). 


PROBLEM 4- 





(a) Let f (*,y) = r = J** + y*. Find grad f (x) where x ■ (*»y). 

(b) Let f (*.y> - sin r = sia/x 2 + y 3 Find grad fOO. 

(c) State a general theorem which encompasses the results of (a) and (b). 

Solution : (a) The gradient of a function f 00 * f (*,y > is given by 

7 f = grad f - (Jf , |£) . (1) 

In the case at hand, f $) - V* 2 + y 2 (which is the distance function in R 2 ). Hence, taking the partial derivatives of f with respect 
to x and y given 


and 


Therefore 


M = 2x f^ + m . 


r 


M « 2 M l + y 8 )'* . ._ i _„ i 

3y 2 r 


l f(x,y) = grad r(x,y) = (z , 


which may be conveniently written as 

grad r - “ X 


( 2 ) 


(3) 


(4) 


(5) 


where x is the vector (x,y). 

(b) Again f(x,y) = f(r(x,y)) is a function of distance alone. From the chain rule 


or 


Also, 


(CO. r)g) 


( 6 ) 


M d£ &r 
ay " dr ay ■ 


(cos r^Cx 3 


y 8 )"^ 2y 




Substituting (6) and (7) into (1) yields 


7f - ((cos (cos 

- £S ~ r (x,y) 


or using x = (x,y) 


(7) 


(8) 








Solution : Let fbe a real valued function of n variables, f: R n —>• R, defined and continuous in a neighborhood of the point 
represented by the direction vectors p o, and let P be a unit vector in R n ; that is, I® I = 1 . Then the directional derivative of f at p o 
in the direction P is defined to be 



(i) 







Note that if P is a vector in the direction of one of the axes, e.g., e “ (o,o,„..,i,o,..„, 

p 0 - (p, »p 2 »•• 

reduces to the partial derivative of f with respect to Xj. That is, with o o 


f(p i n 


,p n ) - f(p. 


where the 1 is in the ith place, then (1) 

* > p ) 

0 , (1) becomes 

, •••,!>_ ) 

n 0 


or 


Hence, the directional derivative, (1), gives the rate of change of f at p o in the direction P and may be interpreted as the slope 
of a tangent line to the graph of f in the direction P. 

Now, for the given function, point, and direction, (1) gives 

d ( x* + 3xy)i . Um f. (2) 

(lA/2> -1/V2) 1(2,0) t-0 

Since f (2 + t/^2, -t/Ji) = (2 + t/ji)* + 3(2 + t/^2)(-t/^) 

= 4 - 2A/2 t - t 3 « 4 - Vlt-t 3 

and f(2,0) = 4. By (2), 

D _ (j?+3xy)| « lim ^ - a/ 2 t - t 3 . ) - _ 4 

(1 A/2, -1/^/2) 1(2,0) t-0 c 

= 11m ^ - 
t-0 

- llm(-v^ - t) 
t-0 


so that 


D _ .(x^xy)! m -J£ . 

(1/^2, -l/s/2) 1(2,0) 


Derive the formula 


D Fd?) = vF • V = 

v 


grad F • V 


IV I ■ 1 * U ■ (X , X , a • X ) 

where F is a real valued function of n variables, F: R n —> R; V is a unit vector in R n , i.e., ’ l> 2'“’J n i sn 

D F(X) 

the directed vector of the point (x,,.. ,,x n ) and V is the directional derivative of F at x in the direction v. Then use 
formula (1) to find the directional derivative of F W = = F(x,y) = x 2 +y 3 at (-1,3 ) in the direction of ^ - (l»2). 


Solution : The directional derivative described above is defined by 


D_F(X) = lim 
V t-0 


F(X + tV) - F(X) 


( 2 ) 


which may be written out as 








F(x x + tV lf ... r x n +tV Xn ) - F(x x ,...,X n ) 


(3) 


D F(X) = lim --• 

V t-0 t 

The assumption is made that F is differentiable at x; hence, it has a differential there. By the definition of a differential, 


lim aFOO - dF(X) = Q 

<<lx l.“n 5 - 0 J, +...+d«? 


(A> 


(dx 1 .dx 


A F 00 


dF(X) 


n> ^ 0 + .::w = (dX l. dX n> - 0 


(5) 


dx. = tV ,...,dx = tV 

Changing-4 the variables in the limit to 1 x i n x n the conclusion from (5) is that 

F (x +tV .x +tV ) - F(x,...,x ) 

lim - 1 Kl -l-A-1-— . lim Allil 


. llm «Eia. 1|M msn . 

tv -0 t|v| tv-o c 


tV-O |tV| 
(6) 


Using (3) and recalling that 


equation (6) gives 


dF(X) - tV + ... + tV - grad F • (tV) 
dX l X 1 dX n x n 


If— t 


D-F(X) = -J—— V x + ... +-^~ V x = grad F ■ V 
v OXj ox n n 


which is the desired result. 


For the specific problem with F = x 2 +y 3 at (-1,3) note that the direction vector ^ - (i»2) is not a unit vector. Therefore, to use 

V . V 

(7), it must be converted to the unit vector u “FT. 

Since |v| = JF+F - Jl , V - (±- . 

u V5 ft 


D_ F(X) - D F(X) = 


(-1,3) 8y l(-l,3) JS 


NOW ^ - 2x , « 3y* , . 

a* and ay 7 so that (8) gives 


D_ F(X) = 2 -(-1) ■ — + (3-3®). - — . 

v J5 JS 


PROBLEM 4- 













Solution : Let be a vector field defined on an open set U in n-dimensional space. That is with each vector x “ * x i’ ’' ’ ,x n* 
which represents a point P = (x l5 .. .jXj in n-space, we associate the vector f = F(x), also of dimension a Then if W is a 
differentiable real valued function on U such that F = grad cp, it is said that cp is a potential function for F. In this case, it is said 
that the vector field f is conservative. 

To determine whether ?(x,y) ■ (e xy ,e x+y ) i s conservative (i.e., has a potential function), a simple theorem will be derived. 
Suppose 

F(x,y) - (£(x,y),g(x,y)) 

has a potential function, cp . Then by definition 

Vcp - ? 


dtp _ 

ax 


(i) 







so that upon differentiating (1), we have 

af _ a s cp aa m a g cp 
ay ayax ’ ax axay 

Assuming that these second partials are continuous, 

a 2 tp = a a tp 
aya« axay 

so that 


The conclusion i s then reached that if F (x,y) has a potential function, then (3) holds. The negation of this statement, also holds: 
if 


then f has no potential function. To apply this result to 


ay ax 


F(x,y) - (f(x,y),g(x,y)> - (e Xy ,e X+y ) 


simply note that 


= x e xy , x-fy 

ay ’ax ’ 


(4) 


Thus dff&y ^ dg/dx and therefore F has no potential function. 


• PROBLEM 4- 


Determine whether the following vector fields have potential functions and if so find them; 

a) F(x,y) = (3xy, sin xy 3 ) 

b) F(x, y) = (2xy,x 2 + 3y 2 ) 


Solution : a) We use the theorem; Given that f,g are differentiable functions having continuous partial derivatives on an open set 
Y in R 2 ifo'f/oy ^ dg/dx then the vector field, F(x,y) = (f(x,y),g(x,y)), does not have a potential function. 

Since F(x,y) = (3xy,sin xy 3 ), we have df/dy = 3x and dg/dx = y 3 . cos xy 3 . Hence, since <9f/oy ^ d g/dx file vector field does 
not have a potential function. 

b) We use the theorem; Given that fig are differentiable functions having continuous first partial derivatives at all point of some 
open rectangle, if 5f/5y = df/dx then the vector field, F(x,y) = (f(x,y),g(x,y)), has a potential function. 

We are given F(x,y) = (2xy,x 2 + 3y 2 ). Let 
f(x,y) = 2xy and g(x,y) = x 2 + 3y 2 . 

Then df/dy = 2x; dg/dx = 2x and so, df/dx = dgjdy. Hence, a potential function does exist. We want to find cp(x,y) such that 
dcp/3x = 2xy and dcp/3y = x 2 + 3y 2 . (1) 

Solving the first equation with respect to x we have dtp = 2xy dx 

and (p(x,y) = |2xy dx + h(y) = x 2 y + h(y) (2) 


where h(y) i s some function of y. Now taking the partial derivative of (p(x,y) with respect to y, we have 







( 3 ) 


*J> 2.dh 
9y d * 


and upon equating (3) with (1) we have 


which gives h = y 3 + C, upon integrating with respect to g. 

Then (2) gives cp(x,y) = x 2 y + y 3 + C. This is a potential function for F(x,y). 


• PROBLEM 4- 


Find a potential function for the vector field 

F(x,y,z) = (y cos(xy),x cos(xy) + 2yz 3 ,3y 2 z a ) 


Solution : First the existence of a potential function for F must be verified. This is not difficult if one uses the following 
theorem; for F(x,y,z> " (* 1 ( x,y,z>,f 2 (x,y,z) ’ f 3 (x,y,z)> defined on a rectangular box in R 3 , with f l5 f 2 and f 3 having continuous 
partial derivatives on the box, if 


af 2 af 1 af 3 af 1 af^ af 2 
ax “ay ’ ax ~ az ’ ay " az ’ 


( 2 ) 


then F has a potential function; i.e., F is conservative. For the given problem, we have the vector field F given by (1), is 
defined everywhere and is such that f l5 f 2 ,f 3 have continuous partial derivatives everywhere. In addition, we have 


6 2 

cos xy - xy sin xy 

-ri 

ay 

(3) 

ax az 


(4) 

af, a*, 

ay 7 az 


(5) 


hold everywhere; therefore, we conclude from the theorem that F has a potential function which is valid on all of R 3 . (R 3 is, of 
course, a limiting case of a rectangular box). 

Now, the problem of finding the potential function of F is , by definition, that of finding the function S(x,y,z) such that 


Vcp - f 

That is, if <3 is a potential function of F, then 

« f 3sc - f 

1 * Av *9 » 1 • 


ax i ’ ay 2 * a* 

To proceed, first take the integral of the first of equations (7) with respect to x. This gives 


Jgax-Jycosxyc 


cp(x,y,z) = sin xy + y(y,z) (9) 


where \|/(y,z) is a function of integration analagous to a constant of integration in ordinary integration. It is included since the 
antiderivatives of equation (8) may differ by an arbitrary function of y and z, since integration with respect to x treats y and z as 
constants. Differentiating (9) with respect to y gives 




but the second condition in (7) states that 


cos xy + 


I® = x cos xy + - f 2 ■ x cos(xy) + 2yz? , 

which implies that 

- Zyz 3 (10) 

Integrating (10) with respect to y yields 

\|/(y,z) = J 2y z 3 dy = y 2 z 3 + u(z) (11) 

where u(z) is a function of integration with respect to y. 

Using (11) in (9) gives 

cp(x,y,z) = sin xy + y 2 z 3 + u(z). (12) 

The final step is to use the third condition in (7). Thus, we integrate (12) with respect to z and use this condition to find 
- 3y*z 3 + u’(z) = f 3 = 3y>!? . (13) 


Hence 


u(z) = c (14) 


where c is any constant. 

Therefore, a potential function for F on R 3 is 

cp(x,y,z) = sin xy + j^z 3 + c (15) 

where c is some constant. Recall that if g and h are potential functions of F then g = h + c 0 for some constant c 0 . That is, any 
potential function of a vector field F can differ at most by a constant from any other potential function of that vector field. 

Thus, (15) gives all possible potential functions of F. 

• PROBLEM 4- 


Determine whether or not the vector field 

F(x,y) ■ » r = j# + y 3 , 

has a potential function (i.e., if it is conservative). If a potential function exists, find it. 


Solution : A sufficient condition for the potential function of F(x,y) = (f b (x,y), f 2 (x,y)) to exist is that if f, and f 2 have continuous 
partial derivatives in some rectangular box on which f is defined, then f has a potential function if 


af x af 2 

ay “ ax 


(i) 


Clearly, f x = and f 2 “ ^ both have continuous partials everywhere except at the origia In addition for (x,y) ^ (0,0), 

r, a(e r ) r a(r) t 

1 ay ' c ay 1 


r 3 


!L 

ay 







However, 


aft. idf . t j£i!, w (2y) ,i 

dy oy r 


iisJ. = e r il.I e 
dy dy r 


so that 


It can be shown analogously that 


!!l, X[yef ' r eC] xve r a - 1/r) 
dy r 2 r 2 


d f o r 

_a.^. (1 . 1/r) . 

Therefore 9y 9x , (x,y)^(0,0), and we see that F has a potential function on any rectangular box not containing the origin. 
To find this function, cp(x,y), recall that the definition of potential function requires that 

Vcp(x.y) - 

or, in this case 


Integrating the first of these equations with respect to x gives 

,f ^ dx = X *r dx = J er<lr 

where the variable of integration has been changed by using 
r = (x 2 + y 2 )/4, y constant 


h dx “ i 


Hence, from (3) 


(x^+y 2 ) 


(p(x,y) = e r + v|/(y) (4) 


where \\i is an arbitrary (for now) function of y. Notice that \|/ arises due to the fact that the antiderivatives of (3) may differ by 
an arbitrary function of y, since the integration treats y as constant. Differentiating (4) with respect to y yields 

aa = hsL ai + Y . ( ) 

dy dr dy Y ^ y ' 


From the second equation of (2) we see that 






and equating (5) and (6) gives 

v'(y) = o 


M m 

3y r 


( 6 ) 


or 


vKy) = c (7) 

where C is an arbitrary constant. Therefore, from (4) we conclude that 

cp(x,y) - e r + C - + C (8) 

is a potential function of F(x,y) for any choice of C. In fact, since any two potential functions of F can differat most by a 
constant, (8) gives all possible potential functions of F. 

A simpler way to proceed in this problem would be to recall that if a function cp(x,y) depends only on distance, r " V* 2 + y 2 , 
i.e., if cp(x,y) = g(r), then 


grad v r V r t , 

F( X y) = 

Thus, finding cp for \r ’ r J amounts to solving 


g'(r) = e r . 


(9) 


Thus 


g(r) = e r + C 


and 




<p(*.y> “ «p(r) - g(r) = e 


+ C. 


CHAPTER 5 


THEOREMS OF DIFFERENTIATION 


This chapter is devoted to the development of the theory of differentiation. The three major results are the Mean Value 
Theorem, Taylor’s Theorem, and the Implicit Function Theorem Each is an existence theorem (that is, each theorem guarantees 
the existence of something). In addition, both Taylor’s Theorem and the Implicit Function Theorem depend upon the Mean 
Value Theorem while the Implicit Function Theorem also depends upon the Principle of Contraction Mappings. Hence, these 
results are all related. 

In order to prove the Mean Value Theorem, a special case—Rollets Theorem—is proved first. Then good approximations 
arise by applying the Mean Value Theorem, while F’ hospital’s Rule also evolves from this theorem, as does the important 
result on the mixed higher order partial derivatives. 

Taylor’s Theorem is a generalized version of the Mean Value Theorem (just as the latter generalized Rolle’s Theorem) and 
the notion of real analytic functions is directly related to Taylor’s Theorem The Chain Rule and Euler’s Theorem for 
homogeneous functions are derived from Taylor’s Theorem 

Furthermore, the Inverse Function Theorem arises from the Mean Value Theorem and the Principle of Contraction 
Mappings (another existence theorem), and inturn gives rise to the Implicit Function Theorem Once again, the Inverse Function 
Theorem can be proved as a corollary of the Implicit Function Theorem, which can be proved directly Consequently, a 
sufficient condition for functional dependence arises from this. 

THE MEANVALUE THEOREMS 


• PROBLEM 5 


State and prove Kolle’s Theorem 


Solution : Let f be a continuous function on a closed interval J = [a, b] and suppose that f (x) exists for all x e (a, b) where f 
(a) = f (b) = 0. Then Rolle’s Theorem states that there exists a point c in (a, b) such that f (c) = 0. 

To prove the theorem, first note that if f is identically zero, then f (x) = 0 for all x e (a, b) and the theorem is proved. If f 
(x) ^ 0 in [a, b] then since f is continuous in [a, b], there must be points at which f (x) attainsits maximum o r minimum values 
denoted by M and m respectively (Maximum Value Theorem). Since ft 0, one of M and m is non zero. Suppose M ^ 0 and f (c) 
= M (Figure 1). Then 

f(c + h) < f(c) and if h > 0, 

f (c + h) - f(c) < Q 
h — 

so that 

f'(c) = lim 
r h-+0 + 

If h < 0 then f(c + h) < f(c) and 

fj(c) = lim 
1 h+0" 

But since f’(x) exists for all x e (a, b), f (c) must exist so that the right hand derivative of (1) and the left hand derivative of 
(2) must be equal. This can only be true if they are both 0, i.e., f (c) = 0. It is seen by Figure 1 that c is not the only point with 
f(x) = 0. 


f(c ♦ h) - f(c) < 0 


f(c + h) - f(c) 







(a) State and prove the Mean Value Theorem for the derivative of a real valued functionof a single real variable. 

(b) Give a geometrical interpretation to this result 


Solution : (a) Let f be a real valued function of a real variable, x, which is continuous on a closed interval [a,b] and has a 
derivative in the open interval (a, b). Then the Mean Value Theorem states that there exists a point c in (a, b) such that 

f(b)-fla) = f’(c)(b-a). (1) 

To prove this theorem, consider the function 

<Mx) = f (x) - ff (a) + (x - a)J . (2) 

As can be seen from the Figure, (|) is the difference of f and the linear function whose graph consists of the line segment passing 
through the points (a, f(a)) and (b, f(b)). Since f is continuous on [a, b], so is (J) and since f has a derivative at all points in (a, 
b), so does <t>. Furthermore <|)(a) = <J)(b) = 0 so that all of the conditions of Rolle”s Theorem are satisfied for the function <|)(x). 
Hence the conclusion of that theorem holds; i.e., there is a point c ^ (a, b) such that 


f (b) - f (a) 
b - a 


fhus, the theorem is proved. 



(b) The geometrical interpretation of (3) can be seen in the Figure. The equation states that there is a point c whose tangent line 
has the same slope as (i.e., is parallel to) the line connecting A and B. 


Obtain an approximate value for to /i$tj within. 01 by using the Mean Value theorem 







Solution : Let f ( X ) = /£, a = 100, and b = 105. Then the Mean Value Theorem tells us that there exists a c between 100 and 
105 such that 

f i b) .,, - fu> . 

That is, since f ' (c) = —— , 

2/c 


we have 


/m - /im i 

105 - 100 - 


Now since f ( x ) = is monotonically increasing, 
/I < /c < /b 
or 

10 < /c < /T05 < /I 2 T = 11 
But (1) implies that 

/ire - io « 


2/c 


On the other hand 


( 1 ) 


( 2 ) 


(3) 


(4) 


and so, 


^ " 10 < Tool 


10.22 < /I05 < 10.25 . (5) 

Now that we have obtained this rough estimate, equation (2) can be improved since it is now know that /105 < 10.25 so that 
/c < /T55 < 10 . 25 Using this in (4) yields 

liMT < ^ - 10 • 

Hence 


10.243 < /TU5 , 

so that by (5) we have 10, 2 43 < /IU5 < 10.250. 

This is the required result to the desired accuracy. Increased accuracy can be obtained upon iteration of the above steps. 

• PROBLEM 5 

State and prove the Cauchy Mean Value Theorem 

Solution : Let f and g be real valued functions of a single variable and let each be continuous on [a, b] and have derivatives on 
(a, b), Then the Cauchy Mean Value Theorem states that there exists a point c in (a, b) such that 

f’(c) [g(b) - g(a)] = g’(c) m - f(a)] ( 1 ) 








The proof is analogous to that of the ordinary Mean Value Theorem, If g(b) = g(a), then the result follows immediately if we 
choose c such that g’(c) = 0 (that this can be done is shown by Roller’s Theorem). If g(b) ^ g(a), then define the function M on 
[a, b] by 


MX) = f(x) - jf<a) + *|g : |j;[ [g(x) - gcan) 

The continuity of f and g imply that (|) is continuous on [a,b] and the differentiability of f and g imply that (j) is differentiable on 
(a, b). 


In addition, since <|)(b) = <|)(a) = 0, we have all of the conditions required for Rolle’s Theorem to be satisfied. Thus there 
exists a c in (a, b) such that 


*’<0 = fie) - 

This is the desired result. 


f(a) 

g (a) 


g' (c) 


o 


• PROBLEM 5 


State and prove L’Hospital’s Rule for the indeterminant forms | ^ . 


Solution : If f(x) and g(x) are differentiable at all points in the interval (a, b) except possibly at a point x 0 in (a, b) and g(x) ^ 0 
in some deleted neighborhood of x Q , if f(x)—>0 and g(x)—>0 as x^x 0 or if |f(x)|—>oc and |g(x)|—>co as x-^x Q , then 


f (X) . 

gOO 


lim 

x+x o 


f' (X) 

g' (x) 


(1) 


Equation (1) is called L’Hospital’s Rule and can easily be extended to cases where x—>co or —x or where x—>x 0 = a or b, or in 
which only one sided limits such as Xq—> u + or x 0 —>-b~ are involved. 


To prove the theorem for the case in which 

lim f(x) =0, lim g(x) =0 , 

x-x Q x-x Q 


assume f and g are continuous at x 0 and f(x 0 ) = g(x G ) = 0. Now for any x—>x 0 the Cauchy Mean Value Theorem states that there 
exists a c ^ (x C) , x) such that 


f (x) _ f(x) - f(x p ) = f ■ (C ) 
g(x) g(x) - g(x Q ) g'(c) * 


Therefore, since c-*x+ as x-*-x+ 


lim f (x) _ lim f' (c) 
x+x+ g(x) x+x+ g'(c) 


lim f' (x) 
x-x; gH50 


If x < x 0 then we take the left hand limit of (2) which yields 


lim f (x) _ lim f 1 (c) 
x-*-x- g(x) x+x- g* (c) 


lim f 1 (x) 
X+X- g' (x) 


where c ^ (x, x 0 ). Since the right and left hand limits are equal, 


(2) 


(3) 


(4) 


lim f (x) _ lim f' (x) 
x-*-x Q g (x) x+x Q g' (x) 

To prove (1) for the case in which ii™ f(x) “ ”and x ^ ni g(x) = “ where Xq s (a,b), let x T be such that a < Xq < x < x T < 
b. By the Cauchy Mean Value Theorem, there exists a number c such that 







c € (x,x,) . 


f (x) 
gTxT 

Hence, 


f (x l ) _ f' (c) 
g(x x ) g'(c) 


f <x) - f<*i> _ f (x ) 1 - f(x x )/f(x) ft(e) 
g(x) - g(x x ) “ g(x) * 1 - gtx^/gfx) g'(c) 


• PROBLEM 5 


Use L’Hospital’s Rule to evaluate 

(a) lim 2x 2 - 4x 

x->2 x-2 

(b) lim x lnx 

x-*-0 

(c) lim __1_1 

x->0 sinx x 

(d) lim (1 + x) X 

X+oo 


Solution : (a) The function takes the form 0/0, and therefore we can apply L’Hospital’s rule to obtain: 

lim 4x - 4 . 

x*2 1 q 


We can also solve the problem in a different way by noting that the numerator can be factored. 


lim 2x 2 - 4x = lim 2x(x - 2) 
x-*-2 x-2 x+2 x-2 


lim 2x 
x-»-2 


= 4 

(b) Since In x —► -co when x —> 0, the product x In x takes the indeterminate form 0 • oo when x —> 0. We must, therefore, write 
the expression in the form of a ratio, so that we can apply L’Hospital’s rule. If we write 


x 


this fraction takes the indeterminate form oo/oo when x —> 0. Applying L’Hospital’s rule, therefore, 



= lim (- x) = 0 . 
X-+-0 

(c) Since 


1 

sin x 


00 and 1 

X 


co when x —> 0 , 


the given function takes the indeterminate form oo - oo. We should, consequently, write the function in the form of a ratio which 
takes an indeterminate form so that L’Hospital’s rule can be applied. Therefore, 

1 1 _ x - sin x 

sin x x x sin x ’ 


which becomes 0/0 when x —» 0. Applying L’Hospitalls rule twice, we obtain 







i / 1 _ i i - lim x - 3 in x 

i l sin x ~ x ) x+0 x sin x 


x-*-0 x cos x + sin x 


_ lim _ j _ sin x _ _ - 

x-*0 - x sin x + cos x + cos x 

A simpler approach is to recognize that, for small angles, sin x = x. The original expression therefore becomes 


lim fl _ l\ a 
x+0 lx x) " 


(d) The function takes the formoo 0 , which is indeterminate. We proceed to manipulate the function to arrive at a determinate 
form or one to which L’Hospital’s rule may be applied. Since a power in 1/x is present, we attempt to use logarithms. Thus, 

In lim In (1 + x) 

J x-*» x 

The function now takes the formco/oo, so that we can apply L’Hospital’s rule. 

m y = £ = o 


f(x) 

g(x) 


y=e° = 

. f* (C) 


g' (c) 

Assume that 


1 . 

1 - glxy /g(x) 
1 - f(x.)/f(x) 


lim f' (x) = lim f' (x) 
x-»-x g' (x) x-+-x + g' (x) 


Then (5) becomes 


f (X) 

= f' (c) _ / 

1 - g(x 1 )/g(x) 

1 - gixy/glxf 

g(x) 

L J 

1 - f( Xl )/f(x) 

+ L 1 - f( Xl )/f(x) 


f (x) = >» = lim g(x) , 
x-*-x* 


'l - glXj) /g(x)"| 

1 - f(x 1 )/f(x)J = L 1 = L 

Also, since Xj can be chosen arbitrarily close to Xq , 



Now, since 


lim 

x-x+ 

it is seen that 


lim 


so that (6) becomes 

lim f(x) _ _ _ lim f'(x) 
x-»x+ g (x) “ x+x+ g' (x) 







( 2 ) 


lim f(X + -r U) - f (X) 

t-t 0 T 

= D f (i) = (d„f) (U) 

D X 

where ( f (x)) is the directional derivative of f at g in the direction U. The last equality was proved in the previous chapter. 

Thus, g has a derivative in (o , || x 2 - 2 1 11 ) an d ordinary Mean Value Theorem for single variable functions holds. 
Thus there exists ans 0 e(o, || x 2 - Xi || )such that 

g(ll E 2 - Hill ) - 9(0) = II x 2 - El II 9' (So) • (3) 

Rut g (|| x 2 - Xi || ) = f(E 2 ) an d g(0) = f( Hi) • Thus, using (2) with to = S 0 and = + s#u in(3) gives 

f(Es) - f(Xi) = II X 2 - Xilltdjf f) (U) 

~0 

= ^ (El - Xi) , 

which completes the proof since jr is on L. 

• PROBLEM 5 

Let f(x, y) = x 2 + y 2 + x 3 . Find a suitable (u,v) on the line segment connecting (a, b) with (c, d) such that 
f(c,d) - f (a,b) =|| (u,v) (c-a) +^ (u,v) (d-b) (1) 

if (a,b) = (1,2) and (c,d) (1 + h, 2 + k). 

Solution : If (|) is continuous at points a and p and differentiable on the line segment of, then the Mean Value Theorem says that 
the folloiwng holds for some yonof: 

<KP)-<Ka) = <|>’(Y)(a-P). 

In the case of f(x,y) = x 2 + y 2 + x 3 , p = (c,d) and a = (a,b), the theorem says that for some (u, v) € oB 

f(c,d) - f(a,b) = f'(u,v)(c-a, d-b) 

= <u,v)(c-a) + || (u,v)(d-b) (2) 

Hence, there exists a (u,v) on the segment between (a,b) and (c,d) such that (1) is satisfied. To find (u,v) note that 

~ (x,y) = 2x + 3x 2 

and 

(x.y) - 2y 

and substitute for 

|| (u,v) , || (u /v) , f (c,d) , and f(a,b) into 
(2) to obtain 


(c 2 + d 2 + c 3 ) - (a 2 + b 2 + a 3 ) = 

(2u + 3u 2 ) (c-a) + (2v) (d-b) 


( 3 ) 







Now, with a =1, b = 2, c =1 + h, and d = 2 + k, (3) becomes 

(1+h) 2 + (2+k) 2 + (1+h) 3 - l 2 - 2 2 - 3 3 = 

(2u + 3u 2 ) (1+h- 1) + (2v) (2+k - 2) 

or (5h + 4h 2 + h 3 ) + (4k + k 2 ) = (2u + 3u 2 )h + (2v)k. (4) 

Since (u,v) is on the line segment from (1,2) to (1+h, 2+k), (u,v) = (1+0^ 2 + 0 2 k) for some O<0 1 <1,O<0 2 <2. Hence, (4) 
becomes 

(5+4h + h 2 )h+(4+k)k=(2(l + 0jh)) + 3(1 +0 1 h) 2 )h 
+ (2(2 + 0 2 k))k 

which can be separated into 

(5 + 4h + h 2 )h = (2(1 + 0jh)) + 3(1 + 0jh) 2 )h (5) 

and 

(4 + k)k = (2(2 + 0 2 k))k. (6) 

Solving (5) for: 

5 + 4h - h 2 = 2 + 20,h - 3(1 - 20,h - 0, 2 h 2 ) 

5 + 4h + h 2 = 2 + 20jh + 3 + 60jh + 30 T 2 h 2 ) 
or 

0! 2 (3h 2 ) + 0 T (8h) - (h 2 + 4h) = 0. 

Dividing both sides of this equation by h gives 

0 1 2 (3h) + 0 1 (8)-(h + 4) = O. 

Using the quadratic formula, 

n _ -8i/8 2 - 4(3h)(-h-4) 

01 2T3h) 

-8±/64 + 12h J + 48h 
6h 

_ -4±/3h 2 + 12h + 16 
3h 

Since 0, > 0. „ _ -4+/3h 2 + I2h + 16 is the desired solution. 

i 9l - 3H - 

Note that this exists for all h ^ 0. Thus 

u = l + 0 ! h = 12h + 16 # Solving (6) for 0 2 : 

4 + k = 2(2 + e 2 k) 

4+k = 4 + 2 0 2 k 

0 2 = | 

Thus, v = 2+0 2 k = 2+ |k. Hence , 



(u,v) = 


Show that if a function f: V—>R, V^ R n , is c 2 locally at a then 


for all i, j between 1 and n inclusive. 


Solution : The fact that f belongs to c 2 means that in some neighborhood NDV £ R n ; all of the second order partial derivatives 
of f (i.e., for any 1 < i, j < n) exist and are continuous. Without loss of generality n can be assumed to be 2. Letting f be 

a function of x and y, it must now be shown that 

-y? <a) = (a> ■ 

Take a = (xq, y 0 ). Define A(t) [| 11 > 0], g(x), and h(y) as follows: 

A(t) = — [f(xo + t, y 0 + t) - f(x 0 + t, y 0 ) 
t* 

- f(x 0 , yo + t) + f(x 0 , yo)l (1) 


From (1) and (2) note that 


g(x) = fix, y 0 +1) - fix, y 0 ) 
h(y) = f(xo +1, y) - f(xo, y). 


A(t) = — fg(x 0 + t) - g(x 0 ) ] 


By the Mean Value Theorem (MVT), for 0 < 11, | < 111, (4) yields 


A (t) = — [ (x 0 + t) - x 0 ] [g' (xo + ti) ] 


Again, by the MVT, for 


A(t) - £ I (y 0 + t) - yo 1 1 -gy (x 0 + ti , y 8 + t 2 ) 


(xo + ti , y 0 + t 2 ) 


similarly, for appropriate 0 < 11 3 |, 11 4 | < 111, (1), (3), and the MVT give 







A(t) = -i- [h(yo + t) - h(y«)J 


= ^ h' (y 0 + t 3 ) 

= i f“ < x ° + t > y# + t*) - || <*o, Yo + t 3 )l 


= JlL 


3y3x 


{xo + t(,, y 0 + t 3 ) . 


(7) 


Since the second order partial derivatives of f are continuous on Nfiy it is possible to choose 111 small enough so that for any 
8 > 0 


a 2 f 

| 3x3y 


3 z f 

3x3y 


(x «' y#) - <x,y) r 2 ' 

< x 'y> I < I ' 


and (x,y) e NflV whenever 

I x - xq | < 1 1 1 and | y - y 0 I < 111. (10) 

Since (xq + %, y 0 + 1?) and (xq +1 4 , y 0 +1 4 ) are in the rectangle defined by (10), (8) and (9) yield 


a 2 f 

3x3y ,A o' *o> 3x3y 


(x o' y a ) - -inriw (x »' E 


by the triangle in equality. Hence 


3 2 f /,» _ 3 2 f 

3x3y (a) " (a) * 


This can clearly by generalized so that if f is C k , then 

3 k f (a) 


3x. 3x. ... 3x. 

k 31 3 k 

where (i, ..i k ) and (j, ..., j k ) are permutations of each other. Hence, in this case, it is possible to rewrite this with no 
redundancies: 


3X. x ... 3 x 


(a) , l k. = k . 

i=i 


(a) Let f: R 2 —>R be defined by 

f2xy , x 2 + y 2 * 0 

f (x,y) = 1 x 2 + y 2 

I 0 , x = y = 0 . 


Show that 


Vt , 3 2 f 
ITxoy F 3x3y 


and explain why. 







Solution : Let f:E—>R where E ^ R n is open and convex have continuous partial derivatives through order r (i.e., f e c r (E)). 








Let a be any point in E, then there exists an - e E such that 


f(x) = f(a) + J f (a) (x-a) + y <^H f (a) (x-a) , x-a^> + ... 


■*"*^1* J-l 


(a)(x. - a. ) ... (x. - a. ) 


1 r at f 

=T • -r--- (x) (x. - a. ) ... (x. - a. ) , 

r! 'f 1 3*1, ••• dxi x i x r L r 

l£j£r 

where J t {a) and H^a) are, respectively, the Jacobian and Hessian matrices evaluated at a, and <,> denotes the Euclidean inner 
product. This is the version of Taylor’s Theorem which is to be proved. In order to prove this version, the one-dimensional 
version of the theorem is needed: Let 


and let exist in (a,b). If a, P e [a,b ], then there exists y e (a,P) such that 


fjiyr f lrtl, (Y><e -«) r+1 . 


To prove the latter version, let £ e R be defined by (1) 


C = f <B) - If (a) + f' (a) (B-a) + 


... + rrr f (r) (a)(B-a) r l 


and define (j) on [a,b] by 


♦ (X) = f (B) - f (x) + f' (x) (S-x) + ... + -±- f (x) (B-x) 


which is continuous on [a,b] and differentiable on (a,b). 

Evidently <|)(P) = 0 and, by the definition of <|)(a) = 0. Applying Rolle’s Theorem, there exists y e (a,P) 


4> 1 (x) = - |f' (x) - f' (x) + f" (x) (B-x) - ...- (r _ 1> , f (x) 

+ rr f (r+1) (x) (B-x) r - (B-x) r ] 


Since <|)’(y) = 0, (2) implies that C, = f r '^ (y) and hence (1) is the desired result. Now to apply the n-dimensional version of the 
theorem, 


LetF e C r [0,l] be defined by 
F(t) = f(a + t(x- a)) 



By the version which was just proved, there exists a 


F(1) = F(0) + F'(0) + ± F"(0) 


4f"(0) + ... + -7—Vtt F fr _1) ( 


Note from the above definition of F(t) that F(l) = f(x), F(0) = f(a), 


,0) ' i^i < 

l£j£k 


(a)(x. - a. ) ... (x. - a. ) , 


Since E is convex, 


- ill 3x. 3x. <»+M*-»>.> 

3 r 

lSjSr 


x = a + t 0 (x-a)EE and 0<||x -a||< ||x-a|| 


Define “real analytic” at a point. Also, suppose fee® (E) where E C R n is convex and bounded. Give criteria for f to to 
be real analyticlocally ata e E and globally on E. 


Solution : A function f£ C“ (E) (that is, all partial derivatives exist and are continuous on E) is real analytic ata e E if the 
Taylor series about a converges in some neighborhood of a. Furthermore, if the Taylor series about every a e E converges on 
E, then f is real analytic on E. The Taylor series expansion of f about a £ Eis 


f(x) = f(a) + l (a)(x. - a.) + ... 

i=l d *i 1 x 


ii i 8x i, 


= f (a) + J,(a) (x-a) + < H-(a) (x-a) , x-a : 


where J^a) and H t {a) are the Jacobian and Hessian matrices, respectively, and <,> denotes the Euclidean inner product. To 
show that (1) converges note that, by Taylor’s Theorem, 


f (x) = f (a) + J, (a) (x-a) + -= <H f (a) (x-a) , x-a >+...+ 


where 





R (x,a) 


_ 

... ax, 


(x)(x. - a. ) ... 


■ ITT l 
k - i.= 1 


for some x such that o < || x - a || < || x - a ||, and that (1) converges if and only if R k (x,a) —> 0 as k —*■ qo. Suppose 


Sup 


3f(x) 


x€E 3x. ... 3x. — 

X k 

for non-negative real constants c and a. Then, from (2) and (3), 


jR k (x,a) | < ^ c a k k! || x - a || ^ 

1< j<k 

■ Tr 11 ll x - • ll k " k 

- c(n a || x - . || > k 

Therefore, when|| x - a || < — , R k (x-a) 0 as k —> qo. Hence, (3) is a sufficient criterion for f to be real analytic locally 
at any a e E. Now suppose that 


for non-negative real constants c and a. Then (2) and (4) give 


(4 > 


I R k (x,a) I < c at k || X - a || k 

l<j <k 

kit it k k 

_ c a || x - a|| n 
k! 

= c ~ a l kr~ - ~ k * (5) 

Since the power series whose k th term is the right hand side of (5) converges by the ratio test, R k (x,a) 0 as k ^ qo. Hence, 
(4) is a sufficient criterion for f to be real analytic globally on E. 

• PROBLEM 5- 

Give a Taylor expansion of f (x,y) = e x cos y on some compact convex domain E containing (0,0). 


Solution : Let f(x,y) = <|)(x) \|/(y) where <J)(x) = ex and \|/(y) = cos y. Also let E = E x xE y where E x and E y are compact convex 
subsets of R, i.e., closed and bounded intervals. Note that 


df(x) = 


and 


Sup 

x€E 









i=k 

f (n) (1) = n! Oj 

Therefore, the Taylor expansion 


f{t) = l 

j=o 


fCD ■ I a. , f'(l) = I ia. , f"(l) = I i(i-l)a. , , 

i=0 1 i=l 1 i=2 1 

f (k) (l) = l i(i-l) . . . (i-k+1)a, , , 

i =lc ! 


= l jf l i(i-l) • • • (i-j+l)a. (t-l) j 
j=0 J * i=j 

■ jlo rr X 7I ^“ i 


1(1 (i-iv.jv -i) 



t-1) 2 


Note that the degree of the new polymonial (1) is also n and the j-th coefficient is in terms of the last n-j+1 of the ai. As an 
example, take 

f(t) = 1 +t + 3t 4 . 

According to this method, aO = a, = 1, a 2 = a 3 = 0, and a 4 = 3. Hence 

1,11 ■ X [j, tAttjt <*-+ 

f 01 . 11 . 2! . 3! , 4! 1 .. ,.o ^ 

= [oToT <*• + TToT ai + TTST “ 2 + TToT aj + TTST °"*J (t_1 > + 

(bttt ai + mr 02 + tttt a> + tttt “■>] + 

(oTTT 012 + TT3T as + 2 TTT ““j + [oTTT “ s + 

mr “"j + OTTT 014 ,t “ 1) " 

= (1+1+0+0+3) + (1+0+0+12) (t-1) + (0+0+18) (t-1) 2 
+ (0+12) (t-1) * + 3 (t-1) 4 

= 5 + 13 (t-1) + 18 (t-1) 2 + 12 (t-1) 2 + 3 (t-1) 4 . (2) 


To show that (2) is actually equal to f(t) expand: 


f(t) = 5 + 13(t—1) + 18(t 2 - 2t + 1) + 12 (t 3 —31 3 +31— 1) + 


3 (t 4 -4t 3 +6t 2 -4t+l) 

= (5-13+18-12+3) +1( 13-3 6+3 6-12) +1 2 (18-36+18) 












= 1 - (x 2 + y 2 ) . (2) 

The quadratic form associated with F(x) at a is 

\ <^H p (a)(x-a), x-a^> . 

For f(x,y) = e^* 2 * y2) associated quadratic form at (0,0) is -(x 2 + y 2 ). Note that (1), and hence (2), are only approximations 
which are only good close to a and (0,0) respectively. 

• PROBLEM 5- 

I Calculate e 4 within an error of 10 -3 . I 


Solution : Since 


as (e * 


for all k > 0. 

By Taylor’s Theorem 


l rr - o ) 1 • 

i=0 11 dx 1 


1 d WITi ' 
(n+1) ! rt* n +l 


for some x 6 (0,x). Hence, 


In order to approximate e 4 , note that since 


n i — n+1 


e x = l fr + i 

i=0 11 


0 < x < 4, e X < e 4 < 3 4 . 


To approximate e 4 to three decimal places, choose n such that 


- 4 n+1 ^ 3 4 4 n+l 

e (n+1)! (n+1) ! - 


Note that 





( 1 ) 


Hence, choose n such that 


We have, (2) follows from (1) since 8 n_7 < (n+1) ! for n > 1. [To see this note that this is certainly true for 1 < n < 7. Then 
for n> 8, 8 n_8 > n! implies 8 n_7 < 8n! < (n+1) ! Thus the result.]. Additionally, (4) follows from (3) since 10 3/1 ° < 2. Therefore, 
the following is a good approximation within 10 -3 : 


. 41 -i 

e 4 £ l 4y £ 54.598 


State and prove the Chain Rule. 


Solution : Let V £ R p and W ^ R n be open sets. Iff: V —>• R n is differentiable at a and g: W —» R m is differentiable at f(a), 
then the composition g ° f: V —> R m is differentiable at a and 
J g0f (a) = J g (f(a))J f (a) 

where J^(a) is the Jacobian matrix of (|) evaluated at a. This is the Chain Rule. To prove it note that by Taylor’s Theorem, for 
appropriate s and 8, 

f(x) = f(a) + Jf(a) (x-a) + e (x) 11 x-a 11 (1) 

and 

g(f(x)) = g(f(a)) + J g (f(a))(f(x)-f(a)) 

+ 5(f(x))||f(x)-f(a) 

Substituting from(l) into (2) gives 


( 2 ) 





Taking norms, this yields 


g(f(x)) - g(f(a)) = J g (f (a) ) (j f (a) (x-a) 

<5 (f (x) )^j| J f (a) (x-a) + e (x) || x-a || 
= J g (f(a))J f (a)(x-a) +J g (f(a)) c (x) || : 
6 (f (x)) II J f (a) (x-a) + c (x) || x-a || II 


e <x) II 

•a || + 


x-a||] + 


|| g (f (x)) - g (f (a)) - J q (f (a) ) J f (a) (x-a)|| < 
II x - a || 


II J g (f(a)>ll 


II Mx) || 


+ || 5 (f (x)) || || J f (a) || + || e (x) || || 6 (f (x)) || . 

However, from the definition of the derivative for a function f: E + R m (E £ R n ) ? we have that f is differentiable at x e E if 
there exists a linear transformation A of R n in to R m such that 

lim Il f (x+h) - fix) - Ah || = 

h-o pir • 

In addition, f (x) = A. Therefore, since s, 8—>0 as x—>a, this shows that 
J g °f(a) = J g (f(a))J f (a) 
which is the desired result. 

• PROBLEM 5- 


Let the vector-valued function f: R n —> R m be defined by f(x b ..., x n ) = (f^x,, ..., x n ), ..., f m (x l5 ..x n )). 

(a) Show that f is differentiable at a s R n if and only if each !■( 1 < i < m) is differentiable at a and Jf(a) = (Jfi(a), ..., 

J f m ( a ))- 

(b) Show that this derivative Jf(a) (x-a) is unique. (Note: (b) does not depend on (a).) 

Solution : (a) If each fj is differentiable at a and X = (J fl (a), ..., J fm (a)), then 

f(x) - f(a) - k(x-a) = (f;(x) - fj(a) - J f .(a) (x-a)), 

(1 <i<m). 

Since 


lira 

x+a 


II fi<x) 


f i (a) - J f (a) (x-a) || 



for all 1 < i < m, then 

lim II f (x) - f (a) - X(x-a) || < 

II- - -II 


0 


m 

lim l 
x-*a i=l 


II fi<x) 


J f (a) (x-a) || 

H| 


0 


Hence, X = Jf(a). Conversely, suppose f is differentiable at a. Then f i = ^ i °f(l<i< m), where R m -^-R is defined by (x,, 











..x m ) = Xj. Since is also differentiable, the Chain Rule says that each fj is differentiable at a and 


Jf-(a) = J 7 i i (t(a))Jf{a) (1) 

= *i(Jf(a)) (2) 

which is the same as Jf(a) = (J fl (a), ..Jf m (a)). Note that (2) follows from (1) since n, is a linear transformation and for any 
linear transformation T, J x (a) = T. [To see this let = (0 ... 010 ... 0) where the 1 is in the i-th position and notice: 

lim || T (x) - T (a) - T (x-a) || 

II x - a || 


lim || T(x) - T (a) - T(x) + T(a) || 
X " 3 II x - a || 

= 0 ]. 

(b) Suppose that p is a linear transformation satisfying 

lim llf(x) - f (a) - U (x-a) II _ 
x-a II x - a || u * 


Then, letting 8(x) = f(x) - f(a), 


lim 

x-a 


|| J f (a) (x-a) - y (x-a) || 
II x - a || 


|| J f (a) (x-a) - 6 (x) + 6 (x) - y (x-a) || 


< lim || J f (a) (x-a) - 6 (x) || lim I I 6 (x) - u (x-a) || 


Since tx—>0 as HO, then, for x^0, 

lim II J f (a)(tx) - U(tx)|| ||j f (a)(x) - u(x)|| 

°' t *° iiTTii Imi 


Hence 

Jf(a) (x) = p(x), i.e., Jf(a) is unique. 


• PROBLEM 5- 


(a) 

(b) 

Define “homogeneous of degree n” and “positively homogeneous of degree n” for a function of two variables F(x,y) 
and give a geometric interpretation of homogeneity. 

Determine whether the following functions are homogeneous: 


(i) 

x 2 y log (y/x) ; 


(ii) 

x l/3 + xy -2/3. 


(iii) 

x 2 - y z . 


x 2 + y 2 


(iv) 

Ar 11 where A is any constant and r = (x 2 + y 2 )‘ /2 








Solution : (a) F(x,y) is said to be homogeneous of degree n if 
F (tx,ty) = t n F(x,y) (1) 

for all values of x,y and t for which F(x,y) and F(tx,ty) are defined. Here n is any real constant. If (1) is true only when t is 
nonnegative then it is said that F is positively homogeneous of degree n. 

Suppose the value of F(x,y) is known at some point (x 0 ,y 0 ). Then according to (1) the value of F at all points on the line 
consisting of all points (tx^tyj,) is easily computed from F(x 0 ,y 0 ) (see Figure). 

(b) (i) F (x,y) = x 2 y log (Y/x) so, 

F (tx,ty) = (tx) 2 (ty) log (ty/tx) 

= t 3 (x 2 y log y/x) 

= t 3 F(x,y). 

Therefore, 

y^y log (y/x) is homogeneous of degree 3. 



(ii) F(x,y) = x 1/3 + xy” 273 so, 

F(tx,ty) = (tx) 1/3 + (tx)(ty)- 2/3 

= t 1/3 x 1/3 + t 1/3 xy- 2/3 
= t 1/3 (x 1/3 + t 1/3 xy- 2/3 ) 

= t 1/3 F(x,y). 

Therefore x 1/3 + xy _2/3 is homogeneous of degree 1/3. 

(iii) 


F(x,y) = -——so, 
x 2 + y 2 


F(tx,ty) 


(tx) 2 - (ty) 2 = t 2 (x 2 - y 2 ) = F(x>y) . 
(tx) 2 + (ty) 2 t 2 (x 2 + y 2 ) 


Therefore 


+ Y 2 


is homogeneous of degree 0. 



(iv) F(x,y) = Ar 11 = A(x 2 + y 2 ) 1172 so, 

F(tx,ty) = A((tx) 2 + (ty) 2 )) n/2 = A[t 2 (x 2 + y 2 )] n/2 
= t n A(x 2 + y 2 ) n/2 = t n Ar n , t > 0. 

Therefore, Ar n is positively homogeneous of degree n since by definition the radical sign calls for the nonnegative square root 
of the radicand, 

it*) n/2 = (it 2 ) 1 *) 11 = t n 

where t > 0. 

• PROBLEM 5- 


(a) State and prove Euler's Theorem on positively homogeneous functions of two variables. 

(b) Let F(x,y) be positively homogeneous of degree 2 and u = r m F(x,y) where r = (x 2 + y 2 )' /2 . Show that 

^2? + liu = r m + ill )+ m( m + 4)r m_2 F . (1) 

3x 2 3y 2 \Zx l 3y z / 


Solution : (a) Let F(x,y) be positively homogeneous of degree a Then at any point where F is differentiable 

x I + y| = nF ' x -y> • < 2 > 

This is the statement of Euler's Theorem To prove it, write u = tx, v = ty and use the chain rule on the composite function 
F(u(t,x,y), v(t,x,y)). Thus 

3F _ 3F 3u . 3F 3v . 


3t “ 3u 3t T 3v 3t “ X 3u + Y 3v 
provided that F is differentiable at (tx,ty). 

NOW, since F is positively homogeneous of degreen, we have by definition that 


(3) 


F(u,v) = F(tx,ty) = t n F(x,y), t > 0. (4) 

Differentiating (4) with respect to t gives 

JEIH.V1 . M . t n rJ», U ) , nt n-l F(Xry) . (5) 

Combining (3) and (5) gives 

x If + y = ntn_1 ■ < 6 > 

and letting t = 1 so that u = x, v = y, (6) becomes 

nF(x,y) 

and the theorem is proved. 

(b) The expression —- + —- is called the Laplacian of u and is important in the subject of partial differential equations. 
3x 2 3y 2 

Thus, ifuis of the formr m F(x,y), then the conversion of the Laplacian ofuto an expression in terms ofF as in (1) maybe 
useful. To prove (1), note that 


■ 3F + v 8F - 

• + y a? ‘ 











Since f is continuous, there exists a neighborhood U ^ E containing a, such that for x e U, 

11 f( x ) - A11 < X. (2) 

For each y£R n define (|) on E by 

<K X ) = x + A _1 (y - f(x)). (3) 

Note that f(x) =y if and only if x is a fixed point of <J) (i.e., (|)(x) = x). Since (|)'(x) = 1 - A -1 f(x) = A -1 (A- f(x)), by (1) and (2), 

IU'(X)|| - II A -1 1| || A-f' (x) || 

on U. So, by the Mean Value Theorem 

|| <f> (xi) - <Mx 2 ) || < \ || xi - x 2 1| (4) 

for x b x 2 s U. Hence (|) has at most one fixed point in U and f(x) = y for at most one x e U. Therefore, f is one-to-one in U. 
Now let V = f(U) andy 0 = f(xo) e Vforxo e U. 

Choose an open ball B about Xq with radius p such that the closure [B] £ u. To prove that V is open, it is enough to show that 
y e V whenever 11 y — y 0 11 < A,<|>. So, fix y such that 11 y — y 0 11 < A(J). With (|) as in (3), 

II <P (Xo ) - XO II = II A _1 (y - y 0 )|| < || A -1 || Xp = | . 


Ifx e [B] c U, then by (4) 


II <t> (x) - Xo II < II <Mx) - <Mx 0 )|| + II |}>(X«) - Xo II 

< | II x - XO II + p/2 

- p . 

That is, <|)(x) e [B], Thus, for x l5 x 2 e [B], by (4), <|) is a contraction of the complete space [B] into itself [since a closed 
subspace of a complete space, such as R n is complete]. Hence, by the Principle of Contraction Mappings, <t> has a unique fixed 
point x e [B], Thus, y = f(x) e f ([B]) < f(U) = V Therefore, f _1 : V —>■ U exists. 

It remains to show that f -1 is C 1 . Choose y |; y 2 e V There exist x |; x 2 e U such that f(x,) = y, f(x 2 ) = y 2 . 

With <}> as in (3), 

<I>(X 2 ) - (Kxj) = x 2 - x T + A-'(f(x,) - f(x 2 )) 

= (x 2 -Xi)-A- 1 (y 2 -yi) 

By(4), || ( XJ _ Xl) - a -1 (y 2 - yi )|| < 1 || x 2 - x 2 II .So, 

\ II x* - xi|| < || a -1 (y 2 - yi )|| < ^ || y 2 - yi|l or 

II XI - xxll < i || y 2 - yx || • (5) 

From (1), (2) it follows that (f ) _1 exists locally about a. Since 

f -1 (y 2 ) - f" 1 (yx) - (f’)~ 1 (yx) (y 2 - yx) = 

= (x 2 - xx) - (f' ) -1 (yi) (y: - yi) 

= - (f’)' 1 (yi) (-f'(xx)(x 2 - Xi) + f(x 2 ) - f(Xx)] , 


(5) implies 



[|f -1 (y 2 ) - f“ 1 (y 1 ) - (f’)" 1 (y 1 ) (y 2 - yi)|| 

II y* - yi II 

|| (ftJ -l,| || f <X 2 ) - f ( Xl ) - f* (x!) (x 2 - X X ) || 

1 x ‘ II x 2 - xx|| 

As y 2 —* yi, x 2 —»• Xj by (5). Hence (f -1 )' (y) = [f (f -1 (y))] _1 for y e V Since f _1 is differentiable, it is continuous. Also, f is 
continuous and its inversion, where it exists, is continuous. Therefore (f -1 )' is continuous or f -1 is C 1 or Y 

• PROBLEM 5- 

(a) Give an example of a c 1 function f which has a C° inverse about f(a) despite det f (a) = 0. Also, show that for any c 1 
function f, if det f (a) = 0, then E 1 is not differentiable at f(a). 

(b) Let fee 1 (E, R n ) E, open in R n . If f (x) is invertible for all x e E, show that f(w) is open in R n for all open W £ e, 


Solution : (a) Define f: R —► R by f(x) = x 3 . Then f (0) = 0. This f is c”, hence it is c 1 . Despite not satisfying the conditions of 
the inverse Function Theorem at zero, has a continuous inverse: f _1 (y) = y 1/3 . However, this inverse is not c 1 since (f _1 )' (0) 
does not exist. In fact, this is true in general. Let f be any c 1 function for which det f (a) = 0 for some a. If f _1 were 
differentiable at f(a), applying the Chain Rule to I = f • f _1 would give 

f(a). (f- 1 )'(f(a)) = I 
or 

det f (a) det (E 1 )' (f(a)) = 1 

which contradicts det. f (a) = 0. Therefore, E 1 is indeed not differentiable at a. 

(b) To show that f(W) is open, it must be shown that for any b e f(W), there exists an open set V containing b which is 
contained in f(W). Since f is c 1 and f is invertible on E and hence on W, f is one-to-one. Therefore, for any b e f(W) there 
exists one a e W such that f(a) = b. In addition there also exists open sets U and Y such that a£U,b£^ where U ^ W, and 
f(U) = Y Hence, b£V = f(U) £ f(W). Hence, f is an open map. 

• PROBLEM 5- 


State and prove the Implicit Function Theorem. 


Solution : Let E c R n+m be an open set containing (a,b)[a e R n , b e R m ], Suppose f = (fy ..., fy,): E —>■ R m is c 1 and f(a, b) = 
0. Define the m x m matrix 



for 1 < i, j < m. If det M ^ 0, there exists an open set A ^ R n containing a and an open set B ^ R ni containing b such that for 
each x e A there exists a unique g(x) e B such that f(x, g(x)) = 0 and g is c 1 . This is called the Implicit Function Theorem 
since g is defined implicitly by the above conditions. To prove this, start by defining F: R n+m — >• Rn+m by F(x,y) = (x, f(x,y)). 


Note that since 








where I and O are the nxn identity and nxm zero matrices respectively, then 
detF (a,b) = detM^0. 


By the Inverse Function Theorem there exists an open set Y £ R n ' 111 containing F(a,b) = (a,0) and an open set of the form A x B 
c E containing (a,b), such that F: A x B —»■ Yhas a C 1 inverse F _1 : V —■> A x B. F -1 is of the formF -1 (x,y) = (x, (J)(x,y)) for 
some C 1 function (j). Define the projection n: R n+m —>• R m by n(x,y) = y. Then n • F(x,y) = f(x,y). 

Therefore 

f(x, (J)(x,y)) = f • F _1 (x,y) 

= (tt • F) • F _1 (x,y) 

= 7t • (F • F _1 )(x,y) 

= * ( X A) 


= y 


and f(x, <()(x,0)) = 0. So, define g: A —>■ B by g(x) = (J)(x,0). 

• PROBLEM 5- 

Represent the contour line 

y - xe y = 1 (1) 

near (-1,0) as a function x = Thy). Compute <J)’ (x) and (|)' (-1) for x near -1, where y = (|)(x). 


Solution : Let f(x,y) = y-xe y . Then || ( x ,y) = - e y andM {x#y) = i - xe y . So, || (-1 ,o) = -iand|| (-1,0) = 2. 
Since both of the partial derivatives are non-zero, the contour (1) can be represented eitheras y = <J) (x) or as x = Thy). In fact, 
we have x = T*(y) = (y-1) e _y from (1). The Implicit Function Theorem guarantees the existence of <t>, which, however, can not 
be defined explicitly. The theorem also says that (j) is differentiable. From (1), (j)(x) - xe^ x) = 1 and hence 

(J)(x) - e^ x) - x<t)’(x) e^ x) = 0 
or 


<r (x) 


1 


e<f( x) 

- xe* (x) ' 


for x near -1. At x = -1, since (-1,0) is on the contour, (j)(-l) = 0 and therefore 







4>'(-D = 


• PROBLEM 5- 


Show that the functions f,g e C'(E), E open in ar are functionally dependent (i.e., there exists a function F such that g = F • 
f) if det Jjj, (x,y) = 0 for (J) = (f,g) and (x,y) in some neighborhood of (a,b), where |1 (a,b) 0- 


Solution : Let c = f(a,b). By the Implicit Function Theorem, the equation 
z = f(x,y) 

can be solved for x. In particular, there exists a function <J)(y,z) such that x = <|>(y,z) in a neighborhood D < E x R containing 
(a,b,c). Moreover, 

m -am* . 

9y 9f/9x 

Consider g(x,y) as a function T* in y and z, i.e., g = ^((J) (y,z),y). Then, in some neighborhood N containing (a,b), 


ii _ ia It + 13 - det J * 
3y ax ay ay af/ax 


0 . 


Thus, T((J) (y,z),y) is independent of y. Hence let F(z) = ^((J) (y,z),y) = g(x,y). Since x = (J)(y,z) is equivalent to z = f(x,y) on D, 
F(z) = T'ftJ) (y,z),y) is equivalent to 

F(f(x,y)) = g(x.y) 

when N ^ 7i (D), where n: R 3 —> R 2 is the projection 7i(x,y,z) = (x,y). This proves that f and g are functionally dependent in a 
neighborhood of (a, b). Note that the condition 11 ( a ,b) ^ o could be replaced by <a,b) # 0. Also, the proposition 
could be generalized to n functions of n variables. For example, with n = 3, the conditions <J) = (f,g,h), det near (a,b,c), and at 
least one of the expansions by minors along the last row is not zero at (a,b,c) imply that 
h(x,y,z) = F(f(x,y,z),g(x,y,z)) 

in a neighborhood of(a,b,c). As in illustration of functional dependence take f(x,y) =x 2 y 2 andg(x,y) =-xy. Then about (1,1), 

F (z) = -fi (so that_ = -xy<0) .But about (-1,1), F(z) = /z (so that = _ xy>0 ). 





CHAPTER 6 


MAXIMA AND MINIMA 


This chapter is concerned with the determination of the maximum and minimum values of functions of several variables. 

In one variable, maximum and minimum values of a function y = f(x), were found by first finding points at which the derivative, 
dy/dx, equals 0. These points, called critical points, were then found, by inspection, to be maxima, minima, or saddle points 
(i.e., neither a maxima nor a minima) of the function. 

For functions of several variables a similar procedure can be applied. However, the procedure now becomes more 
complicated with the vanishing of all partial derivatives replacing the condition that the derivative (dy/dx) be equal to zero. 
Also, if a point is found to be a maximum (or minimum), it must be distinguished between a relative maximum (minimum) or an 
absolute maximum (minimum). 

Interesting problems arise when a function is restricted by some constraint (i.e., given a function f(x, y, z), the variables x, y, z 
are not independent of each other, but are restricted by the relation G(x, y, z) = k). For this type of problem, the method of 
direct elimination which involves solving for certain variable(s) in terms of the others, the method of implicit functions, or the 
method of Lagrange multipliers can be applied to find possible maxima or minima. Other extremal problems deal with the 
extreme values of a function in a closed region R ; this is done by inspection of the function on the interior of R and on the 
boundary of R. 

Finally, the theory can be applied to many physical situations and can be used to derive such important formulas as Cauchy’s 
Inequality and Holder’s Inequality. 

RELATNE MAXIMUM AND RELATNE MINIMUM 


• PROBLEM 6 


Find the point of the plane 2x- 3y- 4z = 25 which is nearest the point (3, 2, 1). 


Solution : Let D, be the distance from the point (x, y, z) of the plane to the point (3,2, 1). The distance formula in R 3 is 
D - V(x - x 0 ) s + (y - y Q ) 3 + (z - z Q V‘ (1) 

where P = (x, y, z); P 0 = (x 0 , y 0 , Zq) and D is the distance between these two points. Therefore, using (1), this yields 

= V(x-3) a + (y-2) a + (z-l) a 

so that 


D? = (x-3) a + (y-2) a + (z-l) a . (2) 

The plane given is 2x- 3y- 4z = 25 which means z = %(2x- 3y- 25). Substituting this into (2) eliminates z and gives 
- (x-3) s + (y-2) a + (i(2x - 3y - 25)-l) s 


Simplifying gives 


D? - (x-3) a + (y-2) s + Ox - fy - 29/4) 2 . (3) 

The point of the plane nearest to the point (3,2, 1) is the point where °i, the square of the distance between the two points, has 





its minimum value as x, y range through all possible values. To find this point the following theorem is used: 

Let f be a function defined on some region R, and let f have a relative extreme (maximum or minimum) at the point (a, b) of 
R. Assume that (a, b) is an interior point of R (not on the boundary), and that the first partial derivatives of f at (a, b) exist. 

Then these derivatives are zero at that point (i.e., f,(a, b) = 0, f 2 (a, b) = 0. 

By definition a function f has a relative maximum at the point (a, b) if there is some neighborhood of (a, b) such that f (x, y) 
< f(a, b) for all points (x, y) of R which are in this neighborhood. Also, by definition, given f defined in a region R, and S any 
part (or all) of R, if there is in S a point (a, b) such that f (x, y) < f(a, b) for all points (x, y) in S, then on the set S, the function f 
has an absolute maximum at (a, b). It should be noted that the vanishing of the first partial derivatives is not a sufficient 
condition for a relative extremum. That is, there may exist a point satisfying the condition which is not a relative extremum but 
rather is a “saddle point.” 

In this problem all points are interior points of the region R (the whole xy-plane), and ^ has partial derivatives at all 
points, Therefore, the points to look for are those that satisfy the condition 

Mbp a (bp 

a* " ay 

From (3) this gives the equations 

Mbp 

—L- = 2(x-3) + 2 Ox - £y - 29/4) • ^ ■= 0 (4) 


Mb?) 

—— - 2(y-2) + 2 Ox - fy 


29/4) • (-f) 


0 . 


(5) 


Simplifying (4), (5) gives the equations 


lOx- 3y- 53 = 0, -6x + 25y + 55 = 0 


which, when solved simultaneously, give the solution x = 5, y = -1. Substituting in the equation of the plane, 2x - 3y - 4z = 25, 
yields z = -3. Hence the point (5, -1, -3) is a relative minimum of D l^ x,y l Since there is only one such point it is the only 
minimum of ^ ^ x,y \ The geometric nature of the problem (to find a point on a plane closest to another, given, point) indicates 
that it is the absolute minimum (for otherwise the problem would have no solution). 

• PROBLEM 6 


For the following quadratic forms, tell by inspection whether the origin is a maximum or minimum; 

a) q(x, y) = x 2 + y 2 

b) q(x, y) = x 2 - y 2 

c) q(x, y) = xy. 







Fig. 2 


Fig. 3 

Solution : a) The graph of the function q(x, y) = x 2 + y 2 and the level curves look like those in figure 1 . 

From this graph it is seen that the origin is a relative minimum point for the form (A level curve of a function is a curve along 
which the function is constant in value). 

b) For the function q(x, y) = x 2 - y 2 , the level curves are hyperbolas, determined for each number c by the equation x 2 - y 2 = c. 
The graph of the level curves is drawn in figure 2. For c = 0 note that we get two straight lines through the origin. Here the 
origin is a critical point (i.e., the first partial derivatives vanish), but it is neither a relative maximum or relative minimum 
Such a point is called a degenerate critical point or “saddle point”. 

c) For the function q(x, y) = xy the level curves are again hyperbolas (similar to example b) but rotated). Here again, as in part 
b), the origin is neither a relative maximum nor a relative minimum 

• PROBLEM 6 

Let the function f(x, y) be continuous and have continuous first and second partial derivatives in a region R. Let (xq, y 0 ) be 
an interior point of R for which “ °, fy = °. Given the condition [f l2 (xo, y 0 )] 2 - f n (xq, y 0 ) f 22 (xq, y 0 ) < 0 and f u (x 0 , y 0 ) 

< 0 prove that f(x, y) has a relative maximum at (xq, y 0 ). 



Solution : By Taylor’s theorem, if the n th partial derivatives of f(x, y) are continuous in a closed region and if the (n+ l) st 
partial derivatives exist in an open region then 


f ( x o + h, y 0 + k) - fG 0 .y 0 ) + hf 1 G 0 ,y 0 ) + kf 2 (x o' y o ) 

+ jy ( h3f 11 ( x 0> y 0 ) + 2hk£ 12 (x 0> y 0 ) + k 3f 22^ X 0 ,y 0^ + *‘* 

+ i? Ch fe + “ f<X 0* y 0 ) + R n 


where R n , the remainder after n terms, is 


, ■ rtT [(h fc + k fe )n+1 1 and 0 < 6 < 1. 


For this problem, it is given f](x 0 , y 0 ) = f 2 (x <> y 0 ) = 0, so that by Taylor's theorem (for n = 2) 

f(xo + h, y 0 + k) - f(xo, y 0 ) = %[h?f u (xo + 0h, y 0 + 0k) + 2hkf 12 (xo + 0h, y 0 + 0k) + k 2 f 22 (xq + 0h, y 0 + 0 + k)] (1) 


where 0 < 0 < 1. Next, we abbreviate (1) by the following 









f(xo + h, y 0 + k) - ftxo, y 0 ) = V 2 [ h 2 f n + 2hkf 12 + k 2 f 22 ] 


( 2 ) 


which can be rewritten as 


f(x Q +h, y Q +k) - f(x 0 ,y 0 ) - %f 1 ]L [h 2 + 2 hk + k 2 J. ( 3 ) 


Then, by the method of completing the square, (3) becomes 


r 2 *12 ^^.2 ^*22 *'^*12’ 1 

f(x 0 + h,y 0 + k) - €(x 0 ,y 0 ) - tfjjh + 21 , 1 ^ + -^j 


kf 2 f f . & _ 

f < x o +h ’ y o +k) - f <vV “ %f n| ( h + ijf) + ( u2 h ~“) k2 j • (4) 


Now the given condition can be rewritten as 

f n (% Yo) f 22( x o> Yo) - [ f i2(*o> Yo)] 2 > 0 and 
fn(N> Yo) < 0. 

Then, by hypothesis, f n (x, y) < 0 for some neighborhood of(xQ, y 0 ). Also, the sum of the terms in the brackets in (4) is positive 
since the first term is squared and for the second term it is given f n f 22 ' *12 > 0 Hence, since f n (xo, y 0 ) < 0 the right-hand 
side is negative, so that f(xo + h, y 0 + k) < f(x 0 , y 0 ) for all sufficiently small h and k; thereby showing that f (xq, y 0 ) is a relative 
maximum Note: The same procedure can be applied for conditions of a relative minimum if f n (xQ, y 0 ) > 0 (i.e., f(xg + h, y 0 + 
k) > f(x 0 , y 0 ) fot all sufficiently small h and k). 

• PROBLEM 6 


Find the critical points of the function f(x, y) = 4xy - 2x 2 - y 4 . Then determine whether each is a relative maximum, relative 
minimum or a saddle point of f(x, y). 


Solution : By definition, a point at which all the first partial derivatives of a function are equal to zero is called a critical point. 
To solve this problem, the following theorem is used: Let f(x, y) be a differentiable function throughout a region R. Let p 0 be an 
interior point of R and suppose that the first partial derivatives of f vanish at this point (fi(p 0 ) = 0, f 2 (p 0 ) = 0). Also suppose 
fll(Po). WPa). f 22<Po) exist and let 


A = (f, 2 (Po)) 2 -fll(Po)f22(Po)- (1) 


Then: 

(i) If A > 0, p 0 is a saddle point for f(x, y) (p 0 is neither a maximum point nor a minimum point of f (x, y)). 

(ii) If A < 0 and fn(po) > 0, f(x, y) has a relative minimum at p 0 . 

(iii) If A < 0 and fn(Po) < 0, f(x, y) has a relative minimum at p 0 . 

(iv) If A = 0, no conclusion on the nature of p 0 is determined by this test. (Any of the above behaviors in parts (i)-(iii) may 
occur). 

Since f(x, y) = 4xy - 2x 2 - y 4 , we have that = 4y * 4x and = 4x " 4y • Now the critical points of f occur where " 0 and 

a y = . This gives the equations 4y - 4x = 0, 4x - 4y J = 0, which upon solving give the solutions (0, 0), (1, 1), and (-1 -1). 
Hence, Pj = (0, 0); P 2 = (1, 1), and P 3 = (-1, -1) are critical points of the function f(x, y). 

Now, to determine the nature of each of these critical points, f 12 (x, y), f n (x, y) and f 22 (x, y) must be computed: 





f 12 


£l 

dxay 


4 , 



Then for p b f 12 = 4, f n = -4 and f 22 = 0, so that upon substitution into (1) A = 16 - (—4)(0) = 16 > 0. Therefore, by the theorem 
(part (i)), Pj = (0, 0) is a saddle point for f. 

For P 2 , f 12 = 4, f n = -4 and f 22 = -12, so by equation (1), A = 16 - (—4)(—12) = 16 - 48 = -32 < 0. Then since fn(P 2 ) = -4 < 0, 
by part (iii) of the theorem, P 2 is a relative maximum of f(x, y). 

For P 3 , f 12 = 4, f n =^4 and f 22 = —12 and by equation (1) A= 16 - (4)(-12) =-32 < 0. Then since fn(P 3 ) =-4 < 0, again by 
part (iii) of the theorem, p 3 is a relative maximum of f(x, y). 

• PROBLEM 6 


Let f be the funtion given by f(x, y) = x 2 + y 3 - 3xy. Find the critical points of f(x, y). Then determine whether each critical 
point is a relative maximum, relative minimun, or saddle point of f(x, y). 


Fig. 1 

Solution : By definition a points at which all the first partial dirivatives of a function are equal to zero is called a critical point 
of the function. Since f(x, y) = x 2 + y 3 - 3xy, the critical points occur where “ °, fy = °. Computing yields the equations 

- 2x - 3y - 0; ^ = 3/ - 3x - 0 . (1) 

To solve there equations, first notice that x = 3y/2, y 2 = x. (2) 

Thus, y 2 = 3y/2, or y 2 - 3y/2 = 0. Factoring, y(y - 3/2) = 0 and y = 0, or y = 3/2, and by equation (2), y = 0 given x = 0 and y = 
3/2 given x = 9/4. Hence, the critical points of f(x, y) are P, = (0, 0), P 2 = (9/4,3/2). To determine the nature of each point 
compute 

A=[fi 2 (p 0 )] 2 -fii(Po)f 22 (Po)- (3) 

Then if A > 0, P 0 is a saddle point for f. If A < 0 and fn(Po) < 0, f(x, y) had a relative maximum at P 0 . If A < 0 and fn(Po) > 0, 
f(x, y) has a relative maximum at P 0 . If A = 0, no conclusion on the nature of P 0 is determined by this test. 

Computing from(l), f n< x »y) “ 0 = 2 , f i 2 (x ’ y) = « -3 an d f 22 < x ’ y> " ^ “ 6y 

Then for p, = (0, 0), f 1] (p 1 ) = 2, f 12 (pj) = -3 and f 22 (p,) = 0 and by equation (3), A = (-3) 2 - (2)(0) = 9 > 0. Therefore, since A 
> 0, p : = (0, 0) is a saddle point for f(x, y). 

For P 2 = (9/4,3/2), f n (p 2 ) = 2, f 12 (p 2 ) = -3 and f 22 (p 2 ) = 9 and by equation (3), A (-3) 2 -(2)(9) = -9 < 0. Therefore, since A < 
0 and f,, (p 2 ) > 0, P 2 is a relative minimum for f(x, y) (the level curves for f(x, y) are shown in fig. 1). 

• PROBLEM 6 



a) Find whether the origin is a relative maximum or minimum, or neither for the function f(x, y) = log( 1 + x 2 + y 2 ). 







b) Find the critical points of the function f(x, y) = x 2 - My 1 + 4y 3 + 3y 4 and determine whether each is a relative 
maximum or minimum or saddle point of f(x, y). 


Solution : a) To determine whether the origin is a relative maximum or minimum or saddle point, it must first be determined if 
the origin is a critical point. Therefore since f(x, y) = log(l + x 2 + y 2 ), 


hi __2x_ . d£ ._ 

3x 1 + x 2 + y 2 ’ Sy 1 + x 8 

M = 2 

Therefore, at the origin a* ~ T 
origin first compute 


-o j*-?- 


a) 

showing the origin to be a critical point of f(x, y). To determine the nature of the 


A=[f 12 (0,0) 2 ]-f n (0,0)f 22 (0,0) (2) 


Then if A > 0, the origin is a saddle point for f(x, y). If A < 0, and f n (0, 0) < 0, the origin is a relative maximum for f(x, y). If A 
< 0 and f n (0, 0) > 0, the origin is a relative minimum for f(x, y). Hence from (1), 


f (x y) . £f - (2x)( 2x ) , 

£ ll U,y; Sx 2 (l+x^+y 2 ) 




!x)(2v) 

' 3x3y " ' (1 +yF+f) 


and 


f 22 (*.y) * fj# - 2 j;:g:ffl~ 12rt<2l, i ■ 2 at 

Then by equation (2), A = (0) 2 - (2)(2) = -4 < 0. 

Thus, since A < 0, and f u (0, 0) > 0, the origin is a relative minimum for f(x, y). 

hi te. h! * 0 h! - o 

b) To determine the critical points of f(x, y) = x 2 - 12y 2 + 4y 3 + 3y 4 , compute 3 x ; 3y and solve the equations 3* * , 3y 

„ . . 7^ = 2x - 0 i . i A , ^ “ -24y + 12y* + 12/ 3 - 12y(y® + y - 2) = 0 ,,, 

Doing this gives 3 x , which gives the solution x = 0, and dy , so that 

solutions for y are y = 0, y = -2, y = 1. From this it follows that the critical points of f(x, y) are p ± = (0, 0), p 2 = (0,-2), p 3 = 

(0,1). To determine the nature of each point let 

A=[f, 2 (Po)] 2 -fn(Po)f 22 (Po>- (3) 

For this problem, f n (x, y) = 2, f 12 (x, y) = 0, f 22 (x, y) = -24 + 24y + 36y 2 . Then for P, = (0, 0), by equation (3), 

A = 0 - (2)(-24) = 48 > 0. 

Hence, since A > 0, pj = (0, 0) is a saddle point for f(x, y). 

For p 2 = (0, -2), by equation (3), 

A = 0 -(2) [-24 + 24(-2) + 36(-2) 2 ] = (-2)(-72 + 144) = -144 < 0. 

Therefore, since A < 0 and f,,(p 2 ) = 2 > 0, the point p 2 = (0,-2) is a relative minimum for f(x, y). 

For p 3 = (0, 1), A = (0) - (2) (-24 + 24 + 36) = -72 < 0 so that, since A < 0 and fn(p 3 ) = 2>0, the point p 3 = (0, 1) is a relative 
minimum for f(x, y). 

• PROBLEM 6 


Find the critical points and the nature of each critical point (i,e., relative maximum, relative minimum, or saddle point) for: 














a) f(x,y)=x 2 -2xy + 2y 2 + x-5 

b) f(x, y) = (1 -x)(l -y)(x + y- 1). 



Solution : a) For the critical points, ax " 9y ° So the critical points for f(x, y) = x 2 - 2xy + 2y 2 + x - 5 are the solutions of 

dx - 2. - 2 y + 1 = 0 anc j = -2x + 4y = o so i vej ac jd the equations 2x - 2y = -1, -2x + 4y = 0 and obtain y = -A, and then 
by substitution into one of the two equations obtain x = -1, as solutions. Therefore, f(x, y) has a critical point at p, = (-1, - A). 

To determine the nature of this critical point find fn(Pi) ;f| 2 (Pi);f 22 (Pi) then let A = [f 12 (Pi)] 2 - fn(Pi) f 22 (Pi)- (1) 

Then if A > 0, pj is a saddle point. If A < 0 and fn(pi) > 0, pj is a relative minimum. If A < 0 and fn(pi) < 0, pj is a relative 
maximum. If A = 0, the nature ofp, is not determined by this test. Computing gives f n (x, y) = 2; f 12 (x, y) = -2, f 22 (x, y) = 4 then 
by equation (1), A = (-2) 2 - (2)(4) = 4 - 8 < 0. Therefore, since A < 0 and f n (x, y) > 0, p, = (-1 ,—A) is a relative minimum. 

The level curves are shown in figure 1 . 

b) We have f(x, y) = (l-x)(l-y)(x + y-1) = 2x + 2y - x 2 - y 2 - 3xy + y?y + xy 2 - 1. Therefore, 

» 2 - 2x - 3y + 2xy + y 2 ; ^ - 2 - 3x - 2y + 2xy + x* . 

M . o ^ = 0 

Setting dx ; ay gives the solutions Pj = (1, 0), P 2 = (0, 1), p 3 = (1, 1), p 4 = (2/3, 2/3) as critical points. These solutions 
are found as follows. Factor: 


2-2x-3y + 2xy + y 2 = (y + 2x-2) (y-1) = 0 (2) 

and 

2-3x-2y + 2xy + x 2 = (x + 2y-2) (x-1) = 0. (3) 

From (2), y = 1 or y = 2 - 2x. By substituting into (3) y = 1 gives x = 1 or x = 0, and y = 2 - 2x gives x = 1 and x = 2/3 so that y 
= 0 and y = 2/3 respectively. Hence the solutions above. Next, 

f„(x, y) = -2 + 2y; f 12 (x, y) = -3 + 2x + 2y; f 22 (x, y)= -2 + 2x. 

For Pj = (1, 0), A = (-3 + 2) 2 - (-2)(0) = 1 > 0. Therefore, since A > 0, pj is a saddle point for f(x, y). 

For P 2 = (0, 1), A = (-3 + 2) 2 - (0)(-2) = 1 > 0 and for 

P 3 = (1, 1), A = (-3 + 2 + 2) 2 - (0)(0) = 1 > 0. Consequently both p 2 and p 3 are saddle points for f(x, y). 

For p 4 = (2/3,2/3), A = (-3 + 4/3 + 4/3) 2 - (-2 + 4/3) (-2 + 4/3) 

A = 1/9 - (—2/3)(—2/3) = 1/9 - 4/9 = -3/9 < 0. 

Therefore, since A < 0 and fn(p 4 ) = -2/3 < 0, p 4 = (2/3,2/3) is a relative maximum for f(x, y). 


PROBLEM 6 










Solution : Let y- = ma t + b. Then the problem is to minimize the function 


f(m,b) = E |y^ - 


E l(ma. + b) a - 2(ma. + b)b. + b a J 


E [(ma ) a + 2mba. + b a - 2ma b. - 2bb + b a J 


E a a +2mb E a.+nb a -2m E a b.-2b E b + E b? 
i-1 i-1 1 i-1 1 1 i-1 1 i=l 1 


Therefore, for the (m, b) which minimizes f, the system 


t (m,b) = m E « 
i-1 


+ nb - E b - 0 
i-1 1 







must be satisfied. To see that this system does in fact have a solution, note that 



must be non-zero for (1) to have a solution. By the Cauchy-Schwartz inequality 


(since the a i 's are not all equal). Hence, 


[ £ a V = ( £ a lV <( £ a 2 V £ l 2 } = n £ a 2 
\i=l J \ 1=1 J \ 1“1 7 V 1 ' 1 / 1=1 1 

1 S ' f = a if 

i-i 1 \i=i y 


and consequently, (1) can be solved. To clarify the algebraic 


manipulations which follow let s C i«x bi , Z ~i=i ail>i , U and v i=i bt . Then (1) becomes 


mu + bs = z, (2) 

ms + bn = t, (3) 


which is to be solved for m and b. Subtract u times (3) from s times (2) to get 


bs 2 -bnu = sz-tu 


and hence 



since s 2 - nu < 0 (from the preceding discussion). From (3) and (4) we have 


t - bn 



ts 3 - nut - nsz + nut 
s (s z - nu) 


Substituting back into (4) and (5), the candidate for a minimum is 


(5) 


(m,b) 



E a I a b - E b £ a 3 1 
1=1 1 1=1 1 1 1=1 1 


n £ a 3 ( £ a V - n £ a 2 
1=1 1 \ 1=1 y 1=1 1 


To see that this is in fact a minimum, calculate the Hessian H f (m, b): 



a 2 f 
&*b (l 





and note that it is constant and positive definite since 

2 E a 3 . > 0 4n J I , aS i 

1 anrl 




from above. Hence, the solution fouhd is indeed a local (or relative) minimum and a global (or absolute) minimum since the 
Hessian is constant. 


EXTREMES SUBJECT TO A CONSTRAINT 


• PROBLEM 6- 


Find the point (x, y, z) obeying g(x, y, z) = 2x + 3y + z - 12 = 0 for which f(x, y, z) = 4x 2 + y 2 + z 2 is a minimum 


Solution : This problem is an extremal problem subject to a constraint. For the function f(x, y, z), the variables x, y, z are not 
independent of each other, but are restricted by some relation existing between them, this relation being expressed by an 
equation g(x, y, z) = 0. There are several methods to deal with these extremal problems with constraints. For this problem we 
use the method of direct elimination. This method uses the equation or equations of constraint to express certain of the 
variables in terms of the remaining variables. Then these latter are regarded as the independent variables and the function f(x, 
y, z) is then expressed in terms of these independent variables only. The solution for the extreme values of the function is then 
carried out by standard methods. For this problem the constraint is g(x, y, z) = 2x + 3y + z - 12 = 0. Solving for z, then 
expresses z as a function of x, y, the latter being regarded as the independent variables. This gives z = 12 - 2x- 3y, 

( 1 ) 

so that f(x, y, z) = 4x 2 + y 2 + z 2 is rewritten as 

F(x, y) = 4x 2 + y 2 + (12 - 2x - 3y) 2 (2) 

Hence, the problem now is to find the values of x, y for which F(x, y) is a minimum; then substitution of these values into (1) 
finds the value of z for the minimum of f(x, y, z). Therefore, from equation (2), the critical points are solutions of 

F 1 (x,y) = 8x + 2(12-2x-3y)(-2) = 0 (3) 

and 

F 2 (x, y) = 2y + 2(12 - 2x- 3y)(-3) = 0. (4) 

Simplifying gives the two equations 16x + 12y = 48; 12x + 20y = 72, which when solved simultaneously give one solution, 
namely P 0 = (6/11, 36/11). Next let A = [F 12 (Po] 2 - Fii(Po)F 22 (p 0 ). (5) 

From (3), (4); F n (x, y) = 16 so thatF n (p 0 ) = 16, 

F 22 (x, y) = 20 so that F 22 (p 0 ) = 20, 


and 




Fi 2 (x, y) = 12 so that F 12 (p 0 ) = 12. 


Then by equation (5); A = (12) 2 - (16)(20) = 144 - 320 < 0. Hence, since A < 0 and F n (p 0 ) = 16 > 0, the point P 0 = (6/11, 
36/11) is a relative minimum for F(x, y). To find z, substitution in (1) yields z= 12-2(6/11) - 3(36/11); giving z= 12/11. 

Thus, the point (x, y, z) for which f(x, y, z) is minimum subject to the constraint g(x, y, z) = 0 is Pj = (6/11, 36/11, 12/11). 

• PROBLEM 6- 


Find the values of (x, y, z) that minimize F(x, y, z) = xy + 2yz + 2xz given the condition G(x, y, z) = xyz = 32. 


Solution : This is an extremal problem given the constraint G(x, y, z) = k (k is a given constant). The method of direct 
elimination can be used to find the minimum of f(x, y, z) given the constkaint. However, an alternate procedure can be applied, 
namely the method of implicit functions, Assume that F(x, y, z) and G(x, y, z) are given functions with continuous first partial 
derivatives and that dG/dz ^ 0. If the equation 


G(x, y, z) - k = 0 (1) 

has a solution z = f(x, y), then it is desired to make the quantity u = F(x, y, f(x, y)) a maximum or minimum. So, it is needed that 
the equations 


du 

^ = 


0 and " 


( 2 ) 


be solved. Now, 


du _ &F dF df _ du _ dF dF df 
~3x ~Sx ~5z HZ ' Hy ~ Hy Hz Hy 


where z is replaced by f(x, y) after the differentiations are performed. But, since G(x, y, f(x, y)) - k = 0, it follows that 


do + dG df 


. dG dG df 

1 : + HZ Hy = 0 * 


(4) 


Then solving (4) for df/dx and df/dy and substituting into (3) yields 

dF dG _ dF 3 g 
du dx "5: Hz Hx 
HZ = -3g- 

du 

(and a similar equation for "5y). Equations (2) now become 


dF dG dF dG 

" 'SI’S 


dF dG _ dp dG 
' Hy "5z ~5y 


(5) 


in which after the differentiations are performed, f(x, y) replaces z. Now, for the implicit function method, z is not solved for at 
the outset as in the method of direct elimination. Instead, equations (5) are arrived at as equations in all three variables. These 
two equations, along with the constraint give three equations which when solved simultaneously as equations in x, y, z give 
points among which the required points of extreme are present. 


For this problem, think of y as a function of x and z (note:the preceding discussion utilized z as a function of x and y). The given 
function is f(x, y, z) = xy + 2yz + 2xz, G(x, y, z) = xyz = 32. (6) 

Differentiating both equations with respect to x gives 


c * , 




dy 

■ss * 


Now eliminating dy/dx between the two equations yields 


dy _ -y 

~ x (from the second equation), and 





so that 


0 = 2z + 




0 = 2z " x from which x = y. 

Then differentiating both equations in (6) with respect to z gives 

Now eliminating dy/dz yields dy/dz = - y/z so that 


(7) 


■4 ■ 


x^) * * * “(t) - 


which simplifies to 0 


x from which z = y/2. 


( 8 ) 


Now to get values of x, y, z substitute into G(x, y, z) = xyz = 32 using (7), (8) and obtain x-x-x/2 = 32=>x 3 = 64. Therefore x = 

4, y = 4, and z = 2. Hence, the value of (x, y, z) that minimizes f (x, y, z) under the constraint xyz = 32 is (4, 4, 2). 

• PROBLEM 6- 


Find the maximum and minimum values of F(x, y, z) = x 2 + y 2 + z 2 on the surface of the ellipsoid 


G(x,y,z) 


2 

64 


2 



Solution : The problem is to find the extreme values of F(x, y, z) subject to the condition G(x, y, z) = k (k a given constant; F and 
G are given functions with continuous first partial derivatives). The method of elimination could be used; however, an alternate 
procedure can be applied. Since F(x, y, z) is the square of the distance from the point (x, y, z) to the origin, the problem is to 
find points on the ellipsoid at maximum and minimum distances from the center of the ellipsoid. The equation of the ellipsoid is 
given in the form 


2 

a 


with center at the origin and end points for each principal axis (±a, 0, 0), (0, ±b, 0), (0, 0, ±c). So, 

2 2 2 

G(x,y,z) = 

8 2 6 2 5 2 

has its center at the origin and end points of each principal axis to be (±8, 0, 0), (0, ±6, 0), (0, 0, ±5). Therefore, the longest 
principal axis has endpoints (±8, 0, 0), this being the maximum, and the shortest principal axis has endpoints (0, 0, ±5); this 
being the minimum 


Note: We have the theorem - Given F and G have continuous first partial derivatives throughout a certain region of space. Let 
G(x, y, z) = k define a surface S, every point of which is in the interior of the region, and suppose that the three partial 
derivatives G b G 2 , G 3 are never simultaneously zero at a point of S. Then a necessary condition for the values of F(x, y, z) on 
S to attain an extreme value (either absolute or relative) at a point of S is that F 1; F 2 , F 3 be proportional to G,, G 2 , G 3 at that 
point. If C is the value of F at that point, and if the constant of proportionality is not zero, the geometrical meaning of the 
proportionality is that the surface S and the surface F(x, y, z) = C are tangent at the point in question, Applying this theorem to 
the maximum point (8, 0, 0) gives the ratios Gj : G 2 : G 3 and Fj : F 2 : F 3 as i : o : o and 16:0:0, respectively. The value of 
F at this point is 64, and the surface F(x, y, z) = 64 is a sphere. The sphere and the ellipsoid are tangent at (8,0,0), as asserted 
in the theorem However, this example shows that the tangency of the surfaces, or the proportionality of the two sets of ratios, 
is a necessary but not a sufficient condition for a minimum or maximum value of F. This is because the proportionality of the 
two sets of ratios exists at the points (0,±6,0), which are the endpoints of the principal axis of intermediate length, and F is 




neither a maximum nor a minimum at this point. 


• PROBLEM 6- 


Find the maximum value of f (x, y) = xy; (xy > 0) subject to the constraint x 2 + y 2 = 8 by drawing the level curves and by 
another method. 


Fig. 1 

Solution : For this problem, the function f(x, y) is subject to the constraint G(x, y) = k, (The situation is shown in fig. 1). Here 
we have the fixed circle x 2 + y 2 = 8 and the function f(x, y) = xy. 

Then the level curves xy = c (c a positive constant) are hyperbolas. From figure 1 it is seen that the hyperbola xy = 4 is tangent 
to the circle at the points (-2, -2) and (2, 2) and these are the points at which the maximum value is attained. This shows that at 
a point of extremal value of f, the curve f(x, y) = c through the point will be tangent to the curve defined by the constraint. 

By the method of elimination, solving for y on the constraint gives y = ± v8 - then substituting this value into f(x, y) = xy 
gives f (x) = * Vs - x 2 (f (x) > o) which is a function of one variable. Then to find the maximum of the function, proceed as in 
elementary calculus. The critical points are (±2,±2) Since 

f'(x> = (8 - X 2 )* - —-! = 0 

(8 - x)* 

has the values x = ±2 as solutions; then substitution of this value into y = ± Vs - x" gives y = ±2. But since xy > 0; the maximum 
value is at (-2, -2) and (2, 2). The maximum value is f(2, 2) = f(-2, -2) = 4. 

• PROBLEM 6- 


For the following quadratic form 

f(x, y) = ax 2 + 2bxy + cy 2 , 

state conditions for f(x, y) to have a minimum and maximum value, using eigenvalues and the side condition x 2 + y 2 = 1. 



Solution : The quadratic form f(x, y) = ax 2 + 2bxy + cy 2 can be written as 

«>..»>-r* yf; C T;] 

where [ ] are used as symbols to denote a matrix. It is given by definition that if A is an nXn matrix, then for some nonzero 
column vector v = col(v b ..., v n ) it may happen that, for some scalar X, Av = Xv. If this occurs, X is called an eigenvalue of A 
and v is an eigenvector of A, associated with the eigenvalue X. However, Av = Xv can be rewritten as Av = AJ(v) where I is the 
identity matrix. From this it follows (A- AI)v = 0 (since v is a nonzero column matrix). This implies det |A- AI| = 0. 

Therefore, it follows a n A, 11 + a n _j A, n_1 + ... + a 0 = 0; which can be solved for X. For this problem A = [b c]; and A - AT = 0 is 
written 


[; a-ft a-c s- to a-». 


r" 

Hence, the eigenvalues of A are the solutions of b 


* or equivalently X 2 -(a + c)X + ac - b 2 = 0. Solving for X, 









by the quadratic formula, gives the solution. 


\ = ( a + c > ± V(a-t-c) 8 - 4(ac - b a ) _ (a+c) ± Jja-c? + 4b r 

2 2 

Therefore, by the last form, it is seen that the roots are always real. If a = c and b = 0, the roots are equal and are equal to 

..o f Vof , 4(0)- (atc> 

2 2 

For any other condition the larger root is obtained from the plus sign and the smaller from the minus sign. Also, if (ac-b 2 ) > 0, 
both roots will have the same sign as (a + c). Hence i f (ac-b 2 ) > 0 and (a + c) < 0, then both roots are negative, if (ac-b 2 ) > 0 
and (a + c) > 0, then both roots are positive. 

Since x 2 + y 2 = 1 is the given side condition, the parametrization x = cos 0, y = sin 0 can be applied and f(x, y) becomes 

f(cos 0, sin 0) = a cos 2 0 + 2b sin 0 cos 0 + c sin 2 0. (2) 

Therefore, when both roots are negative, ac - b 2 > 0 and a + c < 0. Then f(cos 0, sin 0) is negative for all 0. To prove this let 0 
= ± 7t/2, so that f(cos ± ji/ 2, sin ± n/2) = c < 0, for if c > 0, then a + c < 0, implies a < 0, so that ac < 0; however this 
contradicts the condition b 2 - ac < 0. For 0 ^ ± tc/ 2, (2) can be rewritten f(0) = cos 2 0(a + 2b tan 0 + c tan 2 0). Thus f(0) is 
positive, negative, or 0, according to the quadratic expression Q(u) = cu 2 + 2bu + a, (u = tan 0) being positive, negative, or 0. 
Since b 2 - ac < 0, Q(u) has no real roots; thus Q(u) is always positive or always negative. For u = 0, Q = a < 0. Hence Q(u) is 
always negative and the same holds for f(0). Accordingly, the assertion is proved. Thus f has a negative maximum and remains 
negative for all 0 when both roots are positive, ac - b 2 > 0 and a + c > 0. Then f(cos0, sin 0) is positive for all 0 (this assertion 
can be proven in the same way as the first assertion) and f has a positive minimum 


EXTREMES IN A REGION 


Find the maximum of the function f(x, y) =x 2 y on the square with vertices (0, 0), (1, 0), (1,1), (1, 0). 


y< 

( 0 . 1 ) 


( 0 . 0 ) 


(l.D 


c 4 0 . 0 ) 


Fig. 1 


Solution : The square is drawn in figure 1 . 

The problem here is to find the maximum point of a function on a closed and bounded set. We know a maximum point exists 
because f is a continuous function on this set (call the set S) and by the Weierstrass theorem, f has a maximum and minimm in 
this set When given this situation of finding an extreme point for a function f(x, y) in some region R, first determine the critical 
points of f(x, y) in the interior of R and if an extremal point lies in the interior, it must be among these critical points. 

Then the function should be investigated on the boundary of the region. Frequently, by parametrization of the boundary, the 
problem of finding an extremal value on the boundary becomes one of a lower-dimensional problem, to which the method of 
critical points can also be applied. 

Finally, the possible extremes of f(x, y) on the boundary and in the interior are compared to determine which points give the 
extremal values. 

Hence, to follow this procedure first find the critical points of f(x, y) on the interior of the square (denoted by R). By 














definition, the critical points of f(x, y) on R are solutions of the equations: 

^ - 2xy - 0 ; = 0 (1) 

Solving yields (1) to be true if and only if (x, y) = (0, y) with an arbitrary value of y. Note the x-coordinate of a critical point 
must be 0, and when that happens f(0, y) = 0, Therefore, the critical points do not occur in the interior of the square, but do 
occur on some portion of the boundary. Hence, the maximum of f(x, y) must occur on the boundary. 

The boundary consists of the four segments labeled c, through c 4 . The function f(x, y) is now evaluated on these four segments 
to test where the maximum lies. On the segment c,, x = 0 and f(0, y) = 0. On the segment c 2 , y = 1 and f(x,l) = x 2 . The maximum 
on this segment occurs when x = 1, in which case f( 1,1) = 1. On the segment c 3 , x = 1 and f(0, y) = y and the maximum on c 3 
occurs wheny = 1, that is f(l,l) = 1 again. On the segment c 4 , y = 0 and f(x,0) = 0. Comparing all these points then shows that 
the maximum value is at the point (1,1) and the maximum value of f(x, y) on the given square is f( 1,1) = 1. 

• PROBLEM 6- 


Find the maximum and minimum of z = x 2 + 2y 2 - x on the set x 2 + y 2 < 1. 


Solution : The function given is z = f(x, y) = x 2 + 2y 2 - x (1) from which 




2x 


. as = 
* ay 


4y . 


Setting each partial derivative equal to zero and solving gives the critical point p 0 =( Va,0), at which z = (Vi) 2 + 2*0 —(Vz) = -14. 


However, for this problem, the function is subject to the constraint x 2 + y 2 < 1. So, on the boundary of the region E enclosed by 
this constraint we have x 2 + y 2 = 1. Here, 

z = x 2 + 2(l-x 2 )-x = 2 - x -x 2 , -1 < x< 1. 

For this function dz/dx = -1 - 2x, which when set equal to zero gives the critical point x = —14. So, at this point the function (on 
the boundary) has an absolute maximum value of 2%; the absolute minimum is 0, a t the end x = 1. Thus, the absolute maximum 
value is 2%, occurring at (A, ± -fit 2) ; (from substitution into (1)); and the absolute minimum value is -14, occurring at (14,0). 

Note: The function z = f(x, y) = x 2 + 2y 2 - x on the set x 2 + y 2 < 1 has an absolute maximum and absolute minimum by the 
following theorem; Let D be a bounded domain in the xy-plane. Let f(x, y) be defined and continuous in the closed region E 
formed by D plus its boundary. Then f(x, y) has an absolute maximum and minimum in E. Also note that since the minimum 
occurs inside E, it is also a relative minimum of the function defined or, the plane. This can be checked by letting A = [f^Po)] 2 
- f n(Po) f 22(Po)- since 


fn(Po) - 2; f^Po) - 0; f 22 (Po) - 4; 


A = 0 - (2)(4) = —8. 

Thus, since A < 0 and fn(po) > 0; p 0 = (-14,0) is a relative minimum 


• PROBLEM 6- 


Find the maximum and minimum of f(x, y) = xy - y + x - 1 in the closed disk D = { P: |P| < 2} (P is a point in the xy - 
plane). 







y 



Solution : To find the extreme values of the function given the constaint, first look for a relative extreme in the open disk {P: |P| 
< 2}. Since 8H8x = y + 1 and 8V8 y = x- 1 the only critical point is atPj = (1,-1). Then since F^p^) = 0; F^pj) = 0; F^pj) 

A p^ * F F 

= 1, “ f 12 ll 22 yields A = 1 > 0 at pj. Hence, pj is a saddle point, and there can be no maninun or minimum in the open 

disk; if they exist at all, the maxmum and minimum must occoron the boundary. To check this, represent the boundary of D 
parametrically by x = 2 cos 0 y = 2 sin 0, then seek the maximum and minimum of f(x, y) = f(2 cos 0, 2 sin 0) = 4 cos 0 sin 0 - 
2 sin 0 + 2 cos 0 - 1. This can be done by the elementary one-variable methods. Then among all points on the circle {P: |P| = 2} 
(x 2 + y 2 = 4), f assumes a maximum at 


/l + 75 73 - l \ A - 73 ( -73 + A . 

' J 2 ) and at \ ^ 

and f assumes a minimum at (-72,72). Now we have shown that there is no maximum or minimum in the open disk, but that 
considering only the points on the boundary cirule, f assumen a maximum 

= 72 

V 72 72 J 

and minimum of f (-72,72) = -a/2 - l. Thus [ s follows that max 1 = V2; mini = - V2 - i 5 because every value assumed by f in 
D is actually assumed on the boundary. (As seen in fig. 1, every level curve having a point in D must intersect the boundary of 
D). 

• PROBLEM 6- 


Find the maximum value of the function f(x, y) = 4xy - 2x 2 - y 4 in the square D = {(x, y) : |x| < 2, |y| < 2}. 



Graph of z = 4xy - 2x 2 - y 4 for 0 < x < 2,0 < y < 2. 














Solution : Since f,(x, y) = 4y - 4x and f 2 (x, y) = 4x -Ay’, setting the partial derivatives equal to zero gives the equations 4y - 4x 
= 0; Ait-Ay* = 0 so that the critical points are Pj = (0, 0), P 2 = (1,1), P 3 = (-1,-1). Then the maximum value of fin D must be 
attained at one of these points or on the boundary of D. However, it is not needed to compute the values of f(x, y) on all the 
edges of this square; since we are looking for a maximum value, the parts of the boundary of D lyi ng in the second and fourth 
quadrants where the term xy, which occurs in f(x, y), is negative may be discarded. Moreover f(x, y) =4xy - 2x 2 - y 4 is an even 
function (f(-x,-y) = f(x, y)), so the fiX y) takes equivalent values at symmetric points in the first and third quadrants. Therefore, 
the parts of D to be considered for a maximum value of fiX y) reduce to the values of fiX y) on the line x = 2 , 0 < y < 2 , and the 
line y = 2; 0 < x < 2. For the former, f(2, y) = 8 y - 8 - y 4 for 0 < y < 2. This is a function of one variable; to find it's maximum 
value set f (2, y) = 8 - 4y 3 = 0 so that y = (2)T Then this function has its largest value at y = 0; y = 2; or y = ( 2 >T Substitution 
into the function f(2, y) then shows thet y = ( 2 )^ given the largest value which is 

f(2,(2) 3 ) = 6(2)^ - 8 = - .44 (1) 

On the second part of the boundary of D, f(x,2) = 8 x - 2x 2 - 16, 0 < x < 2. Then f (x,2) = 8 - 4x = 0 so that x = 2 and this 
function has its largest value at x = 0 or x = 2. Substitution into the function f(x,2) shows that x = 2 gives the largest value, 
which is f(2, 2) = - 8 . This shows that the maximum value of f(x, y) on the boundary of D is approximately - .44 (from equation 
(1)). Next, compare this value with the values f(x, y) has at the three critical points P b P 2 , P 3 . At P, = (0, 0), f(x, y) = f(0, 0) = 
0. AtP 2 =(1,1) and P 3 = (-1,-1), fiX y) = 1 . Therefore the absolute maximum value offiX y) inD is 1 attained at the two 
points (1,1) and (-1,-1). Note: Similarly, for the minimum value offiX y) inD, the parts of the boundary ofD in the first and 
third quadrants are discarded since the term xy, which occurs in fiX y), is positive. Moreover, since f(-x, y) = f(x,-y), fiX y) 
takes the same value at symmetric points in the second and fourth quadrants. So the parts ofD considered for a minimum value 
of f(x, y) are on the line x = -2, 0 < y < 2 and the line y = 2; -2 < x < 0. Preceding in the same fashion as that of finding the 
maximum value of f(x, y) in D, shows that the minimum value of f(x, y) in D is —40, attained at the two boundary points (2, -2) 
and (- 2 , 2 ) (since f (x, -y) = f(-x, y)). 

• PROBLEM 6- 


Find the points which might furnish relative maxima and minima of the function 

f(x, y) = 2 xy — (1 - x 2 - y 2 ) 3/2 

in the closed region x 2 + y 2 < 1 . 


Solution : It is given that f is defined in R and (a, b) is an interior point of R. If (a, b) are relative extremes of R, then f,(a, b) = 
0, f 2 (a, b) = 0. To apply this theorem first compute df/dx; Sf/oy, and set each equal to zero. This gives the equations: 

= 2y + 3x(l - x 8 - y 2 )^ » 0 

= 2x + 3y(l - x? - y 8 )* *= 0 

The interior points of the region are those for which x 2 + y 2 < 1. Of these points, those that might furnish a relative maximum or 
minimum are among those found by solving the equations: 


3x(l - x 2 - y 2 ) 172 = — 2 y 

( 1 ) 

i 

1 

Xo 

l 

( 2 ) 


A possible solution of these equations is x = 0, y = 0. However, restricting x, y to be values ^ 0; equation (1) can be divided by 
equation ( 2 ) to yield 


* * z 

y x 


or 


x 3 


y 2 . 


(3) 


Hence, substituting into (1), and squaring both sides, this gives 9x 2 (1 - 2x 2 ) = 4x 2 , which simplifies to 9 - 18x 2 = 4. Solving 





for x gives x 2 = 5/18, so y 2 = 5/18 by (3). Then d “ -y 2 ) 1 *" d - 5/18 - 5/i8>% - (4/9)^ - f. Substituting this value into (1) 

given 3x <§) = -2y or x = -y.Note that x = y is ruled out. Therefore, there are three points in all which satisfy (1), (2). They are 

v p i - (WF • • p 2 ■ (- *•& i/I)- 

At P 0 , f(x, y) = -1 at Pj and P 2 , f(x, y) = -23/27. (4) 

Note: the theorem that was applied does not assert that the function has relative extrema at all three of these points, it only 
states that if any relative extrema occur at interior points, such extrema are to be found among these three points. However, 
before drawing any conclusions about absolute extrema, the behavior of the function on the boundary of the region must be 
investigated, The boundary is x 2 + y 2 = 1 so that here f(x, y) = 2xy. To look for extreme values of f on the boundary use the 
parametrization x = cos 0, y = sin 0 for the boundary circle (0 < 0 < 2n). Then 2xy = 2 cos 0 sin 0 = sin 20. Therefore, the 
values range between-1 (at 0 = 311/4 or 711/4) and +1 (at 0 = 11/4 or 511/4). Now this adds four points to the other three to be 
considered when looking for the absolute minimum and maximum of the function in the closed region. When comparing the 
values ± 1 with the values in (4), it is seen that the function has the absolute maximum value +1, and the absolute minimum 
value -1. The maximum occurs at the two boundary points («A/ 2 „/ 2 / 2 ) 5 (- Ji/ 2, - Jin') [This is because for the value +1, 0 = 
n/4 or 5TI/4 and for one point x = cos 11/4; y = sin 11/4 and for the other x = cos 511/4; y = sin 511/4]. The minimum occurs at 
the interior P 0 and at the two boundary points (- J2/2, - Ji/ 2 ) The interior points P,, P 2 are saddle points. 

METHOD OF LAGRANGE MULTIPLIERS 


• PROBLEM 6- 


Find the extrema for the function x 2 + y 2 + z 2 subject to the constraint x 2 + 2y 2 - z 2 -1 =0. 


Solution : The problem is to find the extreme values of a function f(x, y, z) given a constraint G(x, y, z) = k (k a constant). The 
methods of direct elimination or implicit functions can be tried to solve this problem However, another method is applied, 
namely Lagrange’s method. This method consists of the formation of the function u = f(x, y, z) + LG(x, y, z) subject to the 
conditions 


dx 


= 0 , 


dy 


o, ^ 

* dz 


0 


( 1 ) 


Here x, y, z are treated as independent variables and X is a constant, independent of x, y, z, called Lagrange’s multiplier. 

For this method solve the three equations in (1) along with the equation of constraint G(x, y, z) = k to find the values of x, y, 
z,X. More than one point (x, y, z) may be found in this way, but among the points so found will be the points of extremal values 
of F. For this problem 

f(x, y, z) = x 2 + y 2 + z 2 and G(x, y, z) = x 2 + 2y 2 - z 2 = 1. 


To apply the method of Lagrange let 


u = x 2 + y 2 + z 2 + X (x 2 + 2y 2 - z 2 ). 


Then 


= 2x + X2x - 0 (2) 

- 2y + X4y - 0 (3) 

^ - 2z - X2z = 0 (4) 


Next, let (xq, y 0 , Zq) be a solution. If Zq J 0, then from equation (4), X = 1. For this to be true in (2) and (3), it is needed x = y = 




0 . 


In that case from (1), this gives ^ - _1 which is impossible. 

Hence, any solution must have Zq = 0. 

If x ^ 0, then from (2), X = -1 and from (3)and(4) for this to be true y = z = 0. Then, from (1), this yields ^ “ 1 ; Xq = ± 1. 
Therefore, two solutions satisfying the conditions have been obtained, namely (1,0,0) and (-1,0,0). Similarly if y^ 0, then from 
(3), X = —V/z and from (2)and(4), this gives x = z = 0. Hence, from (1), yg = % = 14; = t and two more solutions, namely 

(0,A,0) and (0,-V^,0) are found. These four points are therefore the extrema of the function f(x, y, z) subject to the constraint g. 
If a minimum of f is desired, then direct computation shows that the two points (0, ± V^",0) are the only possible solutions. This 
is because the function f(x, y, z) = x 2 + y 2 + z 2 is the square of the distance from the origin. Since the constraint defines a 
surface, a minimum for f(x, y, z) given the constraint is a point on the surface which is at a minimum distance from the origin. 
Hence because 1 > 14 the points (0, ± %/5",0) are a shorter distance from the origin than the points (± 1,0,0). 

• PROBLEM 6- 


Let the number 12 equal the sum of three parts x, y, z. Find values of x, y, z so that xy 2 z 2 shall be a maximum (given the first 
condition and that x, y, z > 0). 


Solution : For this problem let f(x, y, z) = xy 2 z 2 and G(x, y, z) = x+y+z=12. Then, the problem is to maximize the function f(x, y, 
z) given the constraint G(x, y, z) = 12. The method to be used is the method of Lagrange. For this method first construct the 
function: 


u = x^z 2 + X (x + y + z) 

The variable X is called a multiplier. By incorporating the constraint into the function to be optimized, the problem now 
becomes one of unconstrained optimization. Then 

^ = y 2 z 3 + X = o (1) 

^ = 2xyz a + X = 0 (2) 

^ = 2x^2 + X = O (3) 

The next step is to find a solution for X. To do this multiply (from (1),(2),(3)) du/dx by x; du/dy by y; du/dz by z. This yields, 
xy 2 z 2 + Xx = 0; 2xy 2 z 2 + Xy = 0; 2xy 2 z 2 + X z = 0. 

Adding these equations gives 

Sxj^z 2 + Xx + Xy + Xz = 5xy 1 ^ + X(x + y + z) = 0 (4) 

However, it is given that G(x, y, z) = x + y + z = 12. Therefore, on the constraint (4) becomes 5xy 1 ^ + \2X = 0 or X = -5/12 xy 2 
z 2 . 

Then equation (1), j^z 2 + X =0 becomes y 2 z 2 - 5/12 xj^z 2 = 0 which simplifies to x = 12/5. (5) 

Similarly equation (2), 2xyz 2 + X = 0 becomes 2xyz 2 - 5/12 xj^z 2 = 0 which simplifies to 

y = 24/5. (6) 

Finally, equation (3), 2xy 2 z + 1 = 0 becomes 2xy 2 z- 5/12 xy 2 z 2 = 0 which gives the solution 
z = 24/5. (7) 

Therefore, by (5),(6),(7) the values of x, y, z that maximize xy 2 z 2 given the constraint x + y + z=12are 




x= 12/5; y = 24/5; z = 24/5 


(The values give a maximum since it was given that x, y, z > 0). 


• PROBLEM 6- 


Find the maximum of f(x, y) = xy on the curve G(x, y) = (x+1) 2 + y 2 = 1, assuming that such a maximum exists. 



be applied. Since f(x, y) = xy and G(x, y) = (x+1) 2 + y 2 = 1, let 


1 

G(x, y) the method of Lagrange can 


u = xy + X((x+1) 2 + y 2 ). 


( 1 ) 


Then to use this method compute 


Ou , 3u 


and set each equal to zero, This gives 


y + 2X(x+l) = 0 (2) 

x + 2Xy = 0 . (3) 

Now the equations (2), (3) above are to be solved simultaneously with the constraint curve to give solutions of x, y such that 
extremal values are among them. One solution is x = 0; y = 0 so that X = 0; hence P, = (0, 0) is one point of possible extrema. 
For any other solution of (2), (3) y ^ 0; thus from (3), X = - x/2y; then by (2) 

y = (-2)^2y) (x+1) = y so that y 2 = x 2 + x. 

Solving this simultaneously with the constraint 

(x+1) 2 + y 2 = 1 gives (x+1) 2 + x 2 + x = 1 or 2x 2 + 3x = 0, 







which equals x(2x+3) = 0 and has solutions x = 0; x = -3/2. The first value, x = 0, gives y = 0. 

The other solution x = -3/2 gives the two points (-3/2, ± 75/2) (from substitution into G(x, y, z)). Therefore, the extreme values 
of the function are among the values given by the points P, = (0, 0);P 2 = (-3/2, - 75/2) and P 3 = (-3/2, 75/2). But direct 
substitution into f(x, y) = xy shows the point (-3/2, -73/2) to give a maximum, the point (-3/2, -73/2 ) to give a minimum, and 
(0, 0) to give neither. This is because f(0, 0) = 0, and f^—3/2, 73/2) = -a/3/4 Level curves of f(x, y) are given in fig. 1 . 

• PROBLEM 6- 

a) Find the maxima and minima of f(x, y) = x 2 + y 2 on the ellipse G(x, y) = 2x 2 + 3y 2 = 1. 

b) Find the maximum value of f(x, y, z) = xyz on the plane 

(x/a) + (y/b) +(z/c) = 1 (a, b, c > 0). 


Solution : Both a) and b) are problems of finding extremal values of a function given a constraint. Hence, the method to be used 
is the method of Lagrange, 

a) Let u = x 2 + y 2 + X(2x 2 + 3y 2 ) (1) 

where X is a constant to be determined. Then, applying the Lagrange method ou/ox, 5vJ8y are computed and set equal to zero. 
This yields ffom(l), 

2x + X4x = 0, (2) 

2y + X6y = 0 . (3) 

The next step is to solve equations (2),(3) simultaneously with the constraint G(x, y), thus obtaining values for x, y, X . To do 
this, first let x 7 0, then from (1), A. = - l A and upon substitution into (2)this gives y = 0. Then, by G(x, y) = 2x 2 + ly 1 = 1; at y = 
0 this yields x 2 = V 2 ; x = ±i/72.Thus two possible points of extremal value are at and Pj= (1/73,0) and P 2 = (-1/72 
,0). (4) 

Similarly, if y ^ 0, from (2), X = —Ms and upon substitution into (3) this gives x = 0, Then by G(x, y) at x = 0 this yields 3y 2 =1 
or y = ±i/73 so that two more possible extremes are at P 2 = (0,i/73); P 3 = (0, -1/73). (5) 

Therefore, if a maximum (or minimum) exists it is at one of the points in (4) or (5). 

But since x 2 + y 2 is the square of the distance from (x, y) to the origin and V 2 > Vs, it is concluded that the maximum occurs at (± 
1/72, 0)and the minimum occurs at (0, ± i/73). 

b) Here f(x, y, z) = xyz and G(x, y, z) = (x/a) + (y/b) + (z/c) = 1, (a, b, c > 0). Thus, let u = xyz + X[x/a + y/b + z/c]. Then 

■|^ = yz + X/a = O; = xz + X/b = 0; -^ = xy + X/ c = 0. (6) 

The next step is to find a solution for X. To do this multiply (in equation (6)) 

by x, by y, by z. 

This yields xyz + X(x/a) = 0; xyz + X(y/b) = 0; xyz + X(zJc) = 0. 

Adding these equations gives 


du 

= 

3 " 


3 xyz + X[(x/a) + (y/b) + (z/c)] = 0. 

However, it is given that G(x, y, z) = (x/a) +(y/b) + (z/c) = 1. 

Therefore, on the constraint we have 3xyz + X = 0 or X = -3xyz. 





Solution : The problem is to find the extremal values of a function f(x, y, z) =x 2 + y 2 + z 2 on two constraints, namely G(x, y, z) = 
x 2 /4 + y 2 /5 + z 2 /25 = 1 and H(x, y, z) = x + y - z = 0. To do this, a generalization on the method of Lagrange on one constraint 
is applied. For one constraint, the method of Lagrange sets up the function 

u = f(x, y, z) + LG(x, y, z) 


where f(x, y, z) is the function to be maximized; G(x, y, z) is the constraint; and A, is a constant to be determined known as 







Lagrange’s multiplier. Next, the three first partials of u are computed and each equated to zero. Then these three equations, plus 
the equation of the constraint are solved simultaneously to give values for x, y, z,X and among the values for x, y, z are those 
where the function attains extremal values. 


The generalization of this method can be expressed as follows: Given the problem of finding the extremal values of a function 
f(x l5 x 2 ,..., xj subject to the constraints Gj (x lv .., xj = 0, G 2 (x 1 ,..., Xjj) = 0,...G K (x l5 ..., x n ) = 0, form the function u(x l5 x 2 , 


conditions 

..., x n ) = F + A.]G] + X 2 G 2 ~.». ~X k G k which is subject to the 


d*! 


= 0 , 


0 


(Note XiX 2 ,...,X n are independent of x,,..x n ; they are called Lagrangian multipliers).Then solve these equations 
simultaneously with the equations of constraints. The values where the function attains extremes are among these solutions. 

For this problem there are two constraints, hence two Lagrangian multipliers X 1; X 2 are used. Therefore let 

u(x, y, z) = f(x, y, z) + X,G(x, y, z) + X 2 H(x, y, z), 


u(x, y, z) = x 2 + y 2 + z 2 + X T (x 2 /4 + y 2 /5 + ^/25 - 1) 
+ X 2 (x + y-z). 


Then 


2xX 

“ ■ 2 * * T 1 * k 2 • 0 • 

(1) 

2jrX l 

(2) 

2zX 

S? ' 28 * ifr *2 ■ 0 • 

(3) 


Solving (1),(2),(3) for x, y, z respectively yields 

-2\ 2 -5X 2 25X g 

X ” Xj+4 5 y “ 2X X +10 ; 2 = 2X 1 +50 


However, by the second condition x + y - z = 0, so (4) is substituted to give 

2X 2 5X 2 25X 2 

“ Xj+4" 2X^10 " 2X X +10 = 

which equals 


X x +4 + 2X^10 + 2Xj+50 “ 0 

(X 2 ± 0 because if so, we would have x = 0, y = 0, z = 0 and this does not satisfy the first constraint; therefore the equation can 
be divided by X 2 ). Then combining fractions and simplifying gives the result 


17 X® + 245X l + 750 - 0 w hi c h can be factored into (17Xx + 75) (Xx+10) =0. ThenXx ^10 or ^ =-75/17. 
For Xj —10, substitution into (4) gives x = X 2 /3; y = X 2 /2; z = 5X 2 /6. 


Substitution of these values into the first constraint, 


4 5 


gives 







which means 


36 20 900 ' 


; 6s/57T9 . 


This gives 


X - + 2/5719 ; y - + 3/5/19 ; z «= + 5/5719 

as possible solutions. However, by the second condition it is given x + y = z, therefore this gives the two critical points 
(2/571?, 3/571?, 5/571?), (-2^71?, -3/571?, -5/571?). 

The value for f(x, y, z) = x 2 + y 2 + z 2 for these critical points is (20 + 45 + 125/19) = 10. 

For Xj = -75/17, substitution into (4) gives x =(34/7)X 2 ; 

y =(-17/4)X 2 ; z =(17/28)X 2 , and substitution of these values into the first constraint gives 

((34/7) X 2 ) a ((-17/4) X 2 ) 3 ((17/28) X 2 y 

i 4 L + ' 5 + 25 =1 

which means *- 2 = t 140/fi 7/645) xhis gives 

_ . 34 /140 \ . = 17 /140 \ 17 /140 \ 

' yl7/646/ * y " \l7/646/ ’ " 28 \l7/646/ 

as possible solutions. However, by the second condition it is given x + y = z, therefore the two critical points are 

(40/^46, -35/646, 5//?46) ,(-40//?46, 35//646, -5//S46). 

The value for f(x, y, z) = x 2 + y 2 + z 2 is (1600 + 1225 + 25)/646 = 75/17. 

Therefore, the maximum value is 10 and the minimum value is 75/17. 

• PROBLEM 6- 

Minimize f(x, y) = x 2 + y 2 subject to g(x, y) = (x-1) 3 - y 2 = 0, 

a) graphically 

b) using the Lagrangian multiplier method. 



Solution : a) f(x, y) is the equation of a circle for various values of the radius. The constraint has its cusp at the point (1,0). 









Thus the function is minimized when (x*, y*) = (1, 0). 
b) Let the Lagrangian be 

L = x 2 + y 2 - L[(x-1) 3 - y 2 ]. 


dx = 2x- 3X(x-l) 2 = 0, 


( 1 ) 


£L 

dy = 2y- 2Ly = 0, 


dX=-( x -l) 3 + y 2 = 0. 


From (2), X = -l; from(l), 


3x 2 - 4x +3 = 0 or 


3x* 


- 4x + 3 = 0 


( 2 ) 

(3) 


u + ji6 - 4oym 

6 


Thus no real x can satisfy the first-order conditions and, according to the Lagrangian procedure, the function and constraint 
system has no minimum. 

Actually Lagrange’s method can be generalized to handle this possibility. Let G be the mxn matrix 


and 




L(x,X) » X- f(x) - E X [g (x) - b ] D n 

0 i 1 1 1 where x e R n . 

The multiplier X () is zero or one according to the following conditions: 


[vf ] r(G * m set X () = 1. The other X’s are uniquely determined. Here G*, V f* mean that G and V f are 
jxtremum point. 

K 1 

Lvf J = r(( 

vACi 

ki . ■N 

lA f J = r(G ) and L vf J < 


i) If rank 
evaluated at the extremum point. 

ii) If L? f J = r(G*) < m, set X 0 = 1. The L’s are not unique. 

R 1 . 

iii) If lA f J = r(G ) = m- 1, set X 0 = 0. The L’s are not unique and not all zero. 


iv) If 


< m set X 0 = 0. The A,’s, not all zero, are not unique. 

Since letting X 0 = 1 gave no real solutions let A, 0 = 0 in the modified Lagrangian L(x,A. 0 ,k) = X 0 (x 2 + y 2 ) - k[(x-l) 3 - y 2 ] 

L(x,0,L) = - L[(x-1) 3 - y 2 ] 

& - -3X(x-l) 3 - 0 

|l - - 0 


= -(x-1) 3 + y 2 - 0 . 







or 


#4 


qi = 2q z 


Thus the extremum point occurs when 2q 2 + 2q 2 = 10, or q 2 = 5/2 and qi = 5 and the value of u is v2V2. 

To verify that this is indeed a maximum point requires the use of certain facts regarding the extrema of functions subj ect to 
constraints. 


Suppose the problem is to maximize f: R n —> R subject to the m constraints gj(x lv .x n ) = b r Then x is a strong local maximum 
if f(x*+ h) - f(x*) < 0 with g-(x* + h) = fy, i = 1,..., m for sufficiently small |hj. A point x* is a strong local maximum if f(x*) > 
f(x) for all x such that |x-x *| < |h|. It is a weak local maximum if f(x*) > f(x). An equivalent statement is the following: Let 


be an nxn matrix and let 


G - 



be an mxn matrix. If h T H L (x*, k*)h is negative definite with Vgj(x*)h = 0, i = 1,..., n, then f takes on a strong local maximum at 
x*, subject to the constraints. Note that h T Hh is a quadratic form Furthermore, letting 

h =£k_ 
n ij ax 1 ax j 

and 

l£i 

g ij ^ * 


then it is negative definite if, and only if, the sequence of (n-m) principal minors of the matrix 

r t ^ 

«L - V G 

. G Om. 


i.e., the sequence 




h ll •• 

•• h lm+l g ll . g ml 


H 11. h lm+-2 g ll. 8 ml 


■" h tn+lnH-l g lmH *** g mnrt-l 


h mf21 ‘ * h m+2mf2 8 lmf2'*' g mm+2 

8 11 ” 

0 . » 


g ll - g lnH-2 °. ° 

8 ml ” 

-w 0 . 0 


8 ml. g mnH-2 °. ° 


h ll . h ln g ll . * 

ml 


... , 

h nl . h nn g ln * * ‘ * * 

g mn 

, 


g ll . g ln °. 

0 



g ml 8 mn 

6 



alternates in sign, the first being of sign (-l) nH ' 1 . The function takes on a strong local minimum at x* (f (x*) < f(x) for all x in 
some deleted neighborhood of x*) if the above bordered principal minors are all of the same sign (-l) m . The quadratic form 
h T H L h is then said to be positive definite. In the given problem, 





aq i 2 

9q 

1*2 



^ * 
£k. 


aqjaq 2 

aq 



, -3/2 

- ^ 

* 

^2 


, 2 - r 

V* *2 

% 


-3/2 

’2 

- 1 

A 1 



2dj2 

20 



A 

2 J2 



20 

20 




Since gfq^) = fii + 2q 2 , Vg(q*) = [1,2]. Adjoining this to (1) to form the bordered Hessians 

I \ 

vg 0 

Here n = 2 and m = 1. Thus, there is only one bordered principal minor to be evaluated. Its sign is (-1)™' 1 and thus the 
quadratic form is negative definite and q* is indeed a maximum point. 

FUNCTIONS OF THREE VARIABLES 


JL_ Jl 
20J2 20 

A -iA 


• PROBLEM 6- 


Let f be the following quadratic form f(x, y, z) = x 2 + y 2 + 3Z 2 - xy + 2xz + yz. Find a relative minimum of f(x, y, z). 
























Solution : A quadratic form in three variables is defined as: 

r ( Xi ' Xj,Xj ) m £i >1 *‘J x ‘ x j 


+ «21 X 2 X 1 + *22^2 + a 23 X 2 X 3 
+ a 31 X 3 X l + a 32 X 3 X 2 + *33^3 


For this problem f(x, y, z) is a quadratic form with certain of the coefficients equal to zero. To find a relative minimum for f(x, 
y, z), the following theorem is applied: 

If: i) All partial derivatives up to order 2 are continuous (i.e., f is a C 2 function), 
ii) f, = f 2 = f 3 = 0 at some point p 0 = (xq, y 0 , Zq). 


iii) f n > 0, 1 21 22 1 i 

at p 0 , then f(x, y, z) has a relative minimum at p 0 . Hence, the procedure is to first find a point p 0 , that satisfies the condition f, 
(Po) = *2 (Po) = f 3(Po) = 0- From f(x, y, z) = x 2 + y 2 + 3z 2 - xy +2xz + yz this gives the equations: 


f 1 (x,y, z) = 2x-y + 2z = 0 (1) 

f 2 (x, y, z) = -x + 2y + z = 0 (2) 

f 3 (x, y, z) = 2x + y + 6z = 0 (3) 


Solving these equations simultaneously gives the solution x = 0, y = 0, z = 0. Hence, p 0 = (0,0,0) and if the conditions in (iii) 
are met, thenp 0 is a relative minimum for f(x, y, z). From(l), (2), (3) 

fn(Po) = 2; fi 2 (Po) = — 1 ’ fi3(Po) = ^ 

^2l(Po) = “Ii f22(Po) = 2; f23(Po) = 1 
^3l(Po) = 2; f32(Po) = 1; f33(Po) = 6- 
Then by iii), 

W 2>0 - |.| ]\ m ~ 1“3>0 

and 

| 2 -1 2| 

-1 2 1 = 22 - 8 - 10 - 4 > 0 

I 2 1 6' 

Therefore, since the conditions of the theorem are met; p 0 = (0,0,0) is a relative minimum for f(x, y, z), and f(x, y, z) > f(0,0,0) 

= 0 . 

Note: The theorem used can be generalized to R n . It states: 

a) If f(X) [X = (x,, x 2 ,..., x n ) ] has a relative extreme at A, and if all fj(X) exist at A, then all fj(A) = 0, that is, V f(X) = 0 at A. 


b) Assume all fj (A) = 0 and all fy are continuous at A. Denote by D i? 1 < i < n the determinant 









Therefore, since the conditions of the test are satisfied at P 0 = (%,%,%); P 0 gives a relative maximum for f(x, y, z). 

• PROBLEM 6- 

Find a relative minimum for f(x, y, z) = 2x 2 + 2y 2 + 2Z 2 - 2xz-2yz- 6x + 2y + 8z+ 14 (1) 


Solution : Given (1); computing the partial derivatives and setting each equal to zero gives the following equations: 


fj(x, y, z) = 4x - 2z - 6 = 0 

(1) 

f 2 (x, y, z) = 4y - 2z + 2 = 0 

(2) 

f 3 (x, y, z) = 4z - 2x - 2y + 8 = 0. 

(3) 


Solving these equations simultaneously gives the solution x = 0, y —2, z = -3. Hence p 0 = (0,-2,-3) is a critical point for f(x, 
y, z). For p 0 to be a relative minimum the following conditions must be met at p 0 : 



f ll f 12 

> 0 

f n 

f 12 f 13 




f 21 

f 22 f 23 

fn>0, 

f 21 f 22 

and 

f 31 

f 32 f 33 


From (1), (2), (3), f n (P 0 ) = 4, f 12 (p 0 ) = 0, f 13 (p 0 ) = -2 

^2l(Po) = f 22(P(>) = 4, f23(Po) = “2 

f 3l(Po) = “2, f 32(Po) f 33(Po) = 4- 

From which it follows 

1/ I 4 0 -21 

T ° if. n 0 4 -2 = 32 > 0. 

fn(Po) = 4 > 0, |o 41 “ 16 > 0 and |-2 -2 4| 

Hence, since the conditions in (4) are satisfied, the point p 0 -(0,-2,-3) is a relative minimum for f(x, y, z). In fact, it is an 
absolute minimum, as can be shown by Taylor’s theorem. Expanding f(x, y, z) in powers of X = x, Y = y+2, Z = z+3 by Taylor’s 
theorem yields 

f(x, y, z) = f(0,-2,-3) + 2K 2 + 2Y 2 + 2z 2 - 2KZ 2YZ = f(0,-2,-3) 

+ [2X 2 - 2XZ] + 2Z 2 + 2Y 2 - 2YZ. 

Then completing the square for the term in the bracket gives 
f(x, y, z) = f(0,-2,-3) + 2(K 2 -XZ + Z 2 /4) + 2Z 2 - Z 2 /2 + 2Y 2 - 2YZ 
= f (0,-2,-3) + 2(Z - (l/2)Z) 2 + [2Y 2 - 2YZ] + 3/2 Z 2 . 

Again completing the square for the term in the brackets finally yields f(x, y, z) = f (0,-2,-3) + 2(K -(1/2)Z) 2 + 2(Y - (1/2) Z) 2 
+ Z 2 . 

Now, the three terms to the right of f(0,-2,-3) are always positive (squared terms). Therefore, for any (x, y, z); f(x, y, z) > f(0,- 
2,-3), thus f(0,-2,-3) is an absolute minimum. 

EXTREME VALUE IN R n 


PROBLEM 6- 





Let A denote a real symmetric matrix of order a Find the maximum of f(X) = X l AX (X is a column matrix, and X 1 is its 
transpose) on the sphere X*X = R 2 0). 


f (X) - xVz - [Xj, 


a ll 

*nl 


a l2 .... 


Solution : 

is the function to be maximized, on the constraint 

G(X) - [x 1 ,...,x n l x l - R® . 

(Note G(X) can also be written as 


GCX) = X? • 


= E x®. = R?). 


To apply Lagrange multipliers, note that V(X l AX) = 2AX where V represents the gradient. [If X = (x b x 2 ,..., x n ) 1 and a^ is the ij- 
£(X) ■ 

th entry in A, then ** J i<j . So,” 


lJtJ %®- 2a kk x k 


+ 2Z 


iki 


+ 2 Z a ki X 1 ' 
k<j XJ 3 


2 E a 


lki 


Z a i1 x i x 1 “ 1 a ii x i +2Z: 
t,j-l ij 1 3 i=l 11 1 J»1 

Kj 

Therefore, V f(X) = 2AX]. Also V (X l X) = 2X. Therefore by the method of Lagrange there is a real A such that 2AX = 2AX or AX = 
AX. (1) 


This can be rewritten as AX = AI(X), which implies (A- AI)X = 0 with X ^ 0. Then it follows that 

det(A- AI) = 0 (2) 


Therefore, this gives an equation of the form a n A n + a n _,A + ... + a 0 = 0, which can be solved for A.. Hence to each real root 
A of equation (2), there corresponds some X satisfying equation (1). It is a fact that for all real symmetric A, equation (2) has all 
roots real. (One proof begins with the existence of the root A corresponding to the maximum of X l AX on X l X = R 2 ). For this 
problem, since AX = AX (equation (1)) this yields X l AX = AX l X = AR 2 on the sphere. Therefore, the maximum value is AR 2 where 
A is the largest eigenvalue of A (i.e., largest root of equation (2)). 

• PROBLEM 6- 


Obtain the Cauchy-Schwartz inequality by extremalizing ajx^.. ,+a^ on the compact surface x 2 + ... + x 2 =c (Assuming a 
* 0 ). 


Solution : The Cauchy-Schwartz inequality is |u-v | < |u| |v|, where u-v is the dot product of u, v and 11 symbolize absolute value. 
To do this problem, Lagrange’s theorem is used: Suppose the real-valued function f<x) has a relative extremum on the set {(x)|g( 
(x)) = c} at the point p 0 . Assume that f and g are continuous and have continuous first partial derivatives around p 0 . 


Then the vectors V £ and V g (V represents gradient) are parallel at p 0 . Therefore, by the theorem, at the points where the 
maximum and minimum are attained, the gradients are parallel. Hence, letting 
x = (x lf x 2 ,..., XJ, a = (a b a 2 ,..., a n ), 


x = ka (i.e., Xj = ka b x 2 = ka 2 ,..., Xn = kan) (1) 


Then 













c = >^ + +...+ ** = k*a® + k®a^ +...+k?a? - k?a • a 


+ Jc = 7k 2 2 • a = k|a |, so that + 7® |a| ■ k |a | |a | 

* ka • a ( 2 ) 


But from (1), a • x - ka • a,, so that by (2) 

a • X - + 7c|a| . (3) 

However, since c “ ^ + - •' + x ^» ^ = 7^ +...+ - 1*1 Therefore, the extreme values of a • x are 

a • X - -|2||2| and a • X « \ 1 \\ 7 \ . 

Thus 

-Pim«:. 1-11*1 

with equality if and only if x and a are parallel (i.e., at the extreme points). Finally, this can be rewritten 

|a • f| ^ |a| |2| 

which is the Cauchy-Schwartz inequality. 


• PROBLEM 6- 


f - a • 2 - E 


Let p, q be positive real numbers such that p 1 + q 1 = 1. Consider the function 1-1 for any a, with all a ; > 0, 

on the compact set s ’ ( x l a11 x i * °» x i + • ■ ■ + x n = 13. Show that the maximum value of a • 2 occurs at a point where all 
Xj > 0. Then, using this method, derive Holder’s inequality. 


Solution : If f ( x ) has a relative extremum on the set $|g(i) - c ) a t the point p 0 , then the vectors V f and V g are parallel at p 0 

?g = (px?’ 1 .px p_1 ) , 


p-i p-i. 

For the case all Xj > 0, since V f = (a l5 a 2 ,..., a n ) and V8 = lpx i . px n ; at the extreme points, 


- Xa. (1 < i * n) 


( 1 ) 


for some positive X. Multiplying by Xj gives 1 1 l , 1 < i < a Then adding gives 

X p + x P +...+ X p - X q (a q + a5 +...+ a q ) or 1 - X q 5 a q 
1 - 2 « 12 n i 


1 = X E a.x or E a.x - 1/X . 


However, raising each side of equation (1) to the power (p-D q (because p 1 + q 1 = 1) gives the equation 

x i ” X<la i H s 1 s n) 


*+...+ a q ) or 1 - X q " 


Then adding gives 






(3) 


z*l - i/A, q 

Now 1-1 can be rewritten as 


(■ 


• q Y /q -1 


From (2), a • X has a maximum of 1/X or, 


(* ■;) 1,q ■ 


The other possibilities for the maximum are extreme points where some x ; = 0. For this case (some xj =0), it is sufficient to take 
X, ... x m y 0, x IT1+l , = x m+2 = ... = x n = 0 (then permute the aj). Therefore, the above analysis which was applied to R n can now 


(l a «YM 

be applied to R m . This gives the value \ l=1 J , which is smaller in value than (^ a i q ) . Therefore the value where all x ; 


> 0 is a maximum 

The very important Holder’s inequality can be derived from the above problem Equations (2) and (3) are: 

E - 1/X and 1 - X q E a q . 


,i-(ixirK*Kir„,Th-(*K'r„, 


(E|a | q V /q ~ ± \ \ (e|x |P\ 

Since v 1 ' is the maximum of a * 1 E l a t x i I ; the inequality (4) is true for all x. But Y 1 / 
multiplied with (4) to yield 


| 1/p - i 


. Thus, it may be 


ilVil ‘ (sl- 1 l , ) 1 /, (£l- 1 l P ) 1/ '’ 


(5) 


which is Holder’s inequality (1/p + 1/q = 1). 

The inequality is an equality if and only if |xj| p = t|aj| q for then 

- (r|. 1 | q ) 1/q (r - t 1/p (i:|a l | , ^ 1/q (:l« 1 | , y /p 

while 

Ii-JKI •KWiT" ( t K p ) 1/p 

t l/P s(|. 1 l") 1/q (l« l l' , ) 1/P ■ * l/p (E|. l l q y /q (E|« 1 l q ) l/p 

• PROBLEM 6- 

Use Lagrange’s method of finding the maximum of functions subject to constraints to develop 

a) Cauchy’s inequality 

b) Holder’s inequality 

c) Minkowski’s inequality. 


. I + I-i. 

since p q 



Solution : Let F(x, y) be a real valued function with domain R 2 . The unconstrained extrema of F occur at points where VF = (0, 
0). Now suppose F(x, y) is constrained to move along some surface G(x, y) = 0. Then, according to Lagrange, the extrema of 
F(x, y) subject to G(x, y) is found by forming the objective function, 

H(x, y) = F(x, y) +Af G(x, y)), 


and finding points at which VH = (0, 0). 

a) Suppose F(x, y) = x 2 )/ 2 and G(x, y) = x 2 + y 2 - R 2 where R is a constant. Let 
H(x,y) = F(x,y) + L(G(x,y)), 


H(x, y) = x 2 y 2 + X (x 2 + y 2 - R 2 ) 

( 1 ) 

dx = 2xy2 + 2Lx = 0 

(2) 



by = 2x 2 y + 2Xy = 0 

( 3 ) 

&x = x 2 + 5 ^ - R 2 = 0 

( 4 ) 


From (2) and (3): X = -y 2 = -x 2 or x 2 = y 2 = a. Then, from (4), 2a = R 2 or a = (R 2 /2). Substituting into F(x, y), the value of F at 
the maximum is 

F(x, y) = xV = (R 2 /2) (R 2 /2) = (R 2 /2) 2 . 

x 3 

This result may be generalized to nvariables, i.e., the maximum values of F(x 1 ,..., x n ) = 12 nsubjectto 


occurs when l 2 " * = n and is equal to (R 2 /n) n . 

Since this is the maximum the inequality ^*1*2 * ’ * < (R 2 /n) n is always satisfied for all values of (x,, x 2 ,..x n ). But this 

may be rewritten as 




or 


or 


<■« - V" 




( 5 ) 


where a i ' * 1 , 1 < i < n, a > 0. This shows that the geometric mean of n positive num b ers is always less than or equal to the 
arithmetic mean of the n numbers. Note that equality holds when a, = a 2 =.. .= a n since 


, tul/n 

(a k > “ a k ■ 


Suppose n = 2 in (5) and let a T = u, a 2 = v. Then 


(uv)* s y v 



or u' A y A < V 2 u + Vzv. 


( 6 ) 


Now suppose Uj and Vj are actually coordinates on n-tuples in R n , specifically 



where (a lv .a n ), (b b ..b ) are points in R n . Thus 23 1 denotes the square of the Euclidean norm in R n . Summing over all i and 
noting that (6) holds for each i: 

V K )% l ^ ^ 

(Ea»)* (Eb*)* ^ + ' J*» 

or 


I 


K>*l 



S % + % - 1 


or 


E|(a a t ) % | |(H , 1 )*| s (E^) % (E^) % 


or 

s|*,l h> t l * tt *1>‘ ! (I ■ 

Thus,l E *i b il s • <7) 

Inequality (7) is known as Cauchy's inequality. 

b) To derive Holder’s inequality, define the weighted arithmetic and geometric means of and Xj..x n > 0 as C = oqxj + 0 ^X 2 + 
.. •+a n x n and x, x 2 ... x n respectively with ^ 1 , and C a positive constant. 

The weighted geometric mean is always less than or equal to C for positive x b ..x n . To see this maximize 


subject to the constraint oqxj + a 2 x 2 +...+ a n x n = C. 

H “ X 1 1 ••• C + X (Vl + “ 2 V-" + Vn) 

g = a i x 1 a 1 ...x 1 °i- , ...x n a n +X« i =0,(i = h-,n) 


Thus Xj = x 2 =.. .= Xjj = C at the maximum point. Then 

O+...+0! n 

F - C 1 = C (since E a. “ 1). 





Also note that oqC + o^c +...+ o^C = (a T +.. .+a n )C = C. Then x i 
x n . 


Now, if u, v, p and q are positive and 1/p + 1/q = 1 then 

a 1 '' , 1/ " S (l/p)u ♦(!/,')» 

from the above result. Let 


.hL 

Kl p 


.Jh!L 

* W 


“1 l “ ‘ « n for all positive values of x l5 


Then 



Summing over all i, 1< i < n: 



or 

or 

J l*i b il ^ (=:l-il p ) 1/p (tKI’)"’ • (»> 


Inequality (8) is an extension of the Cauchy inequality which states that, for two vectors in R n , u = (a,,..., a n ), v = (b , ,..., b n ), 

P-»l * p||v| 0 r,l a i b il * <=l* t P» % «l*«i.P> % (9) 


Comparing (9) and (8) note that (8) equals (9) when p = q = 2. 

Inequality (8) is called Holder’s inequality and is used in the theory of integration to define norms for the Lp spaces, 
c) Minkowski’s inequality states that 


It may be derived using Holder’s inequality. Consider the n-tuples (x,,.. ,x n ), (y,,..., y n ) and taking only the ith coordinate, note 
that 




|x i + y i |x i + y i |x i + y i |P /l i,(l/p+l/q=l). 


But, since (|a + b|) |c| < |a| |c| + |b| |c| 


Thus 


(Ixi + yj) l x i + yi | p/q < I ^ 11 Xi + yj | p/q + | yj 11 Xj + Yj | p/q 
|Xj + Yj| p < | xj 11 Xi + yi | P /( i + | yi 11 Xi + yi | p /( i. 

Summing over all i, i = 1,..n: 

Z |Xi + yf < E I Xi 11 Xi + Yi I l-'o + E I y, 11 Xi + Yi I l-'fl. 

Now, applying Holder’s inequality to the r.h.s. of (10): 

E|* l |U 1 + y t l p/q - ()l x il p ) 1/p 

and 

s (l|y t | p ) l/p (s(l x i +y 1 l p/q ) q ) I/q 

Thus 


( 10 ) 


* E|y l ll x l + y 1 l p/q =((eK1 p ) 1/p 

< E|, T) I,p ][(< | v p T / T) 1A '] 

and from (10) 

E|« 1 «y 1 l p * j(r|xil p ) 1/p +(i|y 1 l p ) 1/p ][(i|«,^ l l p ) l/q ) 


or 

(x|x 1 yy 1 l p )‘- l/q x (z\. l \ r J ,f + (i|y 1 l p ) 1/p 

But, since 1/p + 1/q =1, 1-1/q = 1/p. Thus, 

(^il") 1 '" x (t|« l l p ) 1/p ♦ (rly 1 l p ) 1/p 

which is Minkowski’s inequality. 

• PROBLEM 6- 


Let fee 1 (E), the set of all continuously differentiable functions with domain E, E open in R n , and let D v f(p) denote the 

max |D v f(p)| 

directional derivative in the direction v at p e E. What is ll v ll =1 and for which v’s of norm 1 is the maximum 

achieved? 


Solution : Recall that the gradient of f at p is defined by 







Vf(p) “ (if; <p ) *--*’-|r (p) ) 

and the directional derivative is defined by 


, f(p+tv) - f(p) 


(1) 


In order to understand (1), start by defining the curve h: (a, b) —> E and g = f ° h: (a, b) —* R where each is C 1 . By the Chain 
Rule 


g’(t) = J f (h(t)) J h (t) 

A;<t> N 

= Vf(h(t))| i 
\h»( 

= £ If- (h(t))h'(t) 
1=1 1 1 

= <7f(h(t)), J h (t)> 


( 2 ) 


where h,,..h n arc the components of the curve h and ^ ^ denotes the Euclidean inner product. Let h(t) = x + tv for any fixed x 
e E, where v is any unit vector in R n (i.e., ||v|| = 1), be defined on R. Hence, (2) shows that 


:'(0) =<vf(h(0», J h (o)> 

=:<Vf(x),V> 


( 3 ) 


Since g(t) - g(0) = f(x + tv) - f(x), (3) gives 


From(l) and (4), 


lim f (*+tv) ~ *<*) _ llm g(t) - g(O) 
t-*o * t-*o t 

= <7f(x),v> 

D y f(p) = <Vf(p),v> 


( 4 ) 


Hence, 


Id f( P )| • 


=i 


for some fixed p£E. That is, the function 


F(v) = <Vf(p),v> 



where v = (v 1? ..v n ), is to be maximized under the constraint 



(6) 


or, equivalently, 





g(v) = £ V = 1 


(V) 


By the method of Lagrange multipliers, there exists a real A, such that for some v 

VF(v) = AVg(v). 

This yields the n+1 equations 

(v) = X ( v) (1 * i * n) (8) 

and (7) in n+1 variables (A,, v lv .., v n ). From (6), equations (7), (8) yield 


■ (p) = X(2v ) (ISIS n). 


Assuming a maximum exists, A ^ 0 and hence 


" "k TST (p) (1 s 1 s n) * (9> 


Substituting (9) into the constraint (7) gives 


Thus the values 


A (% <p> ] 2 


= + i IN(p)ll 


\ = * TT~ 77 <P) (1 s 1 5 n) 

||7f(p)|| ° X i 


v -, im 

' l|W(P)| (10) 

extremalize (6) subject to (7). Clearly, the positive choice in (10) maximizes while the negative one minimizes. Therefore, 

max |d f(p)| = max <J7f(p),v> 


•<+iSi> 

° II 1 M <fo<P>» 7f <P>> 
= lbf(p)|| 


The maximum point l! Vf <P>ll can j-, e interpreted as the unit vector in the direction of the gradient. 




PROBLEM 6- 


Show that any two hyperplanes in R n either intersect or are parallel by using the method of Lagrange multipliers. 


Solution s: Let 


H x = {x e R n | < x,a > + p = 0} 


and 


H y ={x£ R n |<y, Y> + 8 = 0}, 

where a = (oq,...,^ ^ 0, Y = (Y , .Y n >^ 0, a,Y e R n , p,8 e R, and <> denotes the Euclidean inner product, be any two 
hyperplanes. 

The distance between H x and H x atp £ H x (orb e H) is the minimal distance between p and any y£H x (or between b and 
any x e H). H x and H x intersect if the minimum distance between them is zero and are parallel if the distance between them is 
constant. Moreover, H x and H y are parallel if a = Y. Hence, to prove the desired result, use Lagrange multipliers to minimize 
the distance, Since distance is non-negative, this is the same as minimizing the square of the distance. Let 


and 


d(x,y) = ||x-y|| 2 


( 1 ) 



( 2 ) 


( 3 ) 


where x = (x 1? ..., x^ ), y = (y,,..., y n ) e R n . By minimizing (1) under the constraint equations (2) and (3), the square of the 
distance between H x and H y will be minimized. Applying the method of Lagrange multipliers, the following must hold for some 
real X 2 

Vd(a, b) = VVf(a, b) + X 2 Vg(a, b) 
or 


■g^- ( a ,b) = ^ (a,b) + Xg (a,b) (1 s i s n) 

and 

<a ’ b) = X i T&l (a ’ b) + \ (a ’ b) (1 * 1 £ n) 

for an extremum (a, b). From (1), (2), and (3) this becomes 

2(a i -b i )=X 1 o i (l<i<n) (4) 


and 


-2(ai — bj) = X 2 Oj (1 < i < n), 




where a = (a,,..a n ) and b = (b lv .., b n ). A solution to the 2n simultaneous equations (4) is 
a = b,X l = X 2 = 0. (5) 

Since a e H and b e H y , (5) shows that H x and H y intersect for this solution. Assume now that they do not intersect. Then, 
without loss of generality, assume a, = y , = 1. [For suppose a ^ 1 and a, ^ 0. Then the constraint f(x, y) = 0 is equivalent to 1/ 
Oj. f(x, y) = 0. If a, = 0, relabel (i.e., let a, be the first nonzero a r At least one such a v 0 exists since a ^ 0). Likewise for y,]. 
Hence (4) is 


2(a 1 -b 1 ) = L 1 


-2(a 1 -b 1 ) = ^ 2 (6) 

2(a i -b i ) = X 1 o i (2 < i < n) (7) 

-2(a ; -b;) = X 2 Yi (2 < i < n) 

From (6), Xj = -X 2 so that (7) becomes 
2(aj - bj) = XjOi (2 < i < n) 

-2(ai - bj) = -Xjyi (2 < i < n). 

Therefore a t = y i; (2 < i < n) and hence a = y. So, H x and H y are parallel if they do not intersect. 

• PROBLEM 6- 

State and prove a necessary and sufficient condition for 

fee 3 (E), E&cr" 

open, to have a 

(a) local (or relative) minimum or 

(b) strict local minimum 

Solution : Let f: E —»R be C 3 and let f have a critical point at p e E. Then i) p is a local minimum if and only if Hf(p) is 
positive semi-definite, and ii) p is a strict local minimum if and only if H f (p) is positive definite, 
a) To prove (i) note that by Taylor’s theorem for x ^ p 

fix) - f(p) = 'A <Hf(p)(x—p), x-p> + e (x)||x-p|| 2 > 0 
for all x e U where U is some neighborhood of p. Let x-p = u ^ 0. Then, with 8(u) = e (u+p) = e (x), 

<Hf(p)u, u> + 28(u)||u|| 2 > 0 


for ||u|| sufficiently small. For 0 < |t| < 1, t e R, 

<Hf(p)(tu), tu> + 25(tu) ||tu|| 2 > 0 


or 


t 2 <Hf(p)u, u> + 25(tu)t 2 ||tu|| 2 > 0. 


Thus 




<Hf(p)u, u> > -28(tu) ||uj| 2 . 

Since the right hand side can be made arbitrarily small absolutely (i.e., less than any e > 0), then for u such that x = u + p e 
U, 

<Hf(p)u, u > 0. 

Suppose that the quadratic form H^p) is diagonalized to D(p). 

Then 

<Hf(p)u, u> = <D(p)v, v> > 0. 

for appropriate v such that ||v|| > 0 is sufficiently small as before. 

Let 


D(p) = 


where the h’s are the eigenvalues of H t {p). Then 

0 S <H f (p)u,u> = £ 5 min \JMI 

and hence 


i=l l^iSn 


min X * 0 
l^iSn 1 

So all of the eigenvalues of H f (p) are non-negative. That is the same as saying that H f {p) is positive semi-definite. To prove 
the converse, again use Taylor’s theorem and u = x - p ^ 0 to get 

fix) - f(p) = 'A <Hf(p)u, u> + 5(u)||u|| 2 . 

Diagonalize H f {p) to get D(p) where all the eigenvalues, are positive. Then for appropriate small v 

f(x) - f(p) = ^ <D(p)v,v> + 6(u)||u|| 2 

= i * Vi + 8 < U >II U H 2 

i=l 1 

> \ rain X ||v|| 2 + 6(u)||u|| 2 
lSi^n 

min X + 6(u) IMI* 

V 1£iSn IMI J 

Hence, by choosing a neighborhood of p such that 

16 Cu) X -- I < | min X 

I FiF | 1 



[this exists since 6(u) —> 0 as u —>Oorx—>■ p and ||u|| = ||v||], or 



if the minimum eigenvalue equals zero, (i.e., f(x) - f(p) > 0). This proves (i), as was desired, 
b ) To prove (ii) follow the same procedure as a) but note that strict local minimum means that 
f(x)-f(p)>0 

for ||x- p|| ^ 0 for some small neighborhood around p. Then notice that this implies that 

min \ > 0 
ISiSn 

and also notice that the converse is true. 



CHAPTER 7 


THEORY OF INTEGRATION 


This chapter is concerned with the definition and development of the Riemann integral and a brief nontheoretical 
introduction to the concept ofStieltjes integration. However, since the Riemann integral depends on the order structure of the 
real line we discuss only the integration of real-valued (both continuous and discontinuous) functions on intervals. 
Accordingly, the theory concerning complex and vector-valued functions on intervals and integration over sets other than 
intervals has not been included in this chapter. 

In addition, since the theory of integration is a broad subject, we make note to the student of advanced calculus that this 
chapter covers only the very basic principles concerning this important and extensively developed topic. 

RIEMANN INTEGRALS 


• PROBLEM 7 


Let f: R —► R be bounded and defined on the closed interval [a,b]. Define the Riemann integral using the concept of 
partitions. 


Solution : A logical but unsatisfactory definition of the definite integral is the following: 

Let F: R —» R be bounded and defined on the closed interval [a,b]. Subdivide [a,b] into n subintervals (not necessarily of equal 
length). Evaluate f at the rightmost endpoint of each sub-interval and form the sum 

^ f (x i J [x i - x^] . 

Let 

AX; = Xj - Xj_] 

Then 


Ax a = x. - x i _ 1 . 

is an approximation to the area under f from a to b. 

The approximation is improved as the num b er of sub-intervals is increased. Passing to the limit (i.e., as n goes to infinity), the 
integral of f over [a,b] is defined as: 

( b lim n 

fdx = n+» l f(x.)Ax. . (1) 

J a max|Ax^|+0 i=l 

The trouble with definition (1) is that no matter how small an interval is chosen f(Xj) can take on infinitely many values. 
Thus the integral is not unique. Each infinite subdivision of [a,b] could produce a different value for the integral. 

To ameliorate these difficulties the Riemann integral is introduced. 

Let f: R —» R be bounded and defined on the closed interval [a,b]. A partition P of [a,b] is a finite set of points 
{xo, x l9 ...,x n } 


such that 





a = x 0 <x 1 <x 2 <...<x n = b. 

Let [xj ], xj be the ith subinterval of [a,b] where x M , x ; . s P. Write 
Ax i = x i -% 1 . 

Put 


ra i ■ xe[x. ,x.] r,x ' 
i-i i 

where sup f(x) and inf f(x) represent the least upper bound and the greatest lower bound, respectively, of f(x) and form the 


U(P,f) = T M.Ax. L(P,f) = 7 m.Ax. ■ 

i=l 11 i=l 1 1 


( 2 ) 


Now consider all partitions P of [a,b] and for each partition form the upper and lower sums as defined by (2). The set of real 
numbers given by U(P,f) for all possible P is bounded below (since f is bounded). Hence there exists a greatest lower bound. 
Let 


inf 

P6P[a,b] 


where P[a,b] denotes all the possible partitions of [a,b]. Definition (3) is the upper integral of f over [a,b]. 

Similarly, the least upper bound of the set (L(VP,f): P is a partition of f over [a,b]} yields the lower integral off over 

I a.b | : 


If (3) and (4) are equal the Riemann integral is defined to be their common value, and denoted by 


f b r 1 

f(x)dx = 


f(x)dx = f(x)dx = f(x)dx . 


When (5) is true, f is said to be Riemann integrable over [a,b]. 


Suppose f is defined on [0,2] as follows: 


Show that f is Riemann integrable. 


1 for 0 < x < 1 

2 for 1 < x < 2 


Solution : By definition a function which can be integrated according to Riemann’s definition is called integrable. Note that a 
function does not have to be continuous to be integrable (i.e., on [a,b] all continuous functions and certain discontinuous 
functions are integrable). 







For the given problem we need the following theorem; Suppose f is bounded on [a,b] and suppose corresponding to each 
positive s there is a partition of [a,b] such that the corresponding upper and lower sums (represented as U(P,f) and L(P,f), 
respectively) satisfy the inequality 

U(P,f) - L(P,f) < s; 

then f is integrable. To prove this theorem, we start with the condition 
U(P,f) < 8 + L(P,f). 

Since, by definition, 

pep[afbl »<*.«< OC».« 

and 

MP.fl i peiyfb] L<p ’ f > • 

combining inequalities we have 

P6PU,b] u < p ' f) £ u < Ppf > < I*(P,f) + e < 

P6^,b] L(P ' f) + E 


or 


inf 

P6P[a ,b] 


U(P,f) 


£ P€P [a ,b] L(P ' f > +£ 


Since this conclusion is valid for every s > 0, we infer that 

± eeH^b] • 

But, by a lemma, we know that 


inf 

P6P[a,b] 


P€P[a,b] - P€P[a,b] 

is always true. Thus, 


P€P[a,b] L(P ' f > = P€P[a,b] U ‘ P ' f ^ 

which means f is integrable. This completes the proof. 

For the given problem suppose s > 0. Let h be a positive n u m b er such that 

h < 1 and h c j 


Consider the partition defined by 

Xq = 0, x T = 1-h, x 2 = 1+h, x 3 = 2. 

From fig. 1 it is seen that 

mj = M 1 = 1, m 2 =1, M 2 = 2, and m 3 = M 3 = 2, 


where nij and M; represent the greatest lower bound and least upper bound, respectively, of f (x), defined on the subinterval 
fromx^ to Xj. 

Therefore, 

L(P,f) = 

m,(X, - X (J) + m 2 (X 2 - X 1} + m 3 (X 3 - X 2 ) 
or 

L(P,f) = 

1 • (1-h) + 1 • 2h + 2(l-h) = 3 - h. 

Similarly, 

U(P,f) = 

M 1 ( X 1 - Xo) + M 2( x 2 - x l) + M 3( x 3 - x 2> 
or 

U(P,f) = 1 • (1-h) + 2 • 2h + 2(l-h) = 3 + h. 

Accordingly 

U(P,f) - L(P,f) = 2h < s 

since 

h < f • 

Thus, by the theorem, f is integrable. 

(Note that the function is discontinuous at x = 1.) 

• PROBLEM 7 


1, x rational 

Let f(x) = ( 

0, x irrational 

be defined in the interval [a,b]. 

Show that f is not Riemann integrable. 

Solution : Let 

In i> x J 

be the i th subinterval of [a,b] (i.e., [a,b] is divided into n subintervals by the points 







{xo, X l9 ....xj 
such that 

a = x 0 <x 1 <x 2 < . <x n = b). 

In addition let Mj = sup f(x) where 
X £ [Xi_ l5 xj 

and let m; = inf f(x) where 
X £ xj. 

Then we have Mj = 1, mj =0 since the rational and irrational num b ers are dense in any subinterval. 

Now let 
Ax i = x i -x i _ 1 
and form the sums 

n 

U(P,f) = l M-Ax. 

i=l 1 1 

and 

n 

L(P ,f) = l m.Ax. 
i=l 

That is U (P,f) and L (P,f) are the upper and lower sums corresponding to any partition P. 

Therefore for the given f we have 

n 

U(P,f) = T 1 • Ax. = (x. - x n ) + (x_ - x,) + ... + 

i= l 1 1 u ^ 

(x n “ x n-l> = x n " x 0 = b " a ' 

and 

n 

L(P,f) = J 0 • Ax. = 0 . 

i=l 1 

Then let 

I = the greatest lower bound of the values of U(P,f) for all possible partitions and let J = the least upper bound of the values 
of L(P,f) for all possible partitions. 

This means that 

7b ,b 

I = f(x)dx and J - f dx 
la 

so that if I = J then f is Riemann integrable on [a,b] and if I ^ J then f is not Riemann integrable on [a,b]. 

For this problem we have that 
I = b - a, J = 0 


and therefore since I ^ J, f is not Riemann integrable. 



PROBLEM 7 


Suppose f is defined on [0,2] by f (x) = x if 0 < x < 1, f (x) = x - 1 if 1 < x < 2. Show that f is integrable. 


Fig. 1 

Solution : The graph of f is shown in fig. 1 . Note that this function is bounded on [0,2] and is continuous except at x=l. To show 
that this function is integrable we need the following theorems: 

A) Given that f is bounded on [a,b] and that corresponding to each positive s there is a partition of [a,b] such that the 
corresponding upper and lower sums satisfy the inequality U (P,f) - L(P,f) < s, then f is integrable. 

B) If f is integrable on [a,b], and if s > 0, there is a partition with upper and lower sums such that 
U (P,f) - L (P,f) < 8 

(This is the converse of Theorem A.) 

C) If a function f is continuous at each point of [a,b], it is integrable on that interval. 

For the given function, suppose 8 > 0. Form a partition of [0,2] by taking 

1 - (f)andi + (f) 

as two consecutive points in the partition. The remaining points are taken between 

1 + (f)and [o,i - (|)] 

in the following manner. Note that f is continuous on the intervals 

[ 0,1 - (f)l, tl + (f], 2 ], 

since the point of discontinuity has been enclosed in the subinterval 

[i- li)' • 

£ 

This subinterval has length 2 . Now consider the upper and lower sums, U (P,f) and L (P,f). Let L, (P,f) represent the part of L 
(P,f) coming from the subintervals of 



[0,1 - Cf) 1, 

and let L 3 (P,f) represent the part from the subintervals of 

u + (f). 21. 

In addition, let L 2 (P,f) represent the part from the single subinterval 

u - (?) • 1 ♦ (!) 1 

so that 

L(P,f) = L 1 (P,f) + I^(P,f) + L 3 (P,f). 

Similarly for the upper sums, 

U(P,f) = U,(P,f) + U 2 (P,f) + U 3 (P,f). 


Now when 















Given that f, (x) and f 2 (x) are Riemann integrable on [a,b] and that I > J (where I and J represent the upper and lower 
integrals, respectively, of any Riemann integrable function), prove that f, (x) + f 2 (x) is Riemann integrable on [a,b] and that 



Solution : For the subinterval (x^Xj) let 
M/'), M/ 2 ) and M, 

be the least upper bounds of f, (x), f 2 (x) and f, (x) + f 2 (x) respectively. In addition let 
mj f 1 ) mj l 2 ) and mj 
be the greatest lower bounds of 

fi (x), f 2 (x) and f, (x) + f 2 (x) 
respectively, in this same subinterval. Then 

Mj < M/ 1 ) + M/ 2 ) and > M/') + M/ 2 ). (1) 

Now let 

UO), ut 2 ) and U be the upper sums and let LP\ L(2) and Lbe the lower sums of 
fi (x), f 2 (x) and f, (x) + f 2 (x), 
respectively. Then by (1) we have 

U<U^-U* 2) and L> 1.0 tl (2) . (2) 

Therefore, letting I^), I^ 2) and I be the corresponding upper integrals and J^ 2) and J be the corresponding lower integrals, 
we have by (2) that 

I<ld) + I(2) and j> j0) +j(2). 

However, since f) (x) and f 2 (x) are Riemann integrable, we have 
I® = j(i)j( 2 ) = j(2) 

Hence 

I < I(i)+1(2) and J > iW +1( 2 ) 

so that I < J. But we are given that I > J always. This means that 
I =J = iO + I<2) = P) + J®). 

Thus f, (x) + f 2 (x) is Riemann integrable and 

[f^x) + f 2 (x)]dx = fjtxjdx + f 2 (x)dx 
)a ) a )a 

• PROBLEM 1 


Prove the following: 

a) If f (x) < g (x) and f (x) and g (x) are Riemann integrable on [a,b] then 









r b 

r b 


f(x)dx < 

g(x)dx . 


a 

la 

b) If f (x) is bounded and Riemann integrable and if c is any point such that C e [a,b] then 


( b 1 

■c fb 


f(x)dx = 

f(x)dx + f(x)dx . 


'a ^ 

a 


Solution : a) Let M/'l, M/ 2) be the least upper bounds and m/'l, mf 2 ^ be the greatest lower bounds in (xj_,, x-) corresponding to 
f(x) and g(x) respectively. In addition let l/ 1 *, L^ and u^ 2) , be the corresponding upper and lower sums. Then since 

^ g( x X 

we have 

M.-C 1 ) < M: (2) and nr (l) < m (2) . 


^<U( 2 )andli%L( 2 ). 

Now, letting the upper and lower integrals be I (2) ,J <2) for f (x) and for g (x), we have 

I(D<I(2) ; J(1)<J(2), (1) 

However, we know that (since f (x) and g (x) are Riemann integrable in [a,b]), 

f b 

T (l> = 7 ( 1 ) „ f(x)dx , 


T (2) = t ( 2) = g(x)dx 


This means that (from(l)) 


b) Let denote the upper sum for the interval (a,c) and let U (2) denote the upper sum for the interval (c,b). 

Before proceeding, note that unless C is a point of subdivision in defining the upper and lower sums, by a theorem, if we add c 
to the partition, the upper sumU is not increased and the lower sum Lis not decreased. Therefore, we could now write 


f b 

f (x)dx . 
c 


Similarly for the lower sums, 


, < L (1> + L (2) < 


f(x)dx + f(x)dx . 


Now let I be the upper integral and let J be the lower integral corresponding to f (x). This means that 


U > I > f(x)dx + f(x)dx > J > L . 


However, since in [a,b] the function f (x) is Riemann integrable we have 






I = J 


f(x)dx . 


Therefore, applying this to (2) we have 

fb fC [» 

f(x)dx = f(x)dx + f(x)dx . 
Ja ' a Jc 


• PROBLEM 1 


(a) Prove that if f (x) is Riemann integrable on Ia,b] then |f (x)| is Riemann integrable on the same interval, 
b) Prove that if f (x) is Riemann integrable on [a,b] then 

f (x)dx 111 f (x)| dx . 


Solution : a) First we define the two functions F (x), H (x) by 

f(x) , f(x) > 0 

, f(x) <0 

and 


F (x) 



This means that 

f(x) = F(x)-H(x) (1) 

and 

|f(x)| = F(x) + H(x). (2) 

Then we have, since f (x) is Riemann integrable, that F (x) and H (x) are also Riemann integrable. However there is a theorem 
which states that if f (x) and g (x) are Riemann integrable on [a,b] then f (x) + g (x) is Riemann integrable on this same interval 
with 


[f(x) + g(x)]dx = f(x)dx + g(x)dx 
■'a ■* a ■'a 

(See problem 7 of this chapter.) 

Thus, F (x) + H (x) is Riemann integrable on [a,b] and by (2) this means that |f (x)| is Riemann integrable on [a,b]. 

b) We can prove this theorem by two methods. For the first method we refer to equations (1) and (2) of part (a) of this problem 
Hence, we have 




and 


|f(x)|dx = F(x)dx + H(x)dx . 


However this means that 


f(x)dx = F(x)dx - H(x)dx 


+ H (x) dx = F(x)dx + H(x)dx = 


For the second method we use the fact that if 
f (x) < g (x) on [a,b] 

(f (x), g (x) Riemann integrable on [a,b]), then 


f(x)dx < g(x)dx . 


f(x) < |f(x)| and - |f(x)| < f(x) 
we simply have that 

- f |f(x)|dx < f f(x)dx < f |f(x) |dx 


f(x)dx < If(x)|dx 


-y < x < y means that |x| < y, 


y = |f(x)|dx 


Find the derivatives of 

a) 




I t 2 dt with respect to x. 

b) 

ft 2 

sin (x 2 ) dx with respect tot. 


Solution : a) Let F (x) denote 


J 1 

The problem is to find F' (x) where x is a parameter occurring in the limits of integratioa To solve this problem, the chain-rule 
for composite functions of several variables and the theorem on the derivative of an integral which is a function of its upper 
limit of integration must be used. 


Let 

F (x b x 2 )= F (x, (t), x 2 (t)), 

i.e., F is a differentiable function of X, and x 2 where X, and X 2 are themselves differentiable functions of a parameter t. Then, 
according to the chain-rule: 

dF 3 F dxi _3_F dx 2 
dt “ 5'xi dt + 3 x 2 dt 

Next, suppose 

f Y 

G(y) = g(t)dt . 


Then, if g is continuous on [a,y], G'(y) = g(y). To prove this theorem, let y 0 e [a,y] be a point at which g is continuous. Given s 
> 0, choose 8 such that 
|g(Yi) - g(Yo)l < s 
whenever 


lYi-Y 0 |<5. (1) 

Now, G' (y) = g(y) implies that, by the definition of the derivative, 

lim l G( y* + h) “ G(y » ) I 

-K-»<*•> -»• 


But 


-yo+h ryo 

G(yo + h) - G(y 0 ) = g(t)dt - g(t)dt 

■ a la 


g(t)dt and g(yo) = p- g(yo)dt . 

iy« 


( 2 ) 


Therefore, 






G(y 0 + h) - G(y«) 


- g(y«) = 


ryo+h 

£ tg(t) - g(y«)]dt (3) 

y c 

Now let 0 < |h| < 8. Then the expression under the integral sign on the right side of (3) is in absolute value less than s, by (1) 
since 

|t-y 0 !<|h|<5. 

Accordingly, the entire right side of (3) is less than s when 0 < |h| < 5 • This proves (2) and thus proves the theorem. Hence for 

F(x) =| t 2 dt, F’(x) = x 2 . 

b) 


Here let u = t 2 , so that dt 


dF dF du . 2 

at “ as at = sin u 


• PROBLEM 7- 

Let 

F(y) = sin(xy)dx . 

'o 

Use Leibniz's rule to find F' (y). 

Solution : This is a problem in differentiating an integral which depends on a parameter; here y is the parameter. 

Here F(y) is of the form 

[ b 

f(x,y)dx . 

^a 

Note that f is defined for the infinite strip 
S = 0<x<7i, ysR 

and f is continuous on S. It follows that 

f b 

F(y) = f (x,y)dx 
•*a 

is continuous for each y s R. This is useful in proving Leibniz's rule: Let f (x,y) be an integrable function of x for each value of 
y. Assume that 







f(x,y)dx 




exists and is a continuous function of x and y in the region a<x<b, c<y<d. Then 

•b 


'<y> - f 

a 


To prove Leibniz's rule, use the definition of the derivative of a function on (1) to obtain 


lim F( Y+ h) h - F(y) _ | Dff dx | 


rb 

a 


fb 

= f(x,y 
a 


F(y+h) - F(y) « f(x,y+h)dx - f(x,y)dx 


[f(x,y+h) - f(x,y)]dx 


f(x /y+ h) - f(x,y) = D2f(X/y+?h) 

by the law of the mean, where 0 < t; < 1. 

Applying this to (3) : 

F(y+h) h ~ F(y) = 1 f [f(X/y+h) _ f ( X/ y) ]dx 
* a 

f b 

= D 2 f(x,y + £h)dx 
•*a 


and 

F( y +h) h - F( y> - [ b Daf(x,y)dx 
^a 

f b 

= [D 2 f(x,y+£h) - D 2 f(x,y)]dx (4) 

•^a 

By hypothesis, D 2 f exists and is continuous in the closed rectangle P = a<x<b, c<y<d. Hence, it is uniformly continuous on 
P. Let s > 0 be given. Choose 8 so that 



|D 2 f(xi,Yi) - D^x^yo)! < 8 
whenever 

11 ( x i>Yi) - OWo) 11 < 8- 
This implies that 

p 2 f(x,y+^h) - D 2 f(x,y)| < 8 
for |h| < 8 (since 0 < t, < 1). 

Substituting a into (4) and evaluating, 

I F <Y+h) ~ F <y> _ f D 2 f(x,y) dx I < e (b-a). (5) 

I J a I 

Since (5) is valid for any a > 0, this proves (2) and hence (1), Leibniz's rule. In the given problem, sin(xy) satisfies the 
hypotheses of the theorem since it is integrable for each value of y and 

D 2 sin (xy) = x cos(xy) 

is a continuous function of x and y in the region 
S = [0, ji] x R. 

In fact, although S is not a closed rectangle, sin(xy) is uniformly continuous there and the proof of the theorem remains valid. It 
follows that 

r 

F'(y) = D 2 (sin xy)dx 

Jo 

= x cos(xy)dx . 

Jo 

Applying integration by parts, let 
u = x; dv = cos (xy)dx. 

Then 

du = dx and v = ^ sin(xy). 

iX rTT 

F'ly) = uv - v du 
^0 'o 

x rx 

= x ^ sin(xy) " y sin(xy)dx 

*0 Jo 

= drsi S M + -L cos (xy) 1 ^ 

y 1 l 0 

= jL8i + J, [cos(lIy) _ !]. 

Y y 2 


PROBLEM 7- 



Differentiate the integral 


r 

F(y)= x s (y-x) 7 dx 
0 


Solution : Integrals are differentiated according to Leibniz's rule which states: 

Let f (x,y) be an integrable function of x for each value of y. Suppose the partial derivative 

3y 

exists and is a continuous function of x and y in some rectangle R then F(y) (i.e., 

f b 

F(y) = f(x,y)dx 

Ja 

has a derivative given by 

FMy) - r ■ 

•'a 

The given integral, however, has the parameter y appearing in the limits of integration as well as in the integrand. Since the 
integral is a function of its upper and lower limits, the following theorem needs to be used: Let 

r 

F(x) = f(t)dt . 


Then the formula 
F (x) = f(x) 

holds at each point where f is continuous. 

Applying the two theorems to the given integral, define 

r 

G(u,v) = x s (v-x) 7 dx 
J 0 


and put 

u = y 2 , v = y. 

Then, treating G(u,v) as an integral which is a function of its upper parameter u and applying the second theorem, 

If = U s (v-u) 7 . 

Next, applying Leibniz's rule to G(u,v) as a function of v: 

12. [|S dx , [ 7*>(v-*|‘ax 

But G(u,v) is a function of u and v where u and v are themselves functions of y. According to the chain-rule, 







Thus 


dF _ 3G du 3G dv 
dy 3u dy 3v dy 


dF 

dy 


u s {v-u) 7 


p + 

dy 


Since 

U = y 2 ; g = 2y; 

since 


v = y, 


dv 

dy 


1 . 


Therefore, 


•u 

7x s (y-x) 6 dx g 

'0 


F*(y) = y 10 (y-y 2 ) 7 • 2y + 


f y2 

7 x s 

0 


(y-x) 6 dx . 


• PROBLEM 7- 



Solution : The functions to be differentiated with respect to x are integrals whose integrands contain a parameter, x. In addition, 
the limits of integration are functions of the parameter. To solve the given integrals, we need the following theorem known as 
Leibnitz’s rule which states: 

Given that f (x,y) is an integrable function of x for each value of y, and that the partial derivative 

3f(x,y) 

ay 

exists and is a continuous function of x and y in the rectangle R = [a,b] x [c,d]. Then f (y) = J b f (x,y)dx has a derivative given 
by 


F' (y) 




(i) 


In addition, if 


F (x) 







then F’ (x) = f (x) at each point where f is continuous. 

a) 


For this integral define 

I u 

e vt dt 

0 

where u = x, v = x 2 . Then, by the theorems, 


and 


3G _ -t 2 e dt 


Additionally, 


p. = i and fix = 2 x . 
dx dx 

By the chain rule, 

dF _ 3G du , 3G dv 
dx 3u dx 3v dx 


Therefore, 


X 

x% - 2x t 2 e- x2t * dt . 
0 


sin x 

F(x) = (x 2 - t 2 ) n dt . 

x 2 


Here define 


G{u,v,w) = (w - t ) dt 


u = x 2 , V=sinx,w = x 2 


du „ dv dw 

^ = 2x , ^ = cos x , ^ = 2x 


Now, 









f(x)dg (x) . 


The function g is called the integrator. 

The Stieltjes integral is defined as the limit of a sum in much the same way as the Riemann integral is defined. 
Let 

P={x 0 ,x 1 , ...,x n} 
be a partition of [a,b], and let 
{% 

be respective points in the respective subintervals 
(XojXj), (X 1 ,X 2 ),...f(X n _ 1 ,X n ). 

The mesh of P, denoted by |P| is 

max {(xj-Xq), (x 2 -x 1 ),...,(x n -x 1 ^ 1 )} 

(i.e., the length of the largest sub-interval). Then 

rb rb 

j f (x)dg(x) = j fdg = |J}™ 0 (z ± )[g(x ± ) - g(x._ 1 )1 

if the sum converges to a unique limit for all partitions such that 

|P|<5, 

where 8 > 0 is a given challenge number. 

a) 

| f(x)dc - |Jj; o flZjMclXj) - c<x i _ 1 )l 

‘ |p|"o X - 0 ■ 

Thus the Stieltjes integral of any function with respect to a constant function is zero. 

b) 

f 1,dx = |PH l 1[x i - X i-1 ] 

1 a 1 

- |PH) t ,x r x 0 ) + (X 2- X 1> + ••• + (x rT x n-l ,} 


b-a . 


c) 



lim 
| P |—0 


I 

i=l 


J 





|ppo {(x i - x o ) + < x 2 - x l } +---+K -^-l* 

x' - X* = b 2 - a 2 . 


d) 


J dg(x) = jp“ 0 ^ [g(x ± ) - g(x i _ 1 )) 

= (g(xi)-g(x 0) )+(g(x 2 )-g(x 1 )) + ... + (g(x n ) -g(x n _,)) 


= g(x n ) - g(x 0 ) g(b) “ g(a). 


The Stieltjes integral of any constant function c with respect to an integrator g(x) over [a,b] equals 
c [g (b) - g (a)]. 


• PROBLEM 7- 


Proceed from the definition of the Stieltjes integral to show that the function f given by 
0 o < x < 1 

1 1 < x < 2 


f(x) = g(x) 


is not Stieltjes integrable with respect to g. 


Solution : The Stieltjes integral is defined as an extension of the Riemann integral. Let f be defined on [a,b]. A partition P of 
[a,b] is a set of points 


such that 

a = Xo<x 1 <x 2 <...<x n =b. 

The norm of a partition P is 

| |P| | = max(x 1 -x 0 ,x 2 -x 1 , X^x^). 

Now let g be another real-valued monotonic function defined on [a,b]. Form the sum 

n 

S(f,g, P) = l f(z.)(g(x.) - g(x. ,)) 
k=l K K k_1 

where 

z k e ( x k-l> *k). 

the ith subinterval of the partition p. 

The Stieltjes integral of f (x) with respect to g(x) from a to b is: 

fb n 

j f(x)dg(x) - ||ptKt) J 1 f(2 k ,[g(x k ) “ g(x k-l )J * U) 

Note that the integral is defined by considering all partitions P of [a,b] and selecting only those whose norm tends to zero. This 
means that, given any s > 0, there exists a 8 > 0 such that for all partitions P with | |p| | < 5 and for all choices of z K , e (x k _],x k ) 







f (x)dg(x) 


- (z k )[g(x k ) - g(x k _ 1 >]| < e . 

Applying definition (1) to the given problem, for any partition of [0,2], 

I f(z k )[g(x k ) - g(x k _ 1 )l 

has only one term that is different from zero, namely when f and g change values from 0 to one. For this term g(x,) - g(x k _,) has 
the value one but, since (x k _ l? x k ) is an open interval around the point one, f(z k ) can take the value 0 or 1 depending on the way 
z k is chosen. Thus 

n 

J 1 1 f (2^) [g(x R ) - = 1 or 0 

for every partition of [0,2] and (1) can not be satisfied if s < 1. Thus, the Stieltjes integral of the given functions does not exist. 

• PROBLEM 7- 

Evaluate the Stieltjes integral 

| xd|x| . 


Solution : The integral is in the form 

[ b «. 

' a 

where f is monotonically increasing and g is continuous on [a,b]. Hence the following theorem applies : 

1. f(x) is monotonically increasing on [a,b]. 

2. g(x) is continuous on [a,b]. 

Then 


To prove this theorem let 

P={Xo,...,X n } 

be a partition of [a,b]. Form the sum 

S(f,g,P) = l f ( Zl ) tgtx!) - gtxo)] 
i=l 

This sum may be rearranged: 


(l) 








I^f(z i )[g(x i ) - - f(zi) [gO^) - g(xo>] 

+ f(z 2 )[g(x 2 ) - gfx^] + ... + f(z n )[g(x n )- cr(x n _ 1 > ] 

= g( Xl )[f( Zl ) - f(z 2 )] + g(x 2 )[f(z 2 ) - f(z 3 )] 

+ ... + g (x n _ 1 ) If(z n _ 1 ) - f(z n )] - flSjIgfXg) 

+ f(z n )g(x n ) 
n 

= g(x i )[f(z i ) - f(z i+1 )] - f( Zl )g(x 0 ) + f(z n )9(x n ) . (2> 

Comparing (1) and (2) observe that they are nearly the same except for the interchanging of f and g. One important difference is 
that the points 

n 

(z } 

1 i=0 

do not, in general, form a partition of [a,b] unless 
Zq = a and z n = b. 

To obviate this difficulty, 
let zq = a and z n+1 = b. 

Adding and subtracting the terms 

g(xa)fl&) = g(a)f(a) 

and 

g(x n )f(z n+ i) = g(b)f(b) 
to the right hand side of (2) yields 

n 

S(f,g,P) = l g(x.)[f( Zi ) - f(z i+1 )l 

- ftZj^JgtXjj) + f(z n )g(x n > 

- g<x n )[f(z n ) - f(z n+1 n 

- g(x Q )[f(z Q ) - f(z x )] = 
n 

l g(x.)[f(z.) - f(z. i)] 
i=o 1 1 1+1 

- ffz^gfXg) + f(z n )g(x n ) - g(x n )f(z n ) 

+ g(x n ) f(z n+1 ) - g (x Q ) f (x Q ) + g(x Q ) f (Zj^) . 

The f (z,) g(xo) terms and the f (z n ) g(x n ) terms cancel and so, 

S(f,g,P) = l g(x.)[f(z.) - f(z,..)1 
i=0 1 1 1+1 


+ g(*n) f(Zn+l) - g(*o) f(X(}) 



or 


S{f,g,P) = l g(x.)[f<z.) - f(z..,)I 
i=0 1 1 

+ g(b)f(b) - g(a)f(a). 

Let the mesh of P approach zero, i.e., 

max {(x, - xo), (x 2 - x,), ..0. 
Then the subdivision formed by the points 

{z.} n+1 also -*• 0 . 


But by definition, the limit of (1) over all partitions with mesh tending to zero is the Stieltjes integral 


Since f(x) is monotonically increasing on [a,b], 
is negative and so, by the same reasoning, (3) becomes 


g df + g(b) f(b) - g(a) f(a) . 


Since (1) and (3) are rearrangements of each other (and finite sums), they are equal, i.e., 


•b fb 

f dg = - < 

'a la 


g df + g (b) fCb) - g(a) f(a) . 


f dg + g df ■ g(b) f(b) - g(a) f(a> 


as was to be shown. 


Applying the formula provided by the theorem to the given problem, 


d|x| + |x| dx = : 


x d|x | = |x|x 
















< s/2 + e/2 = e 


Hence 

f £ dx c = ||P|M s < £ ' ^' p > - 0 ■ 

J a 

ii) When c = a, the left endpoint of the interval [a,b], S(f,X c ),P) = f( Z| ) (X C (X]) - X c (x 0 )) 

= f( Zl ) (0-1) = f( Zl ) = -f(a), 
and 

( f dx c - llllpo s,, - x c' p > - - f<a > 

■'a 

iii) When c = b, the right endpoint of the interval [a,b], 

S(f,X c ,P) = (X c (x n ) - X^)) 

= f(^)(l-0) = f(c) = f(b). 

• PROBLEM 7- 

Let f,g be functions from [a,b] into R. Suppose [a,b] is divided into N parts by the partition 
P= {a 0 ,a 1; a N } 

where a 0 = a, a N = b. Let g be a step-function on [a,b] with g(x) = c i? 1 < i < N, on the sub-intervals 
( a o a i)>( a b a 2) ••• ( a N-b s n)- 

Furthermore, suppose f is continuous at each What is the value of 

r«*. 



Solution : The function g can be graphed as shown in Figure 1 . 
These are two ways of evaluating 

r b 


f dg 










when f and g satisfy the stated conditions. 


The first method uses the fact that each sub-interval in the partition may be treated separately if the integrals over these 
partitions exist. Now, in the given problem f is continuous at each point where g is discontinuous (the endpoints of each sub¬ 
interval). Also g is nondecreasing on each sub-interval. Thus 

T 1 

] f dg 
a i-i 

is integrable and the integral exists. Hence since 

'a 'a Jc 

for a < c < b, 

[ a N 

f dg+ ...+ f dg . (1) 

J a N-l 

Consider the i th integral on the right hand side of (1), i.e., 

f a i 

f dg . 

Ja i-1 

By the definition of the Stieltjes integral, 

| a i n 

f d 9 - |i|?o f < 8 j>^(Xj) - gtx^)] , 

a i-l 

where |P| denotes the mesh of the partition P. 

Since g(x) = c ( over the open interval (a i _ 1 ,a i ) for any partition P of (a i _ 1 ,a i ), g(xj) - g(Xj_]) = Cj - Cj = 0 except when 
x 0 = a i _ 1 andx n = a i . 

Thus 

m”o - 



|J“o - 9<« 0 >I 

+ f(z 2 ){g(x 2 ) - gtXj^)] + f(z 3 )[g(x 3 ) - g(x 2 )] 

+ ... + f(z n )[g(x n ) - g (x n _ 1 ) ] . (2) 

However, all the terms of the form 

g(*i) g(Xi ,), i = 1,2, ..., n-1, 

are zero since the points Xj and x^, fall in the open interval from a M to a i5 where 
g(Xj) = g(x i _ 1 ) = Cj. 



In addition, as |P| —> 0, z x —> a^, and z n —>• a r 

Hence, since f is continuous at each a i? 

f(z,) - f(a M ) and f^) - f( ai ), as |P| ^ 0. 

Therefore, 

f a i 

f dg = fta^) lc L - g(a i _ 1 )] 

a i-l 

+ f (a^) [g(a i ) - <^1 . 

Summing the integrals 

[ a i 

f dg from i = 1 to N, 

Ja i-1 

f b t a i r*2 

f dg = f dg + f dg 
' a * a ' a x 

f b 

+ ... + f dg 

a N-l 

= f (a) t^-gta) ] + f (a^ [gfa^) -c^l 

+ f (a^ [Cj-gtaj^) ] + f (a 2 ) tg <a 2 > -c 2 J 

+ ... + f(a N _ 1 )[c N -g(a N _ 1 )] 

+ f(b)[g(b) - c N ] 

= f (a) [c^-g(a) ] + fUjHc^Oj] 

+ f(a 2 )[c 3 -c 2 ] + ... + f(b)[g(b) - c^] 
N-l 

= f(a) t Cl -g(a)] + ^ f < a i>t c i+ i - c j.l 


+ f (b) tg(b) - c N ] . 

Another method for calculating 

3 

f dg 


involves the notion of characteristic functions. Let E be a subset of R n . Then the characteristic function of E 

e e 
i e . 

The step-function g can be expressed as a sum of characteristic functions. Let 


x E (x) 


fl X * 

Ip x s 



Ij _ ( a 0’ a l)’ h - •••’ Ii“ ( a i-i, a i) 


5 ■ ill Ci XI i * i-1 9<ai ’ x *i 

The second sum is necessary since the intervals I; do not include a r Thus 


b f b / N N v 

f dg = f d ( l Ci X + £ g(a.) X \ . 

J a J a \i“l 1 i=l 1 a i/ 


The set of Stieltjes integrals on an interval [a,b] forms a vector space. In particular, this means that 


Applying (5) to (4): 


fd (ag^ + Bg 2 ) = a f dg^^ + 6 f dg 2 . 

'a * a la 

f b N N 

fd( I c. X + l g(a.) X \ 

j a ^ i-1 1 Z i i-1 1 a iJ 

N f b N f b 

“ l c f d X + I g(a.) f d X a A 

i-1 1 j h i-1 1 J a i ) 


To evaluate (6), note that I ic [a,b] (i = 1, ..N). 


fd x L - f(a i-l )_ f(a i ) 


Also, if a i is a singleton set, 


, 0 a ± 6 (a#b) 

f d X a = <1 - f (a) a ± = a 
i 1 f (b) a. = b . 


Substituting all of this into (6): 


f dg = l c i (f(a i _ 1 ) - f(a i )) + g(b)f(b) - g(a)f(a). 


But 




N 

^(fta^i) - f( 3i ))= Cl (f(a) - f(a x )) 

+ c 2 (f(a 1 ) - f(a 2 )) + c 3 (f(a 2 ) - f(a 3 )) + ... + 
CN ( f (a N _i) - f(b)) 

= f(a 1 )(c 2 -c 1 ) + f(a 2 ) (c 3 -o 2 ) + ... + f ^ c N -e N-l l 


+ Cl f(a) - c N f(b) 

N-l 

= J f < a i> (c i+l ' c i l + c i f < a > - c N f(b) • (8) 

Substituting (8) into (7): 

f b N-l 

| fdg = f(a) (c 3 - g(a)) + f(a i )<c i+i “ c i* + 

f (b) (g(b) - Cjj) (9) 


which is the same result as by the first method. 

• PROBLEM 7- 

Suppose g is a continuously differentiable monotonically increasing function on [a,b] and f is bounded on [a,b]. Prove that 

,b f b 

fdg - f(x)g 1 (x)dx 
^a Ja 

Use this result to find the total mass of a linear distribution on [a,b] with a continuous density function p(x). 


Solution : The required proof may be divided into three parts: i) the definition of the upper and lower Stieltjes integrals, ii) 
subsidiary lemmas, and iii) the actual, proof, 
i) Let 

P= {a = x 0 ,x 1 , ...,x n = b} 
be a partition of [a,b]. Let 

Agi = g(Xj) - g(Xj_ T ) 

Mj = sup f(x) x e (Xj.^Xj) 
nij = inf f(x) x ge (x^). 

Then 


1 l ">^ 9 ! 
i-1 1 1 


U(P,f ,g) = l M.Ag, 
i-1 1 1 


The upper and lower Stieltjes integrals of f with respect to g are defined by to g are defined by 







f dg = inf U(P,f,g) 


( 1 ) 


[ b 

f dg * sup L(P,f,g) (2) 

respectively where the inf and sup are taken over all partitions Pof [a,b]. If (1) and (2) are equal, f is Stieltjes integrable with 
respect to g on [a,b] and the Stieltjes integral is 

f b 

f dg . 

^a 

ii) 

u 

>a 

exists, if and only if, given s > 0, there exists a partition P such that 

U(p,f,g)-L(p,f,g)<s. (3) 

To prove this, note that for every partition P, 

L(P,f,g) < / fdg < / fdg < U(P,f,g) . (4) 

In particular, for a partition P 

U(p,f,g) - L(p,f,g) < s, (4) implies that 

0 _< /f dg - / fdg<e. 


Since this is true for every s > 0, 

/ fdg = / fdg = / 


fdg and f is 


Stieltjes integrable. 

For the converse, assume j fdg fdg exists and let s > 0 be given. Then there exist partitions P, and P 2 such that 
U(P 2 ,f,g) -1 fdg < s/2 (5) 
and 

|fdg-UP 1 ,f,g)<s/2. (6) 

Let P* be the common refinement of Pj and P 2 , i.e., 

P* = P 1 UP 2 . 

Thus, every point of Pj and every point of P 2 is a point of P*. It follows that 
L(P„f,g)<L(P*,f,g) 
and 


L(P 2 ,f,g)<L(P*,f,g). 



Similarly, 

U(P 1? f,g) > U(P*,f,g) 
and 

U(P 2 ,f,g) > U(P*,f,g). 

Then using (5) and (6): 

U(P*,f,g) < U(P 2 ,f,g) < J fdg + s/2 < L(P,,f,g) s + 
<L(P*,f,g)+8 


U(P*,f,g) — L(P*,f,g) < 8. 

Thus P* is the required partition. 

As a second lemma suppose that (3) holds for given s and some partition 
P= {xo, ...,x n }. 

If Sj,tj are arbitrary points in then 

l |f( Si ) - f(t.)|Ag. < c . 
i=l 1 1 1 

This lemma states that if j fdg exists, the difference in f within any subinterval is negligible. To prove this result, note that since 
both f(Sj) and f(tj) lie in [rn^MJ (the of fin (x^^Xj) respectively, 

|f( s i) - f(ti)| < Mj - rrij. 

Thus 

? | f (s.) - ftt^l^g. < I (M - m.)A g. 

i-1 1 i-1 1X1 


= U(P,f,g) - L(P,f ,g) < e 

by assumptioa This proves the lemma. 

iii) To prove the main theorem, let s > 0 be given. Applying the first lemma to g: There is a partition 
P= {xq, ..., Xjj} of [a,b] such that 
U(p,g) - L(p,g ) < s. 

By the mean-value theorem, there exist h e [x^x^] 


- g(x i _ 1 ) 


g’ (V 


(i = l, 


or 

Agi = g'(tj)Axj. 

If Sj e [x^^Xj], then, by the second lemma: 


l |g'(s.) 


g'(t 4 )|Ax t < e . 


(7) 



Put M = sup |f(x)|. This exists since f is bounded. Since 


l f(s.)Ag. = l f(s i )g'(t i )Ax i , 
i=l i=l 

| l f(s.)Ag. - l f(s.)g*(s.)Ax.| 
i=i i=l 1 1 A 


= J |f(s.)g'(t.) - f(s.)g'(s.)|Ax. 
i=l 1 1 1 

« I |f(s.) (g'(t.) - g'(s.))|Ax. 
i=l 1 1 11 

n 

< m I |g’ <t £ ) - g’ (s.) 1 a x . 

i=i 1 1 1 

< Me . 

This implies that 

l f(s.)Ag. < U(P,fg') + Me 

i=l 1 1 

for all choices of e [x^xj 

so that 

U(p,f,g) < U(p,fg) + Ms. 

Similarly, from (8), since only the distance between 

l f(s.)Ag, 
i-1 1 i 

and 

l f(s.)g'(s.)Ax. 
i=l 1 1 1 

is involved, 

U(p,fg’)<U(p,f,g) + Me. 

Thus, 

|U(p,f,g)-U(p,fg’)|<Me 

and 



rb 

f(x)g'(x)dx| 
a 


< Me . 


But s is arbitrary and therefore 



for any function bounded on [a,b]. 

In the same way, equality of the lower integrals follows from (8). Hence, 

f b 1 “ 

fdg = f(x)g'(x)dx . 

'a 

Turning to the second part of the problem, the mass of the distribution on the interval [a,x] is given by 

m(x) = p(t)dt . 


By the Fundamental Theorem of Calculus, 
m’(x) = p (x). 

Hence, letting m(x) = g(x), 

fb fb 


fdm = f(x)m'(x)dx 


and hence the total mass is 

r b 

P(x)dx . 

(f(x) in this case is a constant function that equals 1). 


f b f b 

1- dm(x) = 
a a 


• PROBLEM 7- 


Discuss the existence of 

f 1 t 

xdx 2 

'o 

and find its value. 


Solution : The first task in the evaluation of an integral is to show that the integral exists. The given integral is of the form 

f(x)dg(x> 

' a 

where g(x) is monotonically increasing on [a,b] and f(x) is continuous on [a,b]. A fundamental criterion for integrability is the 
following: A function f: [a,b] —*■ R is integrable with respect to a nondecreasing function 

g: [a,b] —> R 

if an only if for all 8 > 0 there is a partition P E of [a,b] such that if P e is a refinement of P g then 

n 

(M i -m i ) [g(x i ) - g(x i _ 1 )]< e 

where 


M; = sup {f(x): x e [x^,,xj} 







and 

m i = inf (f(x): x e [x^xj} 
for i = 1, ..., n. 

From this result a theorem on the integrability of a continuous function with respect to a monotonically increasing integrator 
may be deduced. 

To prove this latter theorem for the given integral 

f 1 , 

xdx 2 , 

'o 

let f(x) = x and g(x) = x 2 . 

Then, since f is uniformly continuous on [0,1], there exists a 8(s) > 0 such that 
|x-y| < 8(e) 
implies 

m - f(y)l < e- 

Let 

P s = {w 0 , w l5 ..., w k } be a partition of [a,b] 
such that sup{w k -w k _ 1 }< 8(s). 

If Pg is a refinement of p E , then 
sup {x k -x k _!} <8(e) 
and thus Mj - < a, which implies that 






or, 


* d » I - j l 1 i [Jj - li-l>Vn 8 ] 


lim V i 2j^l 1 , lim y JL ,3,2 _ ,, 
n+ ” jii " n n n— n# 3 


lim V _L -. 2 _ lim y J_ 
n ^» .i x n , 3 n~ n s 


lim X n(n+l)(2n+l) _ n(n+l) 1 


lim _ 1 _ [ 4 n* 3 n 2 n 1 

' n+« . 6 6 ~ 6 I 


Suppose (c,d) C [a,b], f is a function from [a,b] into R which is continuous at c and d and X( c d) is the characteristic 
function of (c,d). Show that 


fdx. = f(c) - f(d) . 


Solution : Since X/ c d) is the characteristic function of (c,d), 


Let P be a partition of [a,b], i.e., 


: x, < ... < x„ = b 


The Stieltjes integral with respect to f and g over [a,b] is 


: dg -,|}jPo ^ - 9(Vi>l 


|P|| = max {x i -x 0 ,x 2 -x 1 , 










Definition (1) is interpreted as follows: 

Let 8 < 0 0 be given. Then f is Stieltjes integrable with respect to g, the integrator function, if for all partitions whose norm 


is less than 8 and any z k e (x k _ b x k ) we have 


f dg - l^ f(z k )[g(x k ) - g<^-3.) 1 | < e 


consider partitions of [a,b] with ||P|| < d-c. Then if 


c e I x j_t #x.] and d 6 [x. ,,x. 


S(f ' X (c,d) ' P > “ f(z k )(X (c,d) (x k> 


f(z l )[ X (c,d) {x l J ' X (c,d) (x 0 ,] 


f(z 2 J 1 X (c,d) (X 2 ) ” X (c,d) (x l ,] 


+ ... + f(z i )[ X (cd) (x i ) - X (c d) (x i _ 1 )] 


= f(z.)[0-0] + f (z-) [0-0] + ... + f (z .)[ 1— 0 ] 


+ f(*...)[1-1] + ... + f(z.)[0-1] 


= f(z.) - f(z.) . 


Since f is continuous ate e [a,b], given any s > 0 there exists a 8 >0 such that 


implies 

|f(x) - f(c)| < e. 

Thus, for all partitions with norm less than 8, 
|f(x) - f(c)| < 8, 


f(Zi) = f(c). 



Similarly 

f( Zj ) = f(d) 
and 


f(c) - f(d). 



CHAPTER 8 


LINE INTEGRALS 


A line integral is an integral of a function which is defined along a curve. A curve is defined as a continuous mapping C: 
[a,b]—>R n (in this chapter n=2 or n=3). This curve, oriented with a positive direction and a negative direction, has an initial 
point A and a final point B. Also this curve can form many shapes, crossing itself a number of times or not at all. A curve 
whose initial point A and terminal point B coincide is termed a closed curve (e.g. circle). 

Line integrals have the form J p(x,y)dx + q (x,y)dy where p(x,y), q(x,y) are functions of x and y, and C denotes the 

C 

curve we are integrating along. 

Line integrals can be solved by the method of parameterization, which reduces the line integral to an ordinary integral. 

Another method uses the fact that certain line integrals are independent of the curve C (these line integrals have the same 
value between two points in space along any curve). This method evaluates line integrals by finding an exact differential of 
? = (p (x, y), q (x,y) ) ar >d by cornputingat the initial point and terminal point of C. 

Finally, another method to solve line integrals is by Green's Theorem which transforms the line integral around some curve 
to a double integral on a region bounded by this curve. 

METHOD OF PARAMETRIZATION 

• PROBLEM 8 

Find the values of: 

(a) (xy + y 2 - xyz)dx 
C 

(b) (x 2 - xy)dy 

if C is the arc of the parabola y = x 2 , z = 0 from (-1,1,0) to (2,4,0). 

Solution : Given a differentiable curve C: [a,b]—>R 2 and a vector field f which is continuous at every point on C, the definition 

of the integral of the vector field F along the curve C is f jS.dt = f f (c (t)) • — dt (p where is the 

J C J a dt dt 

tangent vector to the curve. 



Thus (1) can be rewritten: 








( 2 ) 


| b jf (x(t),y(t)) + g (x (t) ,y (t)) fjjd 


= f(x,y)dx + g (x,y)dy 

J C (a) 

= I (f (x,y),g(x,y)) • (dx,dy) = F-dC where £ is the vector field j$ (x<y) = (f (x,y) , g (x,y)) and d6 = 
>c 

(dx, dy). This maybe extended to C: [a,b]—»R 3 . 

For these line integrals F is only one dimensional, i.e. a scalar field and x is used as the parameter. 

(a) Here f(x,y,z) = xy+y^xyz and g(x,y,z) = 0 in (2). Let x=x; y=x 2 , z=0, so that dx=dx, dy=2xdx; and dz=0. Then integral (a) 
becomes 

| (xy+y 2 -xyz)dx = j (x^x-Jdx = x| ! + T"| 

15 . 33 207 

" T + T = ~20 • 

[ r (x 2 -xy)dy = J ^ (x 2 -x 3 )2xdx = (2x 3 -2x*)dx 


(b) 


30 66 _ -57 

4 " 5 = 10 ' 


Evaluate: a) the line integral [ (x 3 -y 3 ) dy where C is the semicircle Y = v4-x 2 ' shown in Figure 1 . 

J c 

b) | F’d<? where F ( x »y) = (x 2 ,xy)andC is x=y 2 between (1,-1) and (1, 1). 


H 0] 1 

Fig. 1 

0.0_x«y 2 


— x=y 




Fig. 2 

Solution : The curve C can be represented parametrically by x = cos0 and y = sin0, 0 < 0 < n. Therefore the integral becomes 

r 

(cos 3 6 - sin 3 0)cos0d0 (dy = cos0d0) 


[ cos‘*0d0 - [ sin 3 0cos0d0. (1) 

J 0 J 0 








Evaluate the first integral by parts letting u = cos 3 0, dv = cos0d0 so that du = -3cos 2 0sin0 and v =sin0. Hence the first integral 
in(l) becomes: 

I TT r n 

+ 3 sin 2 9cos 2 9d0 
0 ; 0 


=0+3 sin 2 0cos 2 0d0 . 

J 0 

Using 2sin0cos0 = sin20 and 2 l- CO s2 9 the above integral is computed to equal 3 f* (1 _ cos4e\ , _ 3ti. To 

sin 0 = -^- Jo \ 8 8 J 8 

evaluate the second integral, letu = sin0, du = cos0, then_ f w u s du _ 0 . Therefore f ( x 3 -y 3 )dy = iE 

•*0 Jc 8 

b) Since Jj?. d £ is being evaluated, first compute F*dC =(x 2 ,xy) • (dx,dy) = x 2 dx + xydy. To parameterize let y=y; x=y 2 so 
that dy=dy; dx=2ydy and 

F*dC = x 2 dx + xydy = y"*2ydy + y 3 dy 
' C J C > _I 

• PROBLEM 8 


Compute the value of X 2 d x + xdy - yzdz along the curve in Figure 1 consisting of a quarter circle in the xz-plane, and 
C 

line segments in the xy-plane and yz-plane. 



Solution : By definition if a curve C is the union of a finite set of curves, C = C, + C 2 + ... + C n , then 

f - ]?+ ?+...+ Therefore, label the three parts of the curve C as C ls C 2 , C 3 respectively. Then 

c Ci c 2 c 

compute the value of the integral on each curve C; and adding these values obtain the value of the integral on C. C, is the 
quarter circle from (0,0,1) to (1,0,0). Hence Cj is in the xz-plane so choose x as the parameter. 

Then x = x; y = 0; z = vT-x 2 so that 









yields 


xzdx + xdy - yzdz = xzdx + x *0 - O-dz 
J Ci Jc, 

x ; dx which can be solved by letting u = 1-x 2 ; du = -2x and changing the limits of integration to values of u which 


C 2 is the line segment in the xy-plane from (1,0,0) to (0,1,0). Here use y as the parameter so that x= 1-y; 
y=y; z=0 and dx=-dy; dy=dy and dz=0. Hence 


xzdx + xdy - yzdz = 0 *dx + xdy - 0 

J C 2 'c 2 

= f xdy = | (l-y)dy = 1 - j = 3 • 

} o ‘ o 

C 3 is the line segment in the yz-planc from the point (0,1,0) to (0,1,1). Then use z as the parameter so that x=0, y=l; z=z and 
dx=0, dy=0; and dz=dz. Hence 


xzdx + xdy - yzdz > 


I ° 


1 

2 • 


Therefore since 


ince f = f + f 
Jc ^Ci lc 2 


xdy - yzdz = : 


| we have 

ill 
2 " 2 = 3 


• PROBLEM 8 


Evaluate the following line integrals: 



a) 

<J> y 2 dx + x 2 dy where C is the triangle with vertices (1,0), (1,1), (0,0) (Figure 1). (1) 

b) 

f x 2 dx + xydy where C is the straight line segment from (1,0) to (2,3). (2) 

Jc 


> 

yl 

(i.D 



X 

c 2 


(O.o) 

Cf (1.0) 



Fig. 1 



Solution : a) To compute f y z dx + x 2 dy compute j y 2 dx + x 2 dy along 3 different Q(i = 1 to 3). Then| y^dx + x 2 dy 







equals the sum of the integrals along each Q. Along C |5 y=0 and dy=0; therefore 


J y 2 dx + X s dy = 0*dx + x 2 *0 = 0. 

Ci ; C, 

Along C 2 use y as the parameter and x=l so that dx=0. Therefore 

<p y 2 dx + x 2 dy = y 2 *0 + dy = dy = 1. 

J C 2 \ o 

For C 3 use x as the parameter so that x=x and y=x and dx=dx; dy=dx. 

f v 2 dx + x 2 dy = f x 2 dx + x 2 dx = 

Hence (1) equals the sum of (3), (4), (5) so that 

i y 2 dx + x 2 dy «0+l-*«i. 

J C . 

(b) To compute (2). note that the line segment is ofthe formP = P 1 + t(P 2 - P]), (0<t<l), and can be parameterized accordingly. 
Since the given line segment goes ffom(l, 0) to (2,3), by substitution: 

x= 1 + t(2-l) = 1 + t;y = 0 + t(3-0) = 3t (0<t<l). 

Hence substituting into (2) 

^ x 2 dx + xydy = j (1+t) 2 dt + (l+t)3t • 3dt 

= (l+2t+t 2 +9t+9t 2 )dt - (l+llt+10t 2 )dt 


11 , 10 59 

+ T + T = T ' 


Evaluate the following line integrals: 

a ) 9 ?*dc where F is the vector field F(x,y) = (x 2 ,xy) and C consists ofthe segment ofthe parabola y=x 2 between 
’c 

(0,0) and (1,1) and the line segment from (1,1) to (0,0). (Figure 1). 

1 

b) [ f • dc where p- / x / ilzl_V 0 0) and C is the portion of the curve (in the first octant) of the inter-section of 

c [y 2 +z 2 J ' 

the plane x=y and the cylinder 2y 2 +z 2 =l from (0,0,1) to (£ -ft , 0) ^ (2) 




Fig. 2 

Solution : a) To compute (1), the line integral must be computed over two curves each with a different parameterization. First 
compute the integral over the parabola y=x 2 . Using x as our parameter, we have x=x; y=x 2 and dx=dx; dy=2xdx. Hence, 

[ ?*d£ = [ (x 2 ,xy)•(dx,dy) = [ (x 2 ,x 3 )•(dx,2xdx) 


- | x 2 dx + X 3 • 2xdx = y- + 


To parameterize the line segment use the equation P = P 1 +t(P 2 -Pi) so that (0<t<l) 
x = 1 + t(0-l) = 1 -1 and dx = -dt 
y = 1 + t(0-l) = 1 -1 and dy = -dt. 

Therefore ( ?. d £ = f x 2 dx + xydy 

J c 2 J c 2 


= f (1—t) 2 (-T)dt + (1-t)(1-t)(-l)dt 

> o 

= J # (l-2t+t 2 )(-l)dt + <l-2t+t 2 )(-l)dt 

= -2 | o (l-2t+t 2 )dt = -2(t-t 2 +y-) | # = -I 

Since [ f = [ f + [ f ( d equals 

Jc J c, >c 2 



b) For (2) first compute ?• dC 


1 2 = _ 1 _ 

'3 5 15 



0,0)•(dx,dy,dz) 



0*dy + 0*dz 


Therefore (2) equals [ 
'c 



(3) 


Since C is part of the curve of intersection of the plane (see Figure 2) x=y and the cylinder 2y 2 +z 2 =l use the parameterization 
x=x; y=x; z _/f_ ' 2 y i = Ji-ix 1 so that (^) becomes 



• PROBLEM 8 

a) Let F be a vector field on an open set V and C a curve in V defined on the interval [a,b]. Prove j ? = - ( f, 
where C' 1 is the reverse path of the curve C. 

b) Then evaluate f f.dc where p( X(Y ) = ( x 2 ,xy) along the line segment from the point (1,1) to (0,0) using the 

Jc 

reverse path. 



Solution : a) From the definition of the line integral j _ j b p (c (t) ) • 2' (t)dt where C is parameterized as £ (t) 

and d2 = 2' (t)dt. Hence 


?(2~(t)) • c 


(1) 


Now using the definition j- (t) 


5 


(a+b-t) 


, d2“ 

~st 


—2' (a+b-t) anc * substituting these values into (1) yields 


F‘d2 = 


F(C(a+b-t))C'(a+b-t) (-l)dt. 


(2) 








Now make a change of variables, letting u = a+b-t, du = -dt. Note that t=a gives u=b and t=b gives u=a. Thus (2) becomes 



? (C(u)) • C' (u) du 


a 


= - [ ?•dC 

• c which was to be proved. 

This result shows that if the vector field is integrated along the opposite direction of C, then the value of the line integral is the 
negative of the value obtained by integrating the vector field along C itself. 

b) ( ( X 2 >xy ). (dx,dy) i s to be evaluated using the reverse path of the line segment from the point (1,1) to (0, 0). The line 

>C ' 

segment showing C is drawn in Figure 1 . Now, using the result in part (a) 



(3) 


To evaluate (3) use xas the parameter and let x=y since C' is the line segment from (0,0) to (1,1). Hence (3) equals: 



Note that if integration had been along C the line segment would have been parameterized as x=l-x and y=l -x, which would 
have made integration a more difficult process. Therefore integrating over the reverse path, particularly for line segments, can 
be more convenient. 


• PROBLEM 8 


Find the integral ofthe vector field f( x,y) = [ ■ ~ y , x \ around the circle ofradius 2 counterclockwise fromtl 

\X 2 +y 2 x 2 +y 2y/ 

point (2,0) to the pointt^# (Figure 1). Repeat for the circle ofradius 1 counterclockwise from(l,0) to t ^A 
(Figure 2). 



Fig. 1 









a) Let jj( X/ y jZ ) = ( X 2 | + y 2 j + z 2 j^). Compute the line integral of F over the oriented curve C. 

b) Let f(x,y,z) = (x+y+z). Compute the line integral of f over the oriented curve C. 


Solution : a) The problem is to find the line integral of a vector field over a curve. By definition this is F • dc where F is the 

_ Jc 

vector field and dS = c' (t)dt 

Since? = (x 2 ,y 2 , z 2 ) and c (t) = (cos t, sin t, t) 5 this gives on C x = cos t; y = sint; z = t so that 


F*dC = (cos 2 t, sin 2 t, t 2 )*(-sin t, cos t, l)dt 


[-sin t cos 2 t + sin 2 t cos t + t 2 ]dt. (1) 


For the limits of integration it is given that 0 < t < 271 so that (2) becomes - s i n t cos 2 t dt + sin 2 t cos t dt 


To solve the first integral let u = cos t du = -sin t dt and upon substitution this yields + i t‘dt, g. For the second integral let u 

Jo 

fO ( 2ir . 3 I 2 tt 3 

= sin t du = cos t dt so that upon substitution this gives u 2 du = o-The third integral, t 2 dt = V( = Hence (2) 

Jo Jo 3 |0 3 

equals ill, which is the value of the line integral. 

b) In part (b) the problem is to find the line integral of a function over a curve. By definition this is j fdj where f is the 
function and d5 = 5'(t) dt. Since f (x, y, z) = (x + y + z) we have 

[ fdC = [ (cos t + sin t + t) (-sin ti + cos tj + £)dt 


-sin t(cos t + sin t + t)dtji 


cos t(cos t + sin t + t)d 


(cos t + sin t + t)di 


Solving the first integral 


t cos t dt - sin 2 t dt - t sin t dt 


: dt + t sin t dt since sin 2 t 


t sin t dt which can be solved by 


parts letting u = t; dv = sin t dt and du = dt; v = = -cos t so that this equals 


t cos t + cos t dt! 




-[IT - 2 IT + OJ 


(4) 


Solving the second integral in (3), 

f2it r2n ( 2-n 

cos 2 1 dt + cos t sin t dt + t cos t dt 

*0 J o lo 


l+cos2t 

- 2 - 


dt + 0 + 


f 2 " 

t cos t dt 

> 0 


f 2n 

* IT + t cos t dt 
J 0 



C ,in c at ] 


= it + 0 = n. 


(5) 


Solving the last integral in (3) 


r 2tt t 2it (2k .2 12ir 

cos t dt + sin t dt + I t dt = 0 + 0 + -~- 

J o >o Jo |o 


- 2tt 2 . (6) 

Hence upon substitution of (4) (5), and (6) in (3), we have (3) equals + 11 5 + 2lt 2 k which is the value of the line integral. 

Notice that the value of the line integral of a vector field over a curve is a scalar and that the value of the line integral of a 
real-valued function over a curve is a vector. 

• PROBLEM 8 


Let F ( x *y) ■ (cxy,x 6 y 2 ) where c is a positive constant. Let a, b be numbers >0. Find a value of a in terms of c such that 
the line integral of the vector field ? along y = ax b from (0,0) to the line x = 1 is independent of b. 



Solution : The problem is to compute f • dc where C is the curve y = ax b from (0,0) to x = 1. The curve is graphed in Figure 1 
J c 

and at x = 1, y = a. 


Thus the integral of the vector field is on the curve from (0,0) to (1 ,a). Since y = f (x) use x as the parameter, letting x = x, 
y = ax b so that dx = dx and dy = bax b_l dx and 









I (cxy,x 6 y 2 )•(dx,dy) = [ cxydx + x 6 y 2 dy 
>C 1 C 

f cx(ax b )dx + x 6 (ax b ) 2 bax b-1 dx 
-*0 

f* b+ l, ^ j, 2b g b-1 
cax dx + a bx x x dx 

>0 


cax dx + a 3 bx 


(acx D+i + a 3 bx JD+ j dx 


ac a 3 b 
b+2 3b+6 


ac a 3 b _ 3ac + a 3 b n > 

b+2 3 (b+2) 3 (b+2) * 11 

Now the problem is to find a value of a in terms of c such that the line integral is independent of b. The function 

33 3 (b+2) b H 1 * b) conver 8 es to 5.1 as b tends to +oo and converges to as b tends to 0. We need I ( b ) = constant for all b> 

hence *' im Kb) = Km Kb) = constant 
b-*-0+ b-*« 

This gives il - §£ or a = /H (since a> 0). 

3 2 v 2 


METHOD OF FINDING POTENTIAL FUNCTION (EXACT DIFFERENTIAL) 

• PROBLEM 8- 


a) Let f be a vector field on some open set V Assume that for some function (J) on Y p _ ( ^[ d( j > . Let P and Q be two 
points in V and let C be a curve joining these two points. Prove 

f.dS = *(Q) - *(P). 

J C 

b) Evaluate —-— dx + —^— dy where C is a curve from (1,0) to (5,3) and lies between the lines y = x and y = -x, 

2 C x 2 -y 2 y 2 -x 2 

by the above method. 


Solution : a) Let C be a curve on the interval [a, b], such that C(a) = P and C(b) = Q. By the definition of the line integral 
rQ rb 

F*dc = F(6(t)) • C'(t)dt (1) 

C p a 

because C is parametrized as and - c'(t)dt s i nce c'(t) = • From the given information g _ ^ 7 ^ d( j» so that 

F (C (t) ) = grad* (C(t))- Thus (1) equals 

fb_^ .> 

grad* (C(t)) • C’ (t)dt. (2)- 

1 a 

Next define a function g by g * *(c(t) y so that the derivative of g(t) with respect to t is: g . „^ d *(c(t)) • c' (t)dt 

by the Chain Rule. Then by noticing that the expression inside the integral equals g'(t), (2) becomes 







g'(t)dt = g(b) - g(a) = <MC(b)) - <MC(a)) 


= <MQ) - <MP) which is the. 

desired result and thus completes the proof. (J) is known as the potential function of the vector field and the above method 
evaluates a line integral when the vector field has a potential function. 


b) To evaluate this line integral by the above method first find a potential function for the vector field f ( x , y) 


i 


Since £(x,y) = grad<j> (x,y) a function (j) is required such that ! 


rand|£ = 


Hence integrate with respect to x first and obtain <Mx, y) = ——— dx + H (y), where H (y) is some function of y. 

) x *-y 2 

Then this can be rewritten as $ ( x , y ) = j x ( X 2 - y 2 )" *dx + H (y) which can be evaluated by letting u = (x 2 - y 2 ); du = 2xdx. 
This yields 

du + H(y) »^log(x 2 -y 2 ) + H(y). (4) 

+ H' (y). 

But from(3) ^ Hence take H(y) = 0 and therefore the potential function is * * x * y * = J log (x -y 2 * 

y y -x 


if ' 1 


(Note: for (|) (x, y) we need x 2 >y 2 ). Hence by the method in part (a) this gives: 

|—— dx + — X— dy = $ ( q) - <j>(P) = <M5,3) - <M1,0) 

J x 2 -y 2 y 2 -x 2 

which equals by use of equation (5) 

|log(25-9) - |log(l-0) 

= |log!6-0 = ilog(4) 2 = log4. 


Remark: Observe that we actually had H'(y) = 0 so H = constant and the constant was chosen to be zero. However the value of 
the constant is irrelevant because the final answer involves only the difference in (j). 

• PROBLEM 8- 


Does the vector field f (x,y) 
exact? 


( 


x 2 +y 2 


—-— ) have a potential function? Explain why or why not. Is this vector field 
x 2 +y / 


Solution : A vector field F (x,y> is said to have a potential function if there exists a function (J) (x, y) such that 
= f (where 7$ = ). Since F:R 2 --R 2 , it may be rewritten a p ( x , y ) = (f (x,y) ,g(x,y) )• Then 

3f _ -(x 2 +y 2 ) + 2y 2 _ y 2 -x 2 

3y (x 2 +y 2 ) 2 (x 2 +y 2 ) 2 




(x 2 -fy 2 ) - 2x 2 

(x 2 +y 2 ) 2 


y 2 -x 2 _ 

(x 2 +y 2 ) 2 


Therefore since M = |£ it would seem that this vector field has a potential function according to the following theorem; Let 
fg be differentiable functions on an open set of the plane. If the open set is a rectangle or the entire plane, if the partial 








derivatives of f,g exist and are continuous and if |^ = |3. then the vector field 

?(x,y) = (f(x,y),g(x,y)) has a potential function; but this is not true since this vector field is not defined at the origin and 
does not have partial derivatives there. Hence the above theorem does not apply. Anoter theorem may be applied which states: 
Let f be a vector field on an open set V Iff has a potential function, then I f = o for all closed paths in V If there exists a 

, J c 

closed path C in Y such that I f / o then f does not have a potential function. 

7 C 


This theorem can be proven by letting C be a closed path whose beginning and end point is the same point Q. If a potential 
function (j) exists then 

[ f-dc = ij>(Q) — <J>(Q) = 0 f 

> c . Thus if j f . dc t 0 then there cannot exist a potential function. 

Therefore integrate f around a circle 5 (t) = (r cos t, r sin t) 0 < t < 2 ti to obtain: 


\hdZ - 0~ r -si n_t , r_C£S_tj. ( 


r sin t,r cos t)dt 


By the above theorem F(x,y) = ( —^— , — -— ) does not have a potential function since there exists a closed path C such 
\x 2 +y 2 x 2 +y 2 / 


that [ F.dc t 0. 


To determine if the vector field is exact apply the theorem: Let f be a continuous vector field defined in an open connected 
S. Then f is exact if and only if for every connected path C in S, F is determined by the endpoints of C. Also if C is a closed 

f - C 

path and iff is exact then A f = 0. 

7 c 


Thus f is not exact since around a circle (closed path) the integral is not equal to 0. 

• PROBLEM 8- 

L^FIx^) = (x 2 y,xy 2 )- 

a) Determine whether this vector field has a potential function. 

b) Evaluate the integral off from O to the point P on Figure 1, along the line segment from (0,0) to 

c) Evaluate the integral off from O to P along the path that consists of the line segment from (0,0) to (1, 0) and along the 
circular arc from(l, 0) to P. 










Solution : a) Since F(x,y) = (x 2 y,xy 2 )> = x 2 and|3. = y * Therefore since ^ there cannot be a potential function 

b) Here integration is over the line segment that is part of the line x = y, from (0.0) to , -y^. So apply the parametrization 
x = x, y = x, dx = dx, dy = dx to obtain 

ft ft 

f x 2 ydx + xy 2 dy = I x 3 dx + x 3 dx = 

Jc '0 4 |o 


ir = . 


— = 32 = ff * 

c) Here C consists of two paths. The first path is the line segment y = 0 from (0.0) to (1,0). Therefore use the parameterization 
x = x, y = 0 so that dx = dx, dy = 0 and 


0*dx +0=0. (1) 

'c, 

The second segment is the arc of the circle x 2 + y 2 = 1 from the point (1.0) to , -y^. Here apply the parameterizatio n x = 
cos0, y = sinO. To find the range of 0, 


tan9 = £ so at (1,0) tan9 = ® = 0; 6=0 



Thus, 

f r T 

I x 2 ydx + xy 2 dy = cos 2 6sin6(-sin0)d9 + cos9sin 2 9cos0d0 
>C 2 -*0 


(4 

= (-cos 2 0sin 2 0 + cos 2 0sin 2 0)d0 = I Od0 = 0. (2) 

J 0 J 0 

Hence I ?»dc equals (1) + (2) =0+0 = 0. 

J C 

Note that the value of the line integral over the path in part (c) is different from the value found in part (b). Therefore the line 
integral is not independent of the path and this is because j? is not exact. 

• PROBLEM 8- 


a) Find the value ofthe line integral ofthe vector field p( Xjy ) - ( y , x >over the curve £( t) _ (r cos t> r sin t) , 
0 <_ t <_ j; both directly and by finding a potential function 

b) Repeat for $ (t ) = (3cos t, 3sin t), 0 < t < \ 


Solution : First find [ F*dc. (1) 

>c 

Herep( Xjy ) - ( yfX )and^(t) = (r cos t, r sin t) so t h at ''' = t_r sin r cos t)dt . Hence upon substitution 
into (1) 

(y,x)•(dx,dy) = (r sin t, r cos t)•(-r sin t, r cos t)dt 
>C >C 


(4 

(-r 2 sin 2 t + r 2 cos 2 t)dt 

J 0 







(2) 


■ -r 2 sin 2 t dt + r 2 cos 2 t dt. 

J 0 >Q 

To solve the first integral use the trigonometric substitution s i n 2 t ■ 


sin 2 t dt = -r 5 


>0 2 >0 


cos2t 


dt 


- t! (i - j] - nr 1 ♦ x • 

For the second integral use the substitution cos 2 1 to obtain 


1 + sin2t| 4 2 fir l\ m rfir rl 

, 8 4 l 0 J [8 4 J 8 4 * 

Therefore (2) equals Zlh + £i + lilL + £i = Ei. 
w M 8 4 8 4 2 

Since F(x,y) =(y,x) f~ = 1 and || = i; 

Hence since a potential function exists. The problem is to find a function (j)(x,y) such that p _ 


(H 

' iy> 


H = : 




Integrating with respect to x first gives <i(x, y ) = j ydx + h (y ) which equals 

<Kx,y) = yx + h(y). (4) 

Nowfrom(3)|^ = x and from (4) |^- = x + h* (y). 


Letting h(y) = 0 (J)(x,y) = xy 
Therefore since f = ^ d4> : 


(5) 


?*dc ■ 


f-dc =* <t>(Q) - *(P). 


Jp 


( 6 ) 


To find the points q,p, o < t £ 2. and P = (xq, y 0 ) = (r cos 0, r sin 0) = (r,0) and q = (x,,y,) = (r cos J, 
r Sin J) = ^ Substituting these values into (5) and (6) 

f ?. d $ = Jr. , -£.\ - * (r , 0 ) = - 0-r « 4 - 

'c [y/2 n) n a 2 


which agrees with the value found directly. 

b) Repeating for g ( t ) = (3cos t, 3sin t), 0 < t < \ 



( F*dc = I (y,x)•(dx,dy) 

>C J C 

= Osin t, 3cos t) • (-3sin t, 3cos t)dt 
J C 


(-9sin t + 9cos t)dt 


= -9 sin 2 t dt + 9 cos 2 t dt 
>0 J 0 


( 6 dt f 6 cos2t . 

Jo^ + J 0 — dt 


' U + ' 


. V3 1873 _ 973 
T - 8-4" 


Since <J)(x, y) = xy and P = (xq, y 0 ) = (3cos0, 3sin0) = (3,0) and q . yi ) = 


3cos g t 3sin 


i)-^ • |) fro™ (5), ( 6 ) 


F-dc = <t»(Q) - <fr(P) 


- *(¥ ■ i) - ">.o 


. 1 - 3 .o = which agrees with (7), the value found directly. 


• PROBLEM 8- 


a) Find the integral of the vector field ?(x,y) = , -^-j, where r = (x 2 + y 2 ) 7 , along the curve 

C(t) = (e fc cos t, e fc sin t) from the point (1,0) to the point (e 2n , 0). 

b) Does f admit a potential function? If so, compute the integral in a) by this method. 


Solution : a) The integral F*dc is to be found. Since f (x,y) = (— , ) where 2 2 7 the required integral i: 

Jq \ r 3 r 3 ' r = (x +y ) 


(x 2 +y 2 ) 2 


(x 2 +y 2 ) 2 


The curve is given parametrically as x = e l cos t, y = e l sin t. Hence dx = (-e l sin t + e l cos t) dt and dy = (e l cos t + e t sin t) dt. The 
parameter t, varies from 0 to 2n for e l cos t = 1 when t = 0 and e l cos t = e 2jt when t = 2n. Substituting these values into (1) 

(with (x 2 +y 2 ) 2 = le 2t (cos z t + sii^t)] 2 ^ 







(-e sin t + e cos t)dt 


f 2lT e^os^t 


e sin t . t 


"-e 2t cost sint + e' £, 'cos 2 t + e^sint cost + e zt sin 2 t 
" <e 2t ) 2 

f 2 "e 2t dt 
, -3t dt 


2t 


(e cos t + e sin t)dt 
^ 2 t 


, 2t. 2 
(e ) 2 

1 f 2lt -t 

4<lt - e c dt ! 


' 0 e 

, 2 * 


— 2it 


b) Since the curve is continuous from (1, 0) to (e 271 , 0) and there are no holes in the region, for the vector field to admit a 
potential function |£ must equal |SL. 


<f, g) 


(x 2 +y 2 ) 3 ad ' (x z +y 2 ) 

Thus the vector field does admit a potential function. 

M = _ 1 _ M - x 

To find it let i and « 


3f _ -fx (x 2 +y 2 ) 2 2y and ^ = (x 2 +y 2 ) 2 2y 

3 y lv 2 + v/ 2 1 3 3x fv 2 +v 2 l 3 


and 2 

(x 2 +y 2 ) 2 (x 2 +y 2 ) 2 


*y) = - 


Integrating for x first ♦ 

(x 2 +y 2 ) 2 

To solve the integral let u = x 2 + y 2 ; du = 2xdx and 

<Mx,y) = i|u du + h(y) = -u 2 + h(y). 

-1 

*(x,y) = -(x 2 +y 2 ) 2 + h(y). (3) 

But since ■^• = —=— y , and from (3) = —— y v + h' (y), or h(y) = 0. Thus the potential function is 

3y (x 2 +y 2 ) 3 ' 2 dy (x 2 +y 2 ) 3/t 

, “T. Now using the theorem that states that if a potential function for the vector field f exists then 

$(x,y) = -(x +y 2 ) 


f-dc = (Q) - 4>(P), 

tc 

?*dc = 4> (e 2w ,0) - <J> (1,0) 

- |-(1 + 0 ) _! s j - 


J C 
(e £ ",0) 
( 1 , 0 ) 


+ 1 



PROBLEM 8- 


Let F (x,y) = ( ~ y , —-—) on U, the plane from which the origin has been deleted. Find the integral off along the 
\ x 2 +y 2 x 2 +y 2 J 

path shown in Figure 1, between the points (1,0) and (0, 1) by two different methods. 


( 1 . 0 ) 

Fig. 1 


(*.y) 


Fig. 2 

Solution : For the first method evaluate ?.dc directly. Since C = {C^Cy 

I P*dc = [ ?*dc + [ f-dc 

>C 'C, J c 2 

Along C, apply the parametrization x=l, y=y so that dx=0, dy=dy and 

^7 dy 

x~+y “ 'u j.+y* l+y 2 

dy. 


F*dc = -dx + - dy = * 

i ■'Ci x 2 +y 2 x 2 +y 2 •’0 l+y 2 


J 0 l+y 2 

Now since [—-— dv = - tan - (¥) 
ta 2 +v 2 ‘ a 


t 2 +y 
?*dc = tan 


• or .- 


tan (1) - tan (0) = j - 0 = 


Along C 2 , use the parametrization x=x, y=l and dx=dx; dy=0 so that 


■*C 2 x 2 +y 2 

- (•-&-, 

J 1 x 2 +l 

„ , IT IT 

0 + T = A 


■© 


-tan 0 + tan (1) 


Summing (2) and (3) 










(3) 


l c *‘ aS ’ t * i ' i • 

For the second method we try to find a function <|) such that F = 9 rad< t and 

f Q 

pdx + qdy = $ (Q) - <MP). (4) 

J P 

Since the origin is not included in the plane U, if = |2, then F has a potential function (j) on U. Let 


x 2 +y 2 


3f _ - (x z +y 2 ) + 2 y 2 


' ay 


(x 2 +y 2 ) 2 


- <* 2 V >- 2 * 2 - Jd -x 2 so |i . |SL and a 

3X (x 2 +y 2 ) 2 (x 2 +y 2 ) 2 8 Y 3x 

potential function (j) exists on U. Note that 

i£ _ -y 

3x 2 . 2 
x*+y* 


li = 
ay 


Integrating with respectto y, 

<t> (x,y) = —-— dy + H (x) (H(x) some function of x) 

'x 2 +y 2 

Hence iMx,y) = tan” 7 ^ j + H(x). 


Now = - 


x 2 +y 2 


H'(x) by the chain rule , letting u = Y and using —JiL = _i— 


Hence we can take H(x) = 0 so the above equals in (5). Therefore 


<|>(x,y) = tan" l ^J. 


Now if 0 is defined as in Figure 2 

tane = Y o < 0 < J , 6 = tan -1 ^) 

Thus (6) maybe rewritten as $ (x,y) = e 0 < 0 < j ■ 

Then by (4) 

(<0,1> -V X u ir 

- X— dx + —— dy = <* (0,1) - <t> (1 >0) = j - 0 = i 

J (l,0) x 2 +y 2 x 2 +y 2 

which agrees with (3), the answer by the first method. 

• PROBLEM 8- 

Evaluate the following line integrals : 

a) f (3,4) ydx-xdy on ^ ne y = 3 X - 5 
> (1,-2) x 2 

b) [ ( dx - — dy on the parabola y = 2 +x 2 

’ (0,2) Y y 2 












s’ (2,8) t 

c) v f • d3 where v f is grad f and f is the function f (x,y) = x-y. C is the curve y = x . 

’ ( 0 , 0 ) 


Solution : af The function ydx ~ - xdy maybe expressed as Fix, y ) = (, — J = (f(x,y), g(x,y) ). If there exists a 

X 2 \x 2 X 2 ) 

function <|)(x,y) such that 7 ^ = f^!. , ^.|= (f(x,y), g(x,y * * then the given vector field has a potential function and 

{dx dy ) 


1 = 0(3,4) - 0(1,2). 

1 (1,-2) x 2 

Since |1|_ = |—|— > an equivalent way of proving the existence of the potential function is to show that |1 = |3 . For the 
given vector field . f = <f ,g) = = “T anc * lx = “7 • Therefore |1 = |2 . Thus the given vector field has a 

potential function (J)(x,y) on the given segment of the line (x^O , since l<x<3). To find this function (J>(x,y) first note that 

U- l-i {J-=2-=i . (1) 

3x x 2 3y x 2 X 

Then integrate with respect to x to obtain 

0 (x, y) = \-X- dx + H (y) (H(y) some function of y). 

' x 2 

Then^fj^y) = =Z + h (y)- Next find |1: (2) 

|| = + H- (y). But from(l)|i = zl. 

Setting H’(y) equal to zero, $ ( x ,y) = ^ (assuming H(y) = 0). (3) 


■ = 0(3,4) - 0(1,-2) 


= zA _ 2 = (by substitution into (3)). 


b) Since! = flxl , 1*1) , |i = lllil f |a = =3x1. 

\ y „ 2 I 3y 3x a 


30 _ 3x 2 30 _ -x 3 

Therefore since 11 = l£L, F has a potential function (j)(x,y) such that 3x y 3y y 2 


(Note: F is not defined at y=0. However, the line integral is from the points (0,2) to (1,3) along y = 2+x 2 , so y^O on this path). 


Integrate + (x,y) with respect to x first to obtain 


dx + H(y) = %- + H(y). 


Then|l = — + h' (y). But from(4) |£ * —. 

y y 2 y y 2 

Thus H’(y) = 0 in (5) so that<j> ( x ,y) = *1 . (6) 


^ r (1,3) , a 

Then ±2- dx - — dy - 0(1,3) - 0(0,2) 

> (0,2) y y 2 

= 1 - o = i (by substitution into ( 6 )). 




PROBLEM 8- 


c)C^ £ d5 = £(2 ' 8 ' ■ f<0 ' 0) 

=4- 64-0=- 60 


Evaluate the following line integrals 

a) [ 1±Z1 dx - £L X -^ dy from (1,0) to (5,2) 

J C x 3 x 2 

b) f ~ x * x - + —iat— from (3,5) to (5,13). 

7 C y/y 2 -x 2 +y 2 -x 2 -/y 2 -x 2 


Solution : a) The approach is to test the integrand for a potential function i.e. t o find a function <t> such that jS _ g ra d(j>- This is 
equivalent to calculating il f |3 and if they are equal, this function (j) exists. However, note that f ( X/ y) is not differentiable 
on the line x=0, therefore this part of the plane is deleted from the path C. Since 

f(«,y) - . 

3f _ 2y 3a _ --x 2 (2xy) + 2x(y + x 2 y) 

** " x 3 ' 3x " x 4 

Sinplifying, 13 = - 2yx 3 +2xyH2yx 3 = 2xy = 2y_ 

3x x 1 * x" X 3 

Therefore II = 13 and there exists a potential function (J>(x,y), such that 


3* _ 1+y 2 3i _ -(y+x 2 y) # 

3 * ~ *• ' * " x ! 

Integrating with respect to x first 


4(x,y) = dx + H(y) 

1 x 3 (H(y)some function of y). 

Then^ (x,y) = ~ (1 ^ 2) - + H(y) (2) 

2x 2 

fromwhichll = + H’ (y) = ^ + H 1 (y). (3) 

3y 2x 2 x 2 


But from(l), 1£ = - (Y +X - ? X). = - y . 

3 y x 2 x 2 

Therefore, take H(y) = zzi (assuming C=0 in H(y) _ + c ) then H’(y) = -y and (3) will have the same value as (1). 

Thus (2) then becomes 

4 (x,y) = ~ (1+ y 2 ^ - £ ■ (4) 

2x 2 

Then, since [ Q p. d S = $ ( Q ) _ ^ ( P ), the line integral equals 

( <5 ' 2) dx - dy = 4(5,2) - 4(1,0) 

Ml/0) x 3 x 2 







(4), 


--cn- 2 I “ 


1 _ -16 -8 


b) For this integral we again try the method of finding a potential function, but first compute |1 . |£ to see if this function 
exists. Again note that f (x,y> is not differentiable at the point (0,0), therefore we restrict this point from our path C. Since 


\Yyy -x +y -x Vy -* J 

3f = X _ 3£ 

Sy _3 3x, therefore there exists a potential function (|)(x,y) such that 

(y 2 -x 2 ) 2 

__ _^x_ _ Bet _ 1 

3x y^*-x 2 +y 2 -x 2 ' 3y * 

Integrating with respect to y first 

<>(x,y) = [ dy + h (x) some function of x). 


f (x,y) = log [y+ (y z -x 2 ) 2 ] + H (x) 


y+(y 2 -x 2 ) 2 2(y 2 -x 2 ) 2 


y(y 2 -x 2 ) 2 +y 2 -x 2 

Hence, taking H(x) = 0; H’(x) = 0; the above equals from (5). Therefore, 


ifr(x,y) = log[y + (y 2 -x 2 ) 2 ]. 

Hence the line integral becomes 


} ( 3 , 5 ) yvV 2 -x 2 +y 2 -x 2 Vy 2 ~x 2 


: = <M5,13) - <H3,5). 


Using (7), the above equals 


log[13 + (169-25) ] - log[5 + (25-9) ] 
= log[13+12] - log[5+4] 


= log 2 5 - log 9 = log I-q-I = 2 log! 


LetF(x) = —where r “ ll x ll '• x = (x,y,z) and kis a constant. Find [°F*dc where P = (1,1,1) and Q = (1,2,-1). 





Solution : This is the vector field inversely proportional to the square of the distance from the origin. We see this because in 3- 
space the distance formula is given by 


r = ||X|| = || (x,y,z) || = 7x 2 + y 2 + z 2 ( 1 ) 

To solve this line integral try the method of finding a potential function. First, rewrite 

?(X) = MSI as F(x,y,z) - k(x >*r 2) 3 

(x 2 +y 2 +z 2 ) 

which also can be rewritten as 

F(x,y.z) = (-^-y , —^- r , -M 

\(x 2 +y 2 +z 2 ) (x 2 +y 2 +z 2 )* (x 2 +y 2 +z 2 ) 2 / . 


To see if a potential function exists apply the following theorem; f * (f lf f 2 , f 3 )be a vector field on a rectangular box in 
3-space, such that each function f,, f 2 , f 3 has continuous partial derivatives. If D,f 2 = D 2 fi; D,f 3 = D 3 f] and D 2 f 3 = D 3 f 2 then F 
has a potential function. Computing, 


Dl f 2 


D 2 fi 


- 3kxy (x 2 +y 2 +z 2 ) 2 
(x 2 +y 2 +z 2 ) 3 

1 

-3kxy (x 2 +y 2 +z 2 ) T 
(x 2 +y 2 +z 2 ) 3 


and 


so Dif 2 = Djfi 


Also 


-3kzx(x 2 +y 2 +z 2 ) 2 

(x 2 +y 2 +z 2 ) 3 

l 

-3kzx(x 2 +y 2 +z 2 ) 7 

(x 2 +y 2 +z 2 ) 3 


and 


Thus D,f 3 = D 3 f, and in the same manner D 2 f 3 = D 3 f 2 . Hence, F( x ,y, z y does have a potential function and we can use this 
method to evaluate the line integral. 


Now try to find a function <J)(x,y,z) such that £ _ grad()) and 

ii m Xx _ . 3$. m ky _ . 3$. _ kz 

3x 3 ' 3y i ' 3z i 

(x 2 +y 2 +z 2 ) 2 (x 2 +y 2 +z 2 ) 2 (x 2 +y 2 +z 2 ) 2 

To do this first integrate with respect to x: 


iMx,y,z) = |-—-- dx + H(y,z) 

(x 2 +y 2 +z 2 ) 2 

= kjx(x 2 +y 2 +z 2 ) 2 dx + H(y,z> 

To solve this integral let u = x 2 +y 2 +z 2 , du = 2xdx and 

<t> (x,y,z) = | (x 2 +y 2 +z 2 ) T (-2) + H(y,z). (3) 

However, 3( ~ k * x ^ +z * —- = -- — which equals 3y in (2). We find the same for 

(x 2 +y 2 +z 2 ) 2 











r(-x sin r*-^- ) - [x cos r*-^j 
_ _ r / V _r / _ -xy sin r _ xy cos r 

r 2 r 2 ’ r 3 

[-y sin r»— ] - ly cos r‘—] 

_ r } V _ r / _ -xy sin r _ xy cos r 


e- 

Therefore M = 12.. Similarly it can be shown 11 =, 1112 = 11. Hence there is a function (b(x,y,z) such that 

3y 3x 3z 3x ’ 3z 3y TV - 7 ’ ' 

3ij> _ x cos r 3<|> _ y cos r 30 _ z cos r ,-, x 

3x r ' 3y “ r ' 3z r * ' ' 

To find this function, integrate with respect to x first: 


$ (x,y , z) = j x cos (x 2 +y 2 +z 2 ) 2 dx + H(y#z) . Then 


(x 2 +y 2 +z 2 ) 2 


0(x,y,z) = sin(x 2 +y 2 +z 2 ) 2 + H(y,z) 


30 _ y cos r , 3H 30 _ z cos r . 3H ,,, 

3y r 3y ; 3z r 3z * 


If H(y,z) is taken equal to zero, then (2) and (3) will be identical for 1£ , 1i. Thus, it follows that 

0(x,y,z) = sin(x 2 +y 2 +z 2 ) 2 . (4) 

Then by (1): 

,Q 

—^ r (xdx + ydy + zdz) = 0(Q) - 0(P). (5) 

J P r 

It is given Q = ^ , 2* , ^and P = 

Then by (4), equation (5) becomes 

0 (Q) - 0 (P) = sin^jj— + + ^-^ 2 - |sin tt 2 + ir 2 + 2 

= simr - sin Ap = 0 - (-1) = 1. 

INDEPENDENCE OF PATH 


• PROBLEM 8- 


Prove, in U (an open connected set) that: 

| F-dc = o for every closed path if and only if j°£. dc depends only on P and Q, i.e. j Q £. dc is independent of the path C 
connecting P and Q. 
















c 2 

Fig. 1 


i^=i 


P*"—' 

Fig. 2 

Solution : There are two implications to prove. For the first assume | f- dc = o for every closed path and prove | Q p. dc ' s 
independent of the path. To do this let P,Q be points in U. Let C, and C 2 be paths from P to Q in U as in Figure 1 . Then the 
closed curve C consists of C ls C 2 '. Hence, 

<b F-dc = | f-dc 

>C ^CiUCj 

r - - (Q h. - f p * - 

6 F-dc = F-dc + F-dc . (1) 

>Q J P,Ci j Q,C 2 " 

However by assumption, 1 F-dc = o, so (1) becomes f° F-dc + f ? F-dc - o> from which it follows that 
’C ip,C, ' Q,C 2 ” 

f Q - - f P * ( Q - - 

F-dc = - f-dc = F-dc 

1 P,Ci , Q.C 2 ~ J P,C 2 

( Q ( Q 

Therefore since I f • dc = f • dc the line integral is independent of the path and the value depends only on P and Q, 
ip.Ci ip.c. 


For the second condition assume the line integral is independent of the path and prove 1 f-dc = o for every closed path. 

>c 

Letting P,Q be points in U, also let Cj and C 2 be paths from P to Q in U as in Figure 2. Since we assume the line integral is 
independent of the path, 

f Q F-dc = 1° ^.dc from which 
ip,Ci ip,c 2 " 

fQ * - r p + + 

F-dc = - F-dc 

ip,Cl j q,c 2 


Thus it follows that [ 2 F-dc + [ P F-dc = 0- 
ip,Cj i q,c 2 

Letting C = U C 2 

<j> f-dc = I f-dc = 0 
J C J CiUC 2 



Hence the integral around every closed path C is zero. Note that if the paths cross a finite number of times, a repetition of the 
same agrument gives the proof; this reasoning covers the case when C, and C 2 are broken lines. If the paths cross infinitely 
often, it is necessary to show that the integrals can be closely approximated by integrals on broken line paths, a limiting 
process then gives the same result. 

• PROBLEM 8- 


Prove in an open connected set U that 

f Q Fdc is independent of the path C if, and only if, ^ has a potential function ( F = 9 rad t> for some scalar function <J)). 
jp,c r 



Solution : There are two implications to prove. For the first assume p has a potential function (there exists <J) such that 

F = grad|») an d prove f ° ?. dc is independent of the path C. To prove this condition use the fact that if a potential function (j) 
J P,C 
( Q 

existstheni F*dc = <p (Q) (p), from which we note that the value of the line integral depends only on P and Q not C (the 

h,c 

path taken). Hence, the line integral is independent of the path. 
rQ 

For the second assume F-dc is independent of the path and prove f has a potential function. To do this select some 
J p,c 

fixed point P 0 in U. Then for an arbitrary point X in U, define 
(X ^ 

<MX) = F*dc, along any path from P 0 to X. By assumption the line integral is independent of the path, so any path can 
J P 

o 

be chosen. Also recall that U is assumed to be an open connected region. It must be shown that the partial derivatives D(j)(x) 
exist for all P in U and if F has coordinate functions 

f = (fi, fj^thenDjt^X) = fj(X) (i=l;n) (i.e. iff = we wish to show 9<t» (x,y) _ f and 3t H x >y) = h). Let 

£ t be the unit vector with 1 in the i th component and 0 in all the other components and use the relation 

?(X) • E i = f i (X). (1) 

Then by definition 

<MX + hE.) - <D(x) 

D.<MX) = lim-i- (2) 

1 h-0 h 


Looking at Figure 1, (2) equals 







D.MX) 


D i <t> (X) 


lim - 
h-0 1 




lim 

h-0 


1 f X+hg i 

R Jx 


F(c)*dc 


(3) 


Note that (3) is along any curve C between X and x+hE . • Taking C as the straight line segment as in Figure 1 , apply the 
parametrization c (t) = x + thE. with 0 < t < 1. The parametrization of a line segment from P to Q is given by P + t(Q-P) and 
since P = X, Q = x + hS^ P + t(Q-P) = x + t(x+hE i -x), 6(t) = x + thE^atP = x x = x+thiL so t = 0; at 
Q = x+hE. x+hE. = x+thE. so t= 1. Then- _ dc _ ,* and by (1) 

1 1 1 ^ Vt/ — ^ 


F(6(t)) • C'(t) = f i (X + thE^h 


(4) 


and since [ £(c)«dc = [ F(<5(t)) 2’ (t)dt 

>c >c 

(3) becomes (using (4)) 

D.$(X) = lim if f.(X+thE.)hdt 
1 h-0 hJ 0 1 1 

letting U = th and du = hdt 


D.iMX) = lim i f . (X+uE .)du . (5) 

1 h-0 0 1 1 

Now if we letg ( U ) = f ^ (x+uEj, we have an ordinary function of one variable u and (5) has the form 


D.iMX) = lim t- g(u)du. (6) 

1 h-0 h J 0 

Then by the fundamental theorem of calculus we know that if G is an in definite integral for g (G’=g) then 

, rh 

G' (0) = g (0) 

(t) = G(h) - G(0) and h-0 11 J 0 h-0 

0 


r h r y vwat - ±. 

g (t) = G(h) - G(0) and h-0 J 0 h 

lo 


Thus iim i [ g(u)du = g(0) 
h-0 h t 0 

Now, from (6): D i (()(X) = g(0). Since q ( U ) = f i (x+uej 
g(0) = fi(X) and D$(X) = f f (X). 


Therefore, F - 9 rafi< t> which was required to prove. Thus, since both implications are satisfied, the proof is complete. 


Show that the following functions are independent of the path in the xy-plane and evaluate them; 

\ r (x 'yi , , 

a ) 2xydx + (x -y )dy 

J (1,1) 

Ft (<*'*> 

v ) sin y dx + x cos y dy- 

’ ( 0 , 0 ) 


PROBLEM 8- 






Solution : To determine if the line integral is independent of the path apply the following method. First, calculate the following 

partial derivatives of F(x,y), UL . 12. Then check to see if the condition = 13. is satisfied. If it is, then we know that forth 
F 3y ' 3x 3y 3x 

is vector field (defined on a simply connected region) there exists some function <J)(x,y) such that f _ grad(( , (<|) is called a 
potential function). In this case, [°F.dc = <t> (q) -<t> (p), which means the value of the line integral depends only on the endpoints 
of the interval and not the path taken. Therefore the line integral is independent of the path. 

a) F (x,y) = (2xy, x 2 -y ii )• Computing ^ = 2x; = 2xand|£ = |3. Therefore there exists a potential fimcti on <|)(x,y) 

and the line integral is thus independent of the path. 

To evaluate this line integral, find (J>(x,y) such that |A _ 2x y ar, d 1^- = x 2 -y 2 . ( 1 ) 

Integrating with respect to x first, <p( x ,y) = J^xydx + H (y ) where H(y) is some fimction of y. Then 
<t> (x, y) = x 2 y + H(y). (2) 

From-|£ = x 2 + h‘ (y). But from(1) |i = x 2 -y 2 . This implies that H’(y) = -y 2 , so let H _ -y 3 and (2) becomes 

„ V 3 

4 >(x,y) = x 2 y - Y • (3) 


Then since | = qxad<> 

rQ_* _ r(x,y) , , 

F*dc = 2xydx + (x 2 -y 2 )dy = <J> (x,y) - <M1,1) (4) 

> ( 1 , 1 ) 

Substituting (3) in (4) 

f(x,y) „ , v 3 1 , V s 2 

2xydx + (x -y )dy = (x 2 y - V) - (1-^) = x 2 y - ^ 

1 ( 1 , 1 ) 

= x 2 y - i (y 3 +2). 

b )F(x,y) = (Sin y, x cos y)- Computing |1 = C os y|| = cos y . Therefore since |I = |a, there exists a potential 
fimction (J>(x,y) and the line integral is independent of the path. 

To evaluate this line integral, find a function <|)(x,y) such that|£ = sin y; |i = x cos y (5) 

Integrating with respect to x first (j, (Xfy ) = | sin y dx + H(y) wbere H(y) is some function of y. Then 
<|>(x,y) = x sin y + H(y) (6) 

From (6) |i. = x cos y + H 1 ( y >. But from (5) |4 = x cos y . 

Thus, letting H(y) = 0 in (6), 

<|)(x,y) = x sin y (7) 

[Q_> ( (x,y) 

F*dc = I sin y dx + x cos ydy 

Hence'p J (0,0) 

= (x,y) - <M0,0) . 


Substituting this into (7) 



f(x,y) 

sin y dx + x cos ydy = x sin y - 0*sin0 = x sin y. 

' ( 0 , 0 ) 

• PROBLEM 8- 


Let F be the vector field F{x,y) = (2xy 3 , 3x 2 y 2 ). Find the integral of F from (0,0) to (2,2) along each path in Figure 1. Is 
the line integral independent of the path? Evaluate the line integral by the method of potential functions. 



Solution : We want to find [ p. dc along 3 different paths. First compute 
'c 

| (2xy 3 , 3x 2 y 2 )•(dx,dy) = j 2xy 3 dx + 3x 2 y 2 dy 
Here Cj consists of two line segments. 

Since f ? = f * + [ ?: 


''I ^1A IB 

Along C 1A y = 0; x = x so that dx = dx; dy = 0 and 

2 
0 


<2xy 3 dx + 3x 2 y 2 dy = ( 0>dx + 0 = 0 
J 0 
1A 

Along C 1B x = 2; y = y so that dx = 0; dy = dy and 

f (2 Q 

2xy 3 dx + 3x 2 y 2 dy = I 4y 3 -0 + 12y 2 dy = 12*-r 
' C 1B J 0 3 


32 


Therefore I 2xy 3 dx + 3x 2 y 2 dy = 32. (1) 

For 2xy 3 dx + 3x 2 y 2 dy evaluate in the same manner as C,. 
Along C 2A x = 0, y = y so that dx = 0; dy = dy and 



Along C 2B x = x, y = 2 so that dx = dx; dy = 0 and 






[ 16xdx + 0 = 16*2 = 32 
^0 


Hence [ 2xy 3 dx + 3x 2 y 2 dy = 32. (2) 

J C 2 


For 2xy 3 dx + 3x 2 y 2 dy use x as the parameter to obtain x = x, y = x; so that dx = dx; dy = dx and 


( ? = f 2x 4 dx + 3XMX = s[ x"dx 

>Ci '0 ' 0 



To determine if the line integral is independent of the path calculate il = 6 xy 2 and |2 = 6 xy 2 which are equal. Hence, since 
|1 = 12. the vector field has a potential function and the line integral is independent of the path. Notice we have the same value 
for the line integral computed over 3 different paths (equations (1), (2), (3)). 

To evaluate the line integral by the method of potential functions let 

= 2xy 3 and = 3x 2 y 2 . (4) 

Integrating for x (J>(x,y) = x ^ 3 + h(y). (5) 

Now taking |£ of (5) = 3x 2 y 2 + h' (y), but from (4), = 3 X 2 y 2 - Thus, it follows that we can take h(y) = 0 and <|)(x,y) = 

x 2 }/ 3 . By the method of potential functions [° f.dc = 4»(Q) - <t> (p), 


f (2,2) 

2xy 3 dx + 3x 2 y 2 dy = $(2,2) - $(0,0) 

J (0,0) 

= 2 2 2 3 - 0 = 4.8 = 32 which agrees with the previous values. 

• PROBLEM 8- 


Show that [ - dx - + y d y is independent of the path in the simply connected domain shown in Figure 1(a), and the doubly 
•'A x 2 + y 2 

connected domain in 1(b). Then find the value of the line integral for each. 



Fig. la 







Fig. lb 


Solution : The path shown in Figure 1(a) is in a simply connected domain not containing the origin. In plain terms a domain is 
simply connected if it has no “holes.” Since the domain is simply connected, the following theorem may be used. Let P(x,y) and 


Q(x,y) have continuous derivatives in D and let D be simply connected. If . |Q inD, then [pdx + Qdy is independent of 


the path in D. Computing ^ = 
domain shown in Figure 1 (a). 


-2xy 


(x 2 +y 2 ) 2 


‘ 3 ^. Thus the line integral is independent of the path in the simply connected 


The path shown in Figure 1(b) is the circle x 2 +y 2 = 1 and the domain is doubly connected. A doubly connected domain is a 
domain with just one hole. Since this is a doubly connected domain the above theorem does not guarantee independence of the 
path. However, for this example one has additional information: Defining a function (|>(x,y) such that F = grad<t> 5 yields the 
relation 


f m(B) - <t> (A). Cl) 

J A x 2 +y 2 

Since we want = —-— and y —, (2) 

3x x 2 +y 2 3y x 2 +y 2 

integrate with respect to x first to obtain 


<t> (x,y) 


[—-— dx + H(y) where H(y) is some function of y. Then ^ (x,y) “ 2 log(x +y 1 + H(y) 
' x 2 +y 2 


so that 
4> (x»y) = 


h ' (y). But if H(y) = 0 is taken then we have the same value for M as in (2). Thus (3) becomes 
(4) 


(3) 


Therefore, since logv ^ 2 + y “ is well-defined (single-valued) with continuous derivatives except at the origin, the line integral is 
independent of the path in the doubly connected domain consisting of the xy-plane minus the origin (as in Figure 1 (b)). 

For the value of the line integral, applying (1), (4), 


f xdx+ydy 
A x 2 +y 2 


B 

A 


Letting for y x2+y 2 _ r , log r B = log r - i og r Figure 1 (a) and equals 0 for the circle excluding the origin as in Figure 
1(b). 


Let F be the following vector fields: 
a ) Fj (x,y,z) = (l-yz,l-zx,-xy) 


PROBLEM 8- 












b) ? 2 (x,y,z) = (yz,xz,xy) 

c) f 3 (x,y,z) = (log(xy),x,y) 

Determine, for each vector field, if jp.dc is independent of the path and if so integrate the vector field over the curve from 
the point P = (1,6,5) to the point Q = (4,3,2). 

3f dji 3f # 3h 3£ and — 

Solution: To determine if the line integral is independent of the path compute 9 y 3x ' 3z ' 3x ' 3 z 3y. 

If we have the conditions 


3f = _32 3f _ 3h 3^ = 3h 
3y 3x ' 3z 3x ' 3z 3y 


then there exists a function <J) such that f = grad$. Then 

Jpfdx + gdy + hdz = <|>(Q) - $(P) 


thus showing that the value of the line integral depends only on the endpoints and not on the path chosen. Hence the line integral 
is independent of the path. 


a ) Fi (x,y,z) = (l-yz,l-zx,-xy) Computing 


3 f _ , _ 3g 3f _ „ _ 3h . 3g _ „ 3h 
37 - _z ~ 3J ' 3z “ -y ~ 3x ' d 3z 3v ’ 


Therefore since the conditions in (1) are satisfied f i *dc is independent of the path. To evaluate this line integral look for a 

>c 

M=i_ M=i_ 3<t> 

function (j) such that F = grad$ 5 i. e . 9* yz 3y zx ' 3z xy- 


Integrating with respect to x first 


<|>(x,y,z) = j (l-yz)dx + H(y,z) so that 

<|>(x,y,z) = x - yzx + H(y,z) 

Differentiating (3) with respect to y and z: 


5- = " xz 


If - 


i£ = _ xv + M 

3z xy 3z 


(3) 


But from (2) |i = l - xzand|i = - X y. 

Take H(y,z) = y so that = i and |H = o- 
Therefore from (3), (|)(x,y,z) = x + y - xyz 


(4,3,2) 

(l-yz)dx + (l-zx)dy - xydz = $(4,3,2) - $(1,6,5) 

(1,6,5) 

= -17 - (-23) -23-17-6. 


b) ? 2 (x,y,z) 
are satisfied and 


(yz.xz.xy)- Computing, “ , 2 , |2; || . y . , || . 

p 2 . is independent of the path. Thus <J) is required such that 


X 


££ = , 


3$ _ 


3$ _ 


(4) 


ih. Therefore the conditions in (1) 


Integrating with respect to x first 






$(x,y,z) = jyz + H (y, z) = xyz + H (y, z )• Differentiating |* = xz + M and 3z ' xy + a z But from (4) 3 Y ' 

li : 


3 z xy . Therefore take H(y,z) = 0 and from (5) (|>(x,y,z) = xyz. Then 
(4,3,2) 


yzdx + xzdy + xydz = <(>(4,3,2) - $(1,6,5) 


= 24 - 30 = -6. 

c) ? 3 (x,y, z) = (log (xy) ,x,y). Computing, M = I and |2 = i. Since f |2 there is a condition of (1) that is not 
satisfied so f 3 • dc is not independent of the 


• PROBLEM 8- 


Evaluate ( F-dc where f is the vector field F ( X »Y* z ) =(y 2 +2 , z 2 x-i, 2xy,2x ? z) fr om the point (0,0,0) to the point 


(2,2,2) where C is the curve shown in Figure 1 , by two different methods. What would happen to the value of the line 
integral if a different path c* were used? 



Solution : For the first method seek some function (j) such that F = grad$. Then the line integral is independent of the path and 

(l) 


(Q - - 

F-dc = $(Q) - $(P). 


First checkins to see if this function exists compute ' yf ' fx ' fz ' and §y‘ If the conditions 

tf = !x'tz = fx'fx = fy hold then there exists a potential function <j) such that £ _ gra d$- Computing f= y 2 + 2z 2 x - 1, 
g = 2xy, h = 2x 2 z and |1 = 2y = , |1 = 4xz = , |2 = o = Hence since the conditions are satisfied a potential 

function (j) does exist. To find this function apply the conditions 


M - y’ * ->•!*- If ■ »***• <»> 


Integrating with respect to x first 

Mx,y,z) = j (y J + 2 z 2 x - i) dx + h( y,z) where H(y,z) is some function ofy,z. Then, 
<()(x,y,z) = y 2 x + z 2 x 2 - x + H(y,z). (3) 


From (3) M = 2xy + ||and|i = 2 zx 2 + g- 


But from (2) = 2 x y and M = 2x 2 z- Then if H(y,z) is taken equal to zero, <()(x,y,z) = xy 2 + x 2 z 2 - x (In other words F(x,y,z) 

is the differential of (|)). Then by equation (1) 









f _ _ r<2,2,2) 

F-dc = (y 2 +2z 2 x-l)dx + 2xydy + 2x 2 zdz 

C J(0,0,0) 

= $( 2 , 2 , 2 ) - $( 0 , 0 , 0 ) 

= 12 (2 2 ) + (2 2 ) (2 2 ) - 2] - 0 = 22. (4) 


For the second method, compute the line integral directly along the curve C. Since C consists of the line segments C b C 2 , C 3 , 

? = F + F + F. Therefore evaluate ?-dc first. The paramctrization used is x=x;y=0;z=0, dx=dx;dy=0;dz=0 
’C ■'Cl 1C 2 'Ci Jci 

so that 

F-dc = I (y 2 +2z 2 x-l)dx + 2xydy + 2x 2 zdz 

'c, J c, 

= f (0-1)dx +0+0-- f dx = -2. (5) 

J Ci > 0 


Along C 2 use the parameterization x=2, y=y, z=0 so that dx=0, dy=dy, dz=0 and 


( ?*dc = [ (y 2 -l)*0 + 4ydy + 0 = 4( ydy = 8. (6) 

; C 2 J C 2 J 0 


Along C 3 x=2, y=2, z=z so that dx=0, dy=0, dz=dz and 


f f f 2 

F-dc = 0 + 0 + 8zdz = 8 zdz = 16. (7) 

J C 3 J C 3 Jo 


Hence adding (5), (6), and (7) 


F-dc = -2 + 8 + 16 = 22 
C 


which agrees with (4) (the answer by the first method). 

If a different path is used, die value of the line integral would remain the same since the line integral is independent of the 
path. We know this because there exists a potential function (|)(x,y,z) and from this method the value of the line integral depends 
only on the endpoints and not the path taken. 

• PROBLEM 8- 


(Q 

Let F be the vector field F(x,y,z) = (yz,xz,xy)_ Compute F-dc where Q is the point (1,2,3) and P is the point 

Jp 

(1,0,-1), first by choosing a broken line path with segments parallel to the axes. Then find a function (|)(x,y,z) such that 
F = grad$. 






,Q 

Solution : | f* dc is to be evaluated along some path C. 


But first compute the following partial derivatives of f (f, g, ar| d |y • Then if the conditions 

ly = lx ' If = §£> an dff = jfy hold, the line integral is independent of the path C. Computing, 

|y = z » , || = y = J£, and = x = , hence the line integral is independent of the path chosen. 

Therefore any path C can be chosen, and the line integral will have the same value for each C. 

For the given points P,Q choose the path C which consists of the line segments Cj , C 2 , C 3 as shown in Figure 1 . 


Then to evaluate f • dc use the relation 
>c 

I f = [ f + [ f + ( ? where C= {Cj. C 2 . C 3 }. (1) 

'C J Cj ’C 2 'C 3 

To compute F*dc use the parameterization x=l, y=0, z=z so that dx=0, dy=0, dz=dz and 

>c , 


(yz,xz,xy)•(dx,dy,dz) 

Ci 

yzdx + xzdy + xydz 
C, 

I 0 + 0 + 0-dz = 0. (2) 

Ci 

Along C 2 use the parameterization x=l; y=y; z=0 so that dx=0, dy=dy, dz=0 and 


F*dc = I yzdx + xzdy + xydz 

c 2 } c 2 

= 0 + Ody + 0 = 0. (3) 

J C 2 

Along C 3 use x=l ; y=2 ; z=z so that dx=0 ; dy=0 ; dz=dz and 



yzdx + xzdy + xydz = 0 + 0 + 2dz 

>c, >c. 


1 2 dz < 

Jo 


(4) 


Then by (1), ?*dc equals the addition of (2) ,(3) ,(4). 

>c 

Thus [ F • dc = 0 + 0 + 6 = 6. (5) 

J C 

Note that this value will be obtained for any path chosen since the line integral is independent of the path. 


To find the value of this integral by finding a function (J) such that f = grad<f> 5 first verify if this function exists . This is 
easily done by using the following theorem | p*d3 is independent of the path C if and only iff = graded has a potential 
p + 

function. Therefore, since this line integral is independent of the path C it follows that F = grad<t> has a potential function (j) 
such that F = grad<fi = <|). For this function (|) (x, y, z) , it is required that 


li . 
3y 


ii * . 


( 6 ) 


First integrating with respect to x$ (x,y,z) = yzdx + H(y,z) = xyz + H(y,z) where H(y,z) is some function ofy, z only. 



Then computing from this equation = xz + and = X y + 3H ^ y> z) • 

But from (6) = xz and |1 = X y; thus take H (y, z) = 0 to obtain <|) (x, y, z) = xyz. Therefore I Q p. dc = $ (Q) -<p (p) since 

y z Jp 

F = grad^ 0 r 

( (1,2,3) 

yzdx + xzdy + xydz = $(1,2,3) - $(1,0,-1) 

1 ( 1 , 0 ,- 1 ) 

= 6-0 = 6 which agrees with the value of the line integral over C (equation (5)). 

• PROBLEM 8- 


Evaluate f° l z3+2 y 2 > dx + xz 2 dy + (xz 2 +xy 2 -xyz) . d z where Q ij} &e point (e 01) and p ig the point ; by two 

'P xz 3 + xy 2 z 

different methods. 


Solution : The first method is to try to find some function (j) (x,y,z) such that F = grad$ and use the relation 

F«dc = $(Q) - $ (P). But first check to see if this function (|) exists . To do this compute the following 

J P 



derivatives of j? 


grad$ (£&h) , 


3f 3a if 3h la 
3y ' 3x ' U ' 3x ' 3z 


, and and and if i* = |a 
' a,,u 3y 9y 9y 9x 


9f _ 9h 92 
9z 9x ' 9z 

Computing, f = 


= |h ; then there exists a function (j) such that £ _ grad^. That is, the differential is exact. 

(z 3 +zy 2 ) 1 . g _ xz 2 _ z . 

(xz 3 +xy 2 z) X xz 3 +xy 2 z z 2 +y 2 


xz z +xy z -xyz 

xz J +xy 2 z 


J Jy 1 


■ I?; 



we want 


9h 

9x 


2 = Hence since the conditions are satisfied a potential function (|) does exist. To find it 


it = I, 1± = 

9x x ' 9y 


' If 1 


Z z +y z y z +z z 

Therefore integrating with respect to x first $( x ,y,z) = j^+ h (y, z ) where H (y,z) is some function : of (y,z) . Thus 

(j) (x,y,z) =logx + H (y,z). (2) 


Now H (y,z) should be such that 














3H (y, z) 

3y 


(3) 


Integrating with respect to y 


• dy + G(z) = tan 


*( 2 ) + G(z) butfrom(3) 


9H _ 1 

Tz z , , allu an*'* v -- 

y +z du 1 +u 2 


— and since d(ta |? —^ = —— by the chain 


rule 3tan~ may be found. Let u = ^ then and ' 




.. z .. . =z = -y 

Yl z 2 z 2 +y 2 z 2 z 2 +y 2 


So 3tan ~ (z) = ~y and all we need is a G (z) such that g■ ( z ) = iTakec(z) = f— = logz- Then the potential function 
y2+z 2 ^ 2 J z 

( 2 ) equals 41 (x,y, z) =logx + tan 1 + logz 

4>(x,y,z) =log(xz) + tan (4) 

Hence j ^ e '®^^ (z 3 +zy 2 )dx + xz 2 dy + (xz 2 +xy 2 - xyz)dz 
(1,1,1) (xz 3 +xy 2 z) 

= <|)(e, 0 ,1) - (j) (1,1,1) which equals upon substitution into 

(4): loge + tan - logl - tan *^y) 

-1 + 0- 0- J- l- J. (5) 

The second method used is to compute the integral along some curve C. Since a potential function exists the line integral is 
independent of the path C. Therefore choose any C and the line integral will still have the same value. For the given points P,Q 
choose the path C, which consists of the line segments C, , C 2 as shown in Figure 1. Then 

j ? = j ? + j P where C = {Cj,C 2 } 

To compute F*dc use the parameterization x=l , y=y, z=l, so that dx=0, dy=dy, dz=0 and 
[ ?*dc = ( 0 + 


0 = -fiL. 

J 1 1 +y 2 


From a table of integrals 1-^— = - tan” q-Y Thus 
Q ’a 2 +x 2 a Va/ 

( 6 ) becomes d Z ... = tan -1 (y) = tan 1 ( 0 )-tan 1 
1 1 1+y 2 11 


Along C 2 use x=x, y=0, z=0 and dx=dx, dy=0, dz=0 so that 

[ ?*dc = I 1 z - 3 T ^Z. 2 .. ) -. dx + 0 + 0 = [ e : 
>C 2 J C 2 x(z 3 + zy 2 ) Jl 


; +zy 

loge - logl = 1 









Therefore f • dc equals (7) + (8) = 


+ 1 = 1 - j which agrees with the answer using the first method (equation (5)). 

• PROBLEM 8- 


A force F is called conservative if it is exact. Show that the force (vector field) F = grad<j> (x, y) = (y cos xy, x cos xy) is 
conservative . Then find the work done by this force in moving a particle from the origin to the point (3 , 8). 


i(3.8) 

C 2 


Solution : To determine if p = grad ^ (x, y) is exact use the following theorem; Given the differential form fdx + gdy, if f and g 
have continuous first partial derivatives at all points of some open rectangle , the differential form is exact at each point of the 
rectangle if and only if the condition M = |2 is satisfied throughout the rectangle . When this condition is satisfied , there is a 
function (j) such that d <|) = fdx + gdy and (j) (x,y)= 

J c f(x,y) d+x g(x,y)dy where C goes from P 0 to P = (x,y). 

In this problem £ _ grad<t) (x, y) = (y cos xy, x cos x y) . Letting f = y cos xy and g = x cos xy 
|1 = i_ (y _c os xy ) = xy( _ sin xy) + cos xy 

and |l = I <* - cos xy) = xy( _ sin Xy) + cos xy . 

Thus , and by the theorem (y cos xy)dx + (x cos xy)dy is exact. Hence the force is conservative. 

To find the work done by this force p = gradc ^ in moving the particle , compute the line integral from the origin to the point 
(3,8). Since = |2 there exists some function (|) such that £ _ grad(fl = grad(|) and 

f Q 

f (x, y) dx + g (x,y)dy = <p (Q) - 4>(P). (1) 

'P 

Since £ = grad(f) (f,g) = grad <|) (x,y), |1 = f and |4 = g; so 

|^ = y cos xyand|^ = X cos xy. (2) 


Integrating with respect to x 

<Mx,y) = jy cos xy dx + H(y) (h (y) is a frmctionofy) 

(t)(x,y) = sin(xy) + H(y). (3) 

Now = x cos xy + H' (y) • But from (1) M = x cos(xy). 

If H(y) is taken equal to zero, 


<t> (x, y) = sin (xy). (4) 


+ (x cos xy)dy = <M3,8) 


$( 0 , 0 ) 


Then upon substitution into (1) the work done by the force is I ' {y cos xy) dx 

J (0,0) 

which equals using (4) , sin (24) - sin 0 = sin24. 









The work expended may also be calculated by evaluating the line integral over a path C from (0,0) to (3,8). Since there 
exist (|) such that F = grad^ the line integral is independent of the path. Thus any C may be chosen to evaluate the line integral. 
Letting C be the path in Figure 1 , now C consists of Cj, C 2 . Then alonq C, 

x=x,y=0and| F«dc = I Odx +0 = 0. 

J Ci -’Cj 

Along C 2 x=3, y=y and 

r ^ .* 

F-dc 

; c 2 


Thus, 


F»dc = 0 + sin24 + sin24.. 

c 


3cos3ydy = 3 cos3ydy 
1 0 

_ , sin3y| 8 _ . 


GREEN’S THEOREM 


• PROBLEM 8- 

Prove Green’s Theorem in the plane if the region R is representable in both of the forms 
a < x < b, f j (x) < y < f 2 (x), 
c < y < D, g j (y) < x < f 2 (y) as in Fig. 1 . 

Let R be the region in R 2 and let C be the curve bounding R as given i n the figure. C is oriented in such a way that R is 
always to the left of C. Let P (x, y), Q(x,y) be real-valued differentiable functions defined on R. Then Green’s Theorem in 
the plane states that 

f c pd * * 



Fig. 1 

Solution : In Figure 1 , R is the region bounded by C. Let the equation of the curves ACB and BDA be y = f 1 (x) and y = f 2 (x) 
respectively. The double integral jj dxdy can be written as: 










[ P(xi ,f 1 (xj)dx + [ P(x,f 2 (x)) 
* a ' b 



(x,y)dx 


Thus |^P(x,y)dx = -|J r || dxdy. (1) 

For the second half of the proof let the equation of the curves CAD and CED be x = g ; (y) and x = g 2 (y) respectively. 
Then 




’qi (y) 


f d x=g 2 (y) 

: I Q(x,y) dy 

|x=gi(y) 

= | (Q(92(y)»y) - QCgi(y)*y))dy 


fd #-d 

= J c Q(g 2 (y) ,y)dy - J c Q(gi (y) ,y)dy 
= J c Q(g 2 (y)»y) dy + J^Q(gi (Y> »y) <*y 

« ^ Q(x,y)dy 


Thus 









<j> c Q(x,y)dy = |J^ dxdy(2) 


Then adding (1) and (2): 

<J> P(x,y)dx + Q(x,y)dy * || (ax " 3y)dxdy 
which is Green’s Theorem i n the plane. 

Note: If a region is given in which a line parallel to the coordinate axes may cut C in more than two points, then R must be 
decomposed in to separate regions (as in Fig. 2) having the properties of the region first considered in this problem 


If there are R l5 R 2 , .R n regions bounded by C b C 2 , ..., C n respectively, then 

<p (Pdx+Qdy) + o ( ) + ...+ <p ( ) 

J Ci J c 2 J c n 

-n R .(s-n>*.n Rn - >*■* 

However the sum on the left is jus Pdx + Qdy where 

C = {C,, C 2 , ..., C n }. For the integrals along the added arcs are taken once In each direction, thereby cancelling each other out; 
the remaining integrals then add up to precisely the integral round C in the positive direction, on the right side, the integrals add 



• PROBLEM 8- 


Let C be the ellipse x 2 + 4y 2 = 4. Compute * (2x-y) dx + (x+3y) dy by Green’s Theorem 

J c 


Solution : Green’s Theorem states : Let p,q be functions on a region R, which is the interior of a closed path C (parametrized 
counterclockwise). Then 

i c pdx * - 11,(11 - 1 ?)*"*- 

In the given problem, 

d> (2x-y) dx + (x+3y)dy (1) 

J C 


where C is the ellipse x 2 + 4y 2 = 4 , is the integral. To use Green’s Theorem let p = 2x-y and q = (x+3y). Then 
|R = -i and = l so that (1) equals 

|| (l+l) dxdy = 21| dxdy = 2 x (area of the ellipse). (2) 


Hence rewriting the ellipse as , v 2 _ i, and using the formula Area = 7iab where — 
^ a 2 

ellipse is 2n. Thus, (2) becomes 2 x 2 ji = 4 n. 

Thus the value of the line integral is 4n. 


ll 

b 2 


l, the are of the given 




PROBLEM 8- 


Verify Green’s Theorem where F is the vectorfield F(x,y) = (xy,y 2 ) and R = {(x,y) :a<xb, c<y<d}. 
(Figure 1.) 


P 4 “ (a , d) 


P» “ (a » c) 


(b,d)=P 3 


C 2 

(b,c)=P 2 


' Fig. 1 


Solution : Green’s Theorem states : 

^ pdx + qdy = ff R (li -1?) dJta r where m are functions on a region R which is the interior of a closed curve C 
(orientated counterclockwise). 

To verify Green’s Theorem first compute the integral ?»dc = <j> (p,q) • (dx,dy) where F = (p»q). Hence we must 
compute 

<b xydx + x 2 dy. (1) 

J C 

Here C consists of the four straight line segments in Figure 1. To compute (1) apply the definition 
|>F=j F+| ? + | F where C = {C, ,C 2 rC 3 ,C 4 1 

First compute 

xydx + x 2 dy. (2) 

J C, 

Here use x as the parameter letting x=x, y=c so that dx=dx and dy=0. Then (2) becomes 

[ cxdx + x 2 -0 = c( xdx = ic(b 2 -a 2 ) 

' a ’ a 2 


For I xydx + x 2 dy (3) 

J C 2 

use y as the parameter letting y=y, x=b so that dy=dy and dx=0. Then (3) becomes 
f d 

by• 0 + b 2 dy = b 2 (d-c)- 
'c 

For xydx + x 2 dy (4) 

J C 3 

let x=x, y=d so that dx=dx, dy=0 and (4) becomes 

d [ xdx = i d (a 2 -b 2 ). 

J b 2 

Finally for f xydx + x 2 dy (5> 





let x=a, y=y so that dx=0, dy=dy and (5) becomes 

a 2 [ dy = a 2 (c-d). 

J d 

Hence substituting the values of (2), (3), (4), and (5), (1) equals 
|c(b 2 -a 2 ) + b 2 (d-c) + |d(a 2 -b 2 ) + a 2 (c-d) 

= ic(b 2 -a 2 ) - |d(b 2 -a 2 ) + b 2 (d-c) - a 2 (d-c) 

= i(c-d)(b 2 -a 2 ) + (b 2 -a 2 )(d-c) 

= (b 2 -a 2 )(d-c) - i(d-c)(b 2 -a 2 ) 

= i(d-c)(b 2 -a 2 ). (6) 

By Green's Theoremp=xy and q=x 2 so that |£ = X ; |^ = 2x and (1) equals 

|| (2x-x)dxdy = | | xdxdy 

which 

= |(b 2 -a 2 )[ d dy = |(b 2 -a 2 )(d-c) 

' c 

agrees with (6) and thus verifies Green's Theorem for this problem 

• PROBLEM 8- 

a) Let p (x, y) = (3xy, x 2 )• Verify Green's Theorem where R is the rectangle in Figure 1 (counterclockwise). 

b) Let C be the closed curve consisting of the graphs of y = sin x and y = 2sin x for 0 < x < n, oriented counterclockwise. 
Find 

(l+y 2 )dx + ydy (1) 

C 

directly and by Green's Theorem 

2 ft 

C 4 | C 2 

-i o—^ \ , 

Ci 

Fig. 1 


Fig. 2 












Solution : Green's Theorem states: 

j, pdx + qdy =|| _ |£j dxdy where C is a closed curve and the boundary of the region R. 

a) To verify Green's Theorem first compute 

ill (p,q) • (dx,dy) = <{> pdx + qdy (1) 

J C J C 

Substitutingj? ( x , y) = (3xy,x 2 )into (1) 

A 3xydx + x 2 dy. (2) 

} C 

To compute this integral, observe that C consists of 4 segments. The integral is calculated over each segment and the integral 
over C is given by the relation 

| - f ?+ J c f + J c f + | c ? where C = {C l5 C 2 , C 3 ,C 4 }. 

Along C] x=x, y=0 and dx=dx, dy=0 so that 

( , ( 3 

3xydx + x 2 dy = Odx + x 2 0 = 0. (1) 

J Ci J -1 

Along C 2 x=3, y=y and dx=0, dy=dy so that 

( 3xydx + x 2 dy = ( 9y0 + 9dy = 9[ dy = 18. (2) 

>C 2 J 0 ; o 

Along C 3 x=x, y=2 so that 

| c F*dc = j 6 xdx + x 2 0 = e| xdx 

«» 

Along C 4 x=-1, y=y so that 


f*dc = | 0 + (-l)' 2 dy = I dy = - 2 . 


1 f 
v >C e 


Now equals the sum of (1), (2), (3), (4). Hence 

9 3xydx + x 2 dy = 0 + 18 - 24 - 2 = - 8 . 
>C 

By Greent's Theoremp=3xy, q=x 2 so that A 3x ; 9x = 2x and 


^ 3xydx + x 2 dy = jj (2x-3x)dxdy 


f 3 f 2 (-x)dydx = [ 3 (-x)2dx = -(9-1) = ■ 

J-iJq J-i 


which agrees with equation (5) and thus verifies Green's Theorem for this problem 



b) First find ( l+y 2 ) dx + ydy directly. Drawing the curves in Figure 2, C, (y = sin x) ranges from 0 to 7t and C 2 (} 
>c 

x) ranges from7i to 0. Hence parametrize C, by letting x=x, y=sin x and for C 2 x=x and y=2sin x. 

Since L F = [ f + ( f where C = {c l5 C 2 )} 

'C J Ci 

^(l+yMdx + ydy = j £(l+sin J x) + sin x cos x}dx 

+ | £(l+4sin 2 x) + 4sin x cos xjdx 

= (l+sin 2 x + sin x cos x)dx 
J 0 

f° , 

+ (l+4sin 2 x+4sin x cos x)dx 

= (l+sin 2 x + sin x cos x)dx 
>0 

(l+4sin 2 x+4sin x cos x)dx 

J 0 

= [ l-3sin 2 x - 3sin x cos x]dx 


-3 sin 2 x dx - 3 sin x cos x dx 
'0 J 0 


• dx - 0 ^since sin 2 x = 1 ~ c ° s2x ^ 


- 3 ) 0 * * 3 J 


gp- s2x = zh 


~r * 


(l+y 2 ) dx + ydy = . 


By Green's Theorem p = l+y 2 , q= y and |£ = 2 y, -|3 = o so that 

^ (l+y J )dx + ydy = jj -2y dydx 

Where R is the region sin x < y < 2sin x and 0 < x < n. 

Then (7) becomes 

n 1 * 1 " %- r ter > 

'O'sin x ' 0 \ 2 |sin x / 

= f F -3sin J x dx = -3r 1 ~ c ° a2x dx 


. * n = zh 


= 2sin 


which agrees with (6), thereby verifying Green's Theorem 




PROBLEM 8- 


a) Verify Green's Theorem for the vector field F(x,y) = (-y»x) w here 2(t) = (r cos t, r sin t)-7r<t<7i andR = 

{P : | P | <r}. 

b) Evaluated (x* + 2 y’)dx where C is the square with vertices (1,1), (1,-1), (-1,-1), (-1,1). 

J c 


Solution : Green's Theorem states: 


| pdx + qdy = [j _ |pjdxdy where C is a closed curve and the boundary of R. Letting p = -y and q = x 
|P = -1 |3 = i and by Green's Theorem; 

| -ydx + xdy = JJ (1 - (-lj)dxdy = 2 J J dxdy (1) 

= 2[area of R] where R is the circle of radius r since C, the boundary of R, is given para-metrically as 
£(t) = (r cos t, r sin t). Hence (1) equals 

27ir 2 . (2) 


To verify Green's Theorem compute J pdx + qdy the result with (2). Since x = r cos t; y = r sin t on C, dx = -r sin t; dy = r cos 
t and 


I (-y)dx + xdy = (-r sin t)(-r sin t)dt 

J C 


*1 


IT 

(r 


t) (r cos t)dt 


which agrees with (2) and thus verifies Green’s Theorem 


(r 2 sin 2 t + r 2 cos 2 t)dt = 


= r 2 (ir+ir) = 27rr 2 

b) This line integral could be evaluated along four different paths C; where C = {C b C 2 , C 2 , C 3 , C 4 }, and each Q is one side of 
the square. But since this is a closed curve, and C can be taken to be oriented counterclockwise, Green’s Theorem may be 
applied. 

J(x 2 +2y 2 )dx + Ody = JJ (0-4y)dxdy 

Let p = (x 2 + 2y 2 ) and q = 0; then |R = 4y, |3 = o and 
which can be solved in two ways: 

I) Compute the integral directly over R to obtain 

r 1 fl (1 y 1 1 1 

- 4 | ydxdy = -8 ydy = - 8 k \ 

J _! z |-1 

= -4(1-1) = 0. 

II) Note that | j ydxdy = Ay where A is the area of the square and ( x > y) is the centroid of the square (the point of the center of 
mass). Thus (3) equals 

— 411 ydxdy = -4 Ay = o since the centroid 


4|| ydxdy 


(X/Y)is at (0, 0). 







PROBLEM 8- 


Use Green’s Theorem to find: 

a) y 2 dx - xdy clockwise around the triangle whose vertices are at (0, 0), (0, 1), (1, 0). 

J C 

b) The integral of the vector field F (x, y ) = (y+ 3x, 2y-x ) counterclockwise around the ellipse 4x 2 + y 2 = 4. 



Fig. 1 


Solution : Green’s Theorem states: 



where C is the boundary of the region R. 


a) From Figure 1 the region lies to the right of the path. Therefore use C' instead of C so that the region lies to the left. Then use 
the fact that 



y 2 dx - xdy = -j y 2 dx - xdy. 


Now apply Green’s Theorem to the right hand side of equation (2). Let p = y 2 and q = -x so that |£L = -1 and = 2 y to obtain 


| y 2 dx - xdy = -jj (-l- 2 y)dxdy. 

From Figure 1 R is the region bounded by the x-axis, the y-axis, and the line x+y=l. Thus (2) becomes 

[ y 2 dx - xdy = -[ ( -(l+ 2 y)dxdy 
>C >0'0 

= j^x+2yxj ^dy = J [ 1 -y + 2 y(l-y)]dy 

= f 1 (l+y- 2 y 2 )dy = y+ £L- 2 il| 1 =i + l -2 
>0 J |0 2 3 

_ 5 
' 6 ’ 

b) Since j5 ( X/ y > is being integrated counterclockwise over the ellipse 4x 2 + y 2 = 4, we have the region R to the left of C with C 
be in g a closed curve. GivenF(x,y) = (y+3x,2y-x)- if W e letp = y+3x and q = 2y-x then Green’s Theoremmay be applied. 
First calculate: = i and 13 = _i, then substitute into (1) to obtain 






■ 21-1 


If the ellipse is rewritten in the form a 7 b 2 we could use the equation for are a of the ellipse, A = rcab. Since the ellipse 

is given as 4x z + y- = 4 rewrite it as 1 2 2 2 to obtain A = n( 1) (2) = 2n. Thus 


' ellipse 


F = -2 x 2ir = -4ir 


Verify Green’s Theorem for (x 2 -y 2 )dx + 2xy dy, where C is the clockwise boundary of the square formed by the lines 

J c 

x=0, x=2, y=0, and y=2. 


Fig. 1 


Solution : Draw the square in Figure 1 . To verify Green’s Theorem for this line integral first compute F • dc. To do this note 

>c 

that C consists of four paths C b C 2 , C 3 and C 4 . Then evaluate the line integral over each path using the equality: 


f= f+ f + F + f where 
>C *Ci 1 c 2 7 Ca •'Cii 

C={c b C 2 , C 3 ,C 4 }.(1) 

Computing the line integral over C, first, use the parametrization x=0, y=y so that dx=0, dy=dy and 

[ f-dc = f (0—y 2 ) 0 + Ody = 0. (2) 

'C t J Ci 

Along C 2 use the parametrization x=x, y=2 so that dx=dx, dy=0 and 


F-dc = (x 2 -4)dx + 4x* 0 = (x 2 -4)dx 


Along C 3 use x=2, y=y, and dx=0, dy=dy so that 


F*dc = (4-y 2 )•0 + 4ydy 

: 3 J c 3 

1 ° 


! 2y 2 


Along C 4 use x=x, 57=0 and dx=dx, dy=0 so that 








F-dc = 


(5) 


t i -8 

I (x 2 -0)dx +0=[ x 2 dx = -=- . 

J C* 'C„ >2 J 

Now using equation (1) the integral of? over C equals the addition of (2), (3), (4), and (5). Thus 

| F-dc =0-ip-8-|= -16. (6) 

To verify Green’s Theorem look at Figure 1 and notice that the curve C is oriented so that the region R is to the right as we 
advance along C. However, Green’s Theorem states 

j pdx + qdy = jj (|f - |f jdxdy where C is oriented 

so that the region R is to the left as we advance along C. So to apply Green’s Theorem use C" and the relation 


| f-dc = -j F-dc. Therefore, letp = x 2 -y 2 , q = 2xy, 
c c 

so that If = -2y and |3 = 2y and by Green’s Theorem; 

pdx + qdy = - pdx + qdy = -1 f (2y - (-2y))dxdy 
J C > Q - ''R 

- -4J J ydxdy (7) 


Equation (7) may be evaluated in two ways. 

I) First compute it directly over R with 0 < x < 2 and 0 < y < 2 so that 
-4 f 2 [ 2 ydxdy = - 8 | f2 ydy = -16 which agrees with 

Jo^o Jo 

(6) and thus verifies Green’s Theorem 

II) Second, by using the equation j j ydxdy = Ay where Ais the area ofR and (x»y) is the centroid of R. Hence, since in this 

case, Area = 4 and (x,y) = (1,1), 

-4 J j ydxdy = -4Ay = -4(4) (1) = -16 
which agrees with (6). 


LetF(x,y) 


: z +y 2 x 2 +y 2 / 


J. Find the integral of? over the path C shown in Figure 1. 


PROBLEM 8- 



Solution : The path C consists ofthe three curves C 1; C 2 , C 3 around the origia However ? (*#y) is not defined at the origia 
Also, if the origin is not enclosed by the path C then the integral equals 0 since 


9p _ (x 2 +y 2 ) - 2x 2 


3y 


(x 2 +y 2 ) 2 


-( x 2 +y 2 ) + 2y 2 
(x 2 +y 2 ) 2 


2(x 2 +y 2 ) - 2x 2 - 2y 2 ; 
(x 2 +y 2 ) 2 

Therefore by Green’s Theorem, 


l^pdx + qdy = [} R (|f “ dxd V' or jj R 0dxdy = 0 


But the path C does enclose the origin and when computed has a value ^ 0. This integral can be computed separately over each 
curve Cj and using the fact that 


I F = I F + ( F + f the desired value may be found. However this can be difficult due to the shape of each curve. 

' c } C X •'c 2 c 3 

But we can use Green’s Theorem to simplify this problem Draw a small circle y around the origin, oriented counterclockwise. 
Therefore A is the region between the circle and the path. Letting y denote the reverse path of y', the boundary of A consists of 
the curves {C l5 C 2 , C 3 , y"}. Use y" to give the correct direction so that the region A lies to the left of each one of the curves. 


Now apply Green’s Theorem to obtain | F + j ? = jj - |^dxdy = 0 by the computation earlier in this problem 


Hence f = - f = I f. Thus F equals the same value k for all curves C enclosing the hole at the origin. Thus 
J c Jy )y ) c 

whatever C is chosen, we will arrive at the same value. Therefore, let C be the circle x 2 + y 2 = 1 and using the paramtrization x 
= cos0, y = sin0, 0 < 0 < 2 n 


, 2n 

| ?*dc = | "^ine ( _ sin0)de +j£^i (cos9)de 

(2tj r2v 

= (sin z 8 + cos 2 6)d0 = d0 = 2ir. 

> 0 J 0 

Thus for all curves C enclosing the origin, the integral of F (x,y) = 

\x 2 +y 2 


I over c equals 2ji. 


Evaluate [ Z dx . ~ X Y d Y around the ellipse x 2 + = 1. 

>c (x 2 +y 2 ) 2 


Solution : To evaluate this line integral first notice that the vector field is not defined at the origin. Therefore, the integral of this 
vector field over a closed path including the origin does not equal zero. This integral could be computed directly over the 
given 





Fig. 1 


ellipse, but the integration would be awkward. Thus a different method that involves Green's Theorem is used. Draw a small 
circle Cj around the origin, oriented counterclockwise, inside the ellipse (see Figure 1). Let Abe the region between the circle 
and the ellipse. Then the boundary of A consists of the curves {C,Cf} where Cf is the reverse path of C,. 

Now, since |E , |£L are defined at all points in A and using Cf the region A lies to the left of each of the curves and 
Green's Theorem may be applied. Then 

J c * * l Cl - ? ■ - §) axdy - a) 


-y 2 (x 2 +y 2 ) 2 + 4x 2 y 2 (x 2 +y 2 ) 

(x 2 +y 2 ) 4 


Since = -y 2 (x l, +y 1> +2x 2 y 2 ) + 4x‘*y 2 + 4x 2 y 4 
(x 2 + y 2 ) 4 


|3 = 3x‘*y 2 + 2x z y 4 -y 6 

(x 2 + y 2 ) 4 


IE 

9y 


and 


IE 

3y 


3y 2 (x 2 +y 2 ) 2 - 4y 1 * (x 2 +y 2 ) 

(x 2 + y 2 ) 4 

3y 2 x 4 + 3y* + 6x 2 y 4 - 4x 2 y 4 - 4y« and M - lE = 0 . Hence (1) becomes 
(x 2 + y 2 ) 4 3x 3 * 

3y 2 x 4 + 2x 2 y" - y 6 . Thus |j = 

(x 2 + y 2 ) 4 


f c ? + j f = o so that = -{^ P = | c P (2) 

observe that the integral around the ellipse has the same value as the integral around the circle (or for any other closed curve). 
Therefore replace the ellipse by the circle x 2 +y 2 =l, which also enclosed the point of is continuity (the origin). With the 
parametrization x = cos0, y = sin0, 0, < 0 < 2n, the integral on the circle is 

( 2v (-sin ? esin9 - cos6sin 2 9cos9) 

^0 (cos 2 e + sin 2 e) 2 


f 2ir 

= (-sin 4 0 - cos 2 0sin 2 8)d0 

J 0 

- f -sin 2 0(sin 2 0 + cos 2 0)d0 
> 0 


f 2jr 

-sin z 0d0. 

; 0 


Usin g sin 2 0 = 


l-cos20 












ire*-*)—c* *c 


= -71 + 0 = -Tt. 

Thus [ yM x where C is the ellipse x 2 +3y 2 =l equals -n. 

J C (x 2 +y 2 ) 2 


• PROBLEM 8- 


Use Green's Theorem to deduce the integral formula: 



where s is the arc length along C and n is the outer normal to C. 



Solution : To derive (1) start by applying Green's Theorem which states 

J c pd* * qay - j} R (ff - |f) 

where C is a closed curve. Therefore letting q = |ii and p =_|H 



(2) 


Hence we have to show that on C 

_ lH H X + — dv = — ds which can be rewritten as 

3y 3x y 3n 

3udx . 3udy_ 3u ... 

3y ds 3x ds 3n . 

To do this look at Figure 1 . Let P 0 be a point on the boundary of R and let n be the outward unit normal at P 0 . Let a be the angle 
counterclockwise from the positive x-direction to the direction of n. Given that u is a function defined in R with first partials 
that are continuous in R, then the outer normal derivative of u at P is defined to be 


3u 

3n 


3u 

3x 


cosa + 


3u 

3y 


sina 


(4) 


where |A and are evaluated at P . Also dx = ds cos(|) and dy = ds sin(|) where <J) is the angle which the positive tangent to C 

makes with the positive x-axis. Also from the Figure, the curve is directed so that the interior is always to the left and the 
outward normal lags behind the tangent by L radians. Therefore a — ^ _ (I.) and since cos$ = and S i n<t , = we have 
sina = - — ar| d cosa = Hence substituting into (4), 


3u _ 3u dy _ 3u dx which is precisely (3). 
3n 3x ds 3yds 







Thus equation (2) now reads 


|| + ilnj dxdy * | |S ds which is equation (1). 


• PROBLEM 8- 


Show that Green’s Theorem can be used to prove the following theorem of Pappus: Let R be a regular regionlying entirely 
on one side of the x-axis. I f R is revolved about the x-axis, the volume of the solid that is generated equals 2aAy where A 
is the are a of R, and y) is the centroid of R. 



Fig. 1 


Solution : Firsta regular region must be defined . Let R be a bounded closed region in the xy-plane. Let a finite number of 
simple closed curves which do not intersect each other , and each of which is sectionally smooth, comprise the boundary of R. 
Let C represent the aggregate of these curves , each or iented so that the region is to the left of the direction of each curve. Then 
R is a regular region. For this problem consider the case of the regular region pictured in Figure 1 and assume the reasoning 
can be extended to the most general regular region. When the region R is revolved about the x-axis , the volume of R equals the 
volume generated by revolving the upper curve (y = Y 2 (x)) minus the volume generated by revolving the lower curve (y = Y, 
(x)). From elementary calculus if a length Ax is taken and revolved about the x-axis, the volume generated equals J*k y 'dxdx 
where a and b are the endpoints of the length Ax. Therefore, 


V = ir<Y 2 (x)) 2 dx - if (Y j (x) ) 2 dx 


= tt jj d (Y 2 <x)) 2 dx - J d (Y, (x)) 2 dxj 
= -Tr| d (Y, (x) ) 2 dx - | d (Y 2 (x)) 2 dxJ 
|^(Y 2 (x)) 2 dxj 


V = -» (Yi (x)) 2 dx + 


Letting y = Y, (x) be curve C, and y = Y 2 (x) be curve C 2 and using the relation c 
where C = { c T , C 2 , C 3 , C 4 } (1) becomes 


1 "[L yIdx * l c / 2dx ] ""I/ 4 


withe 

oriented counterclockwise. Observe that along C 3 and C 4 x is constant so dx = 0 and hence Fdx = Fdx = o. 

'Ca ; C4 

Therefore, Green’s Theorem may now be applied. Since 

V = -it y 2 dx let P = -Try 2 , Q = 0 


Thus by Green’s 


Theorem; 









( 2 ) 


V = -Tr^y 2 dx = || (b - (~2iryj)dxdy 

V = 2tt|| y dxdy. 

Now if a lamina (thin sheet) is specified to shape and position by a region R in the xy-plane, and if a represents the constant 
are a density, the coordinates of its center of gravity Cx,y) are: 

mx = || xodA, my = || yodA (3) 

where m is the mass of the lamina. Letting A represent the area of R, m=oA. Therefore substituting in to (3), 

oAx = || xodA; aAy = || yodA which become 


Ax = j j X dA and Ay = j j y dA 

Hence’ from equation (2) 

V = 2nAy, which is the desired result. 


• PROBLEM 8- 


Find the area of a triangle by use of line integrals . 


Solution : From elementary calculus it 
A 


y 

(o,d) 

(o. c) 

(a,o) (e.o) (b.o) 

is known that the are a of a region R, is 




dx dy. 


Fig. 1 

given by the following double integral, 
( 1 ) 


From Green’s Theorem it is known that 


^pdx + qdy = || r (jj - If) dxd * (2) 

where C is a closed curve boundary of R, oriented counterclockwise. Assume R, is a region to which Green’s Theorem is 
applicable and 1 e t C* be the boundary of Rj, oriented counterclockwise. Let q = x and p = 0 in (1); then by (2) 


xdy = 


(1-0)dxdy since = 1. 


Thend> xdy = dxdy = Area of R|. ( 3 ) 

>C* 

For this problem let R, be the triangle in Figure 1. By (3) the area of this triangle is I xdy. However C* consists of the paths 

Jc* 

Ci, C 2 , C 3 . Hence 

<j> xdy = xdy + xdy + xdy (4) 

’C* 'Ci >C 2 ' C 3 










To compute j xdy, use the parametrization given for a line segment, P 0 = P +1 (Q-P). 

Along Cj x = a +1 (b-a), y = c +1 (c-c) = c and dx = (b-a) dt, dy = 0*dt 0 < t < 1. 

Thus | xdy = |"(a + t(b-a))-0 = 0. (5) 

For xdy again use the parametrization P 0 = P +1 (Q-P). 

Here x = b +1 (e-b), y = c +1 (d-c) so that dy = (d-c) dt, 0 < t < 1. Then 

f xdy = f X [b + t(e-b)][d - c]dt 
J C 2 J 0 

= ( [b(d-c) + t(e-b)(d-c)]dt 
J 0 

= [ b(d-c)dt + [ (e-b)(d-c)t dt 
> 0 > 0 

I 1 t 2 ! 1 

= b(d-c)t + (e-b)(d-c) -V 

|0 A |0 

= b (d-c) + ig ~ b y d -c) . {6) 

For J C3 xdy use the same parametrization as C b C 2 . Then x = e + t(a-e), y = d + t(c-d) so that dy = (c-d)dt, 0 < t <1. Thus it 
follows that 

I xdy = ( [e + t(a-e)][c-d]dt 
>C 3 

= ( e(c-d)dt + | (a-e)(c-d)t dt 


= e(c-d)t + (a-e)(c-d) 
10 


Then by (4), (5), (6), and (7), 

<£ xdy = 0 + b (d-c) + ( e ~ b H d ~ c ) + e (c-d) + (a - e) g ^ - c ~ d) 

2b(d-c) + e(d-c) - b(d-c) + 2e(c-d) + a(c-d) -e(c-d) 

= --- 

= b (d-c) -t- e (d-c) - 2e(d-c) - a(d-c) + e(d-c ) 


b(d-c) - a(d-c) (b-a)(d-c) 

_ ^ = 2 * l8) 

However, from Fig. 1, (b-a) is the base of the triangle; (d-c) is the height. Thus letting B = (b-a); H = (d-c), (8) can be rewritten 
as 

a = i bh; which is precisely the area of a triangle. 


PROBLEM 8- 










Applying Green's Theorem to a plane flow, show the rate of flow out of S equals the integral over S of the divergence of 
the flow. 



Solution : Given a vector field f (x,y) = (f(x,y),g(x,y))^ e divergence of (written V ■$) equals ^ 3f 
Therefore, we want to prove that the rate of flow out of S equals 


3q(x,y) \ 

3y / 




In Figure 1 a curve C is oriented counterclockwise around a region S. To determine the rate of flow out of S (the amount of 
substance that flows out in a given time) let f ( X , y) be the velocity of the substance at (x, y). Momentarily concentrating on one 
point of C (in Figure 2), the area of the arrow $ can be approximated by a parallelogram to obtain A = | f | & s sine from 
Figure 2(b). However since 0 is the complement of <J) 


a = I?|As cos<}> 


f*nas where ^ represents the unit normal vector. Now taking the limit as As goes to zero, and summing 

over all points of S iim if-nas = ( 1 f*n ds. ( 2 ) 

As-o J So 


Given a curve c = c (x,y) is a unit tangent vector. Using the fact that a normal vector and that the dot product of 

two perpendicular vectors equals zero, the unit normal is ^ , -||j since j = 0. Therefore (2) 

becomes 


- l s ]( f(x ' y) S " 9(x,y) nf) ds 

= f -g(x,y)dx + f(x,y)dy (3) 

J C 

which is the rate of flow out of S. Letting p = -g(x, y) and q = f(x, y), by Green's Theorom (3) equals 

\\ s (^-(“^)]dxd y .Tta. 

Rate of flow = jj (~ f (x ^ + 3 ^g Xfy) j dxdy which is precisely equation (1). 


• PROBLEM 8- 


Show that if the flow f is defined in a rectangle R, and has zero divergence at every point of R, then the rate of flow across 
every closed path in R is zero. 


Solution : Given a vector field g (y. y) = (f (x,y) ,g(x,y) ) div? = The rate of flow across a closed 

















curve C is 


<P -g(x,y)dx + f(x,y)dy. (1) 

J C 

By hypothesis, the vector p ( X / y) (defined in the rectangle R) is the flow and has zero divergence at every point of R. Therefore 

■ M ♦ IS - 0 121 

sothat|£--|2 (3) 

Using the above it can be shown that the rate of flow across every closed path in R is zero in two ways. 

I) For the first let C be any closed curve in R and let S be the region bounded by C. Take C to be oriented counterclockwise. 
Then by Green's Theorom and equation (1), the rate of flow across C equals 

^-g(x,y)dx + f(x,y)dy ■ dxdy 

= JJ S (r 1 ^ 1 * 2 St Ty d ) dxdy 

= || 0 dxdy = 0 by equation (2). Hence the 
rate of flow across any closed path C in R = 0. 

II) For the second method, since (3) is true M = - |3, it follows that the vector field f ( x ,y) = (- g , f) is exact in R. This 
may be seen from the theorem; Given f (f, g ) = f dx + g dy (f g functions). If f and g have continuous first partial derivatives 
at all points of some open rectangle, then f (f, g ) is exact at each point of the rectangle if and only if the condition = |3 is 
satisfied throughout the rectangle. Hence since f = (-g,f) is exact in p = where (|) is some single-valued differentiable 
function such that = - g and = f. 

^-gdx + fdy = | p * (§£ , (dx,dy) 


= <MP 2 ) - <MPi) (4) 

where P 7 and P, are the endpoints of the path. But P 2 = P] since C is a closed path and (4) equals 0. Hence i - g dx + fdy = o 

J c 

for every closed path C in R. 






CHAPTER 9 


SURFACE INTEGRALS 


A surface integral is an integral of a function which is defined on a surface. In elementary calculus we performed a double 
integral of a function which was defined over a region R in the xy-plane. This plane region R, however, was a flat surface, 
thereby showing double integrals to be a special case of surface integrals. 

Surface integrals have two forms. One is the integral of a function over a surface denoted by jj s f dA, where f is a function 

on S. The second is the integral of a vector field over a surface denoted by JJ F-n dA ? where F is a vector field on S and n 

S 

is the outward unit normal to the surface. 

The evaluation of a surface integral is frequently accomplished by reducing it to a double integral. This is done by various 
methods depending upon the representation of the surface. Surface integrals can also be evaluated by the Divergence Theorem, 
Stokes’s Theorem, and the Change of Variables Formula. 

Surface Integrals are useful in the formulation of physical concepts such as finding area, image Is of gravity, moments of 
inertia of curved laminas, and other important physical quantities. 

CHANGE OF VARIABLES FORMULA 

• PROBLEM 9 

Let U be open in R 2 , and let R* be a region which is the interior of a closed path C* contained in U. Let G: U —► R 2 such 
that Aq>o (A g = Jacobian of G). 

Let C be the image of the path C* under the mapping G, and let R denote the interior of the region enclosed by C. Let (p = 
cp(x, y) be a continuous function on R such that cp(x, y) = dq/dx for some continuously differentiable function q(x, y). Prove: 



Solution : Recall Green’s Theorem which states <j> p(x,y)dx + q(x,y)dy = JJ (f^ " dx (C is a closed path). Letting p(x, 
y) = 0 and q = q(x, y), it follows that 


J q(*»y> “y = |^<x,y) dx d y- (D 

Since the Jacobian of G is non-zero, by the inverse function theorem G is locally one-to-one and G(U) is an open set. 

Write G(u, v) = (Gj (u, v), G 2 (u, v)) and let C* be parametrized by (u(s), v(s)), a < s < b, with (u(a), v(a)) = (u(b), v(b)). 
Then by definition C is parametrized as (x(s), y(s)) = (G^i^s), v(s)), G 2 (u(s), v(s))), a < s < b . Let Q(u, v) = q(x, y) = q(G 1 (u, 
v) G 2 (u, v)) . Then 







f q(x,y) dy 
C 

* J b q(x(s), y(s))^ da 

h r®Gl rtll . -i 

■ J Q(U(S), V(S))[-^(U(S),V(8))^ + _^( U ( S ) >V ( S) ) SiJ „ 

■ J F 1 (u,v)du + F 2 (u,v)dv 


where r (u>v , . Q(u , v) !fl (u , v) 

F 2 (u,v) = Q(u,v)-^(u,v) 

Again applying Green’s theorem to the right side of (2) gives 

SF, 


X c -1 * L“a^ (u ’ v) ‘ ^ (u ’ v) ] dl 


Now _ 


) - 


(u,v) — (u,v) + Q(u,v) ; 


By the inverse function theorem G is locally invertible, hence 


(one should bear in mind here that (x, y) = (G, (u, v), G 2 (u, v))) 


dx au 1 ’ ' a 


similarly, i_l „ 

av av au 

and 


’ Q(u * v) i^ (u ’ v> 


a* av ay av 


Substituting (4) in (3) and (6) in (5) yields 


. aa. 


(u,v) -“(u,v) 


. 12 _2 




= ia : 





ax 

au 

av 

ay 

au av 



. la 


a. 

. la 

ac 2 ac 2 



ax 

av 

au 

ay 

~a^ “au 


51 



aG i 



la 

au 



av 



ax 




!St 




au 



av 



cp(x,y) a g 

(u,v) 






= cp(G 1 (u,v), G 2 (u,v)) A g <u,v) 


or 



cp(G(u,v)) A G (“.v) . 


(7) 


Finally, using (7) in(l') and making use of equation (1) we get the desired result 

f q(x,y)dy - f tp(x,y)dx dy - f m(G(u,v))A (u,v)dudv 

C ’’r * 0 


Evaluate H R (x + y) 3 dx dy where R xy is the parallelogram shown in Figure 1 . 



Fig. 1 


Solution : From the diagram observe that the sides of R xy are straight lines having equations of form x+y = k, and x-2y = k 2 for 
appropriate choices of k b k 2 . Therefore, introduce as new coordinates u = x+y; v = x - 2y. The region R xy then corresponds to 
the rectangle 1 < u < 4, -2 < v < 1 in the uv-plane ( a one-to-one correspondence). 

Next, use the change of variables formula which states 

ff f(x,y)dxdy « JT f (G(u,v))| a (u,v)| du dv . (1) 

JC(R) R \ | 

I a g ( u * v) I “Itfcol 

can be computed in two ways. One way is by solving for x and y in terms of u and v and finding y =(u-v)/3 and x = (2u + v)/3. 

Hence |-||^|[ - jj| || = |-|| «= An alternative is to use the 

reciprocal: 

i --r-T,il+l-+ 


l a(x,v) | 
la(u,v)l 


l a(u«v) I 

1 9(x,y)l 


Therefore, substitution into (1) yields: 

(x+y)^ dxdy - J"^ ^ du dv 




-2 1 
256-1 


a) Let f(x, y) be a continuous function in the xy-plane. Find an integral expression for II f(x, y)dxdy in polar 
coordinates using the change of variables formula. 

b) Repeat for f(x, y, z) and III f(x, y, z) dxdydz represented by spherical coordinates. 
















62 


Y 


G 



Fig. 1 


Solution : a) The change of variables formula in two dimensions is: 


JJg(R) flX y) dxdy = JJ R f(G(u, v))| A G (u, v)| du dv . 


Letting x = r cos 0 and y = r sin 0, (x, y) = G(r, 0) = (r cos 0, r sin 0). Therefore 




r cos 8 e + r sin?0 = r. 


Hence II q/ R ) f(x, y)dx dy = II f(r cos 0, r sin 0)r dr d0 . 

The mapping G(r, 0) for the rectangle 0 < r 1 < r < r 2 and O<0J<0<02<27I and is shown in Figure 1 . 
b) The change of variables formula in 3 dimensions is: 

!IIg(r) f(x, y, z)dx dy dz = UI R f(G(u, v, w)) |A G (u, v, w)|du dv dw . 

Letting x = r sin (p cos 0, y = r sin cp sin 0, and z = r cos cp 
G(r, cp, 0) = (r sin cp cos 0, r sin cp sin 0, r cos cp). 

Therefore, 



-r sin cp sin Q 
r sin cp cos @ 


r cos cp cos e 
r cos cp sin 9 
■r sin cp 


0 


= Jsin cp cos QCr 3 sit^cpcos 9) + r cos cp cos 9 (r sin cp cos cp cos 9)| 

- r sin cp sin 9 (-r sin s cp sin 9 - r cos 3 cp sin 0)| 

= |r 3 sin cp(sin 3 cp + cos 3 9) + r 3 sin cp(cos 3 cpcos 3 0) - r sin cp sin 9 (-r sin 9) 
^li^sin cp(sinPcp cos s 9 + cos 3 cpcos 2 9 + sin?9)l 

= I r 3 sin cp((cos 3 cp + sin 3 cp)cos 2 9 + sii^9)l = jr 2 sincpl sr 2 sin cp since O^Cplir. 

Hence III G(R) f(x, y, z)dx dy dz = IH R f(r sincpcos 0, r sincp sin0, r cos cp) r 2 sin cp dr dtp d0 . 
The mapping G(r, cp, 0) for 0 < r, 0 < cp < n, 0 < 0 <271 is shown in Figure 2. 



Fig. 2 
















PROBLEM 9 


Let S be the volume defined by S = {x 2 + y 2 <1, 0 < z < 2} . 

Find the integral JIf s (x 2 + y 2 + z 2 )dx dy dz. 

Solution s Since 0 < z < 2, the integral 

SSS ( xS+ y 3+ 3 3 )dx dy dz = J 2 [J - J (x s +y s +z 3 )dx dy] dz . (1) 

s 0 x a +r>si 

First compute the inner double integral using the change of variables formula in 2 dimensions: 

JIg(B) f <X y)dx dy = JJ B f(G(u, v)) |A G (u, v) | du dv 

where f is a function on G(B) and |Aq(u, v) | is the absolute value of the Jacobian of the transformatioa Hence, letting x = r sin 
0, y = r cos 0, 

U r X,e)| = || Sin 6 COS 6 jl = |-r sin 2 e - r cos 8 0 | = |-r| = r 
II r cos 6 - r s in 0 || 


Therefore, 

J J (*■*»+* >dx dy = + r 2 cos 2 0 + z 3 ) r dr d0 

0 0 

= r 2TT f 1 (r^+^Jr dr d@ 

J 0 J 0 

Thus (1) equals 


I 2 f 2 Y (r^Odr d 0 dz 
J 0 J 0 J 0 



• PROBLEM 9 


Find the integral JJJ S x 2 y 4 dY where S is the unit ball. 


Solution : The volume S = x 2 + y 2 + z 2 < 1 is the interior of the sphere of radius 1. To compute this integral change to spherical 
coordinates by use of the change of variables formula in 3 dimensions which states: 

W(3(A)fiX y> z)dzdydx = JJJ A f(G(u, v, w)) |A G |dudvdw . (1) 

Therefore, letting x = r sin cp cos 0 ; y = r sin cp sin 0; z = r cos cp, 


|A G (r, 0 ,«p)| 


_i a(x,v.z) 

’a(r,e,(p) 


sincp cosQ r coscp cosq 
sincp sin@ r coscp sin@ 
cos cp -sin cp 


•r sirup sine 1 
r sincp cose 
0 


which is equal to r 2 sin cp . Hence by (1): 







L 2w TT 1 , , , 

UJ dV “ J J J i a siri a q ) cos 3 0 r sin <psin 0 i^sincp drd(pd0 

2tt tt 1 g y ^ 

« J J J r sin cpsln ©cos 3 © drdcpde 

1 g 2TT , TT ^ 

= f r dr (* sin ©cos^d© [ sin <p d<p 

0 0 

1 ^ 4 Tr 7 

■r f sin 0cos 3 0 d0 f sin m d<p . 

* J 0 0 

Referring to a table of integrals the above can be reduced to 

1 tt 32 4tt 

“ 9 ' 8 ‘ 35 " 315 ‘ 

• PROBLEM 9 


Let x = e u cos v 
y = e u sin v . 

Find jjp,* x 2 dx dy where R* is the image of the rectangle R in uv-space consisting of {(u, v) | 0 < u < 1 and 0 < v < 71 } . 


Solution : The two equations define a local invertible mapping between (x, y) and (u, v). The region R is given but integration 
must be performed over R* in the xy-plane. There are two ways of attacking the problem; a) Find the functions u = f, (x, y), v = 
f 2 (x, y) corresponding to x = g, (u, v) and y = g 2 (u, v) and then find R* from R; b) Change the variables of integration to u and v 
and integrate over R. The change of variables formula in2-d intensions is 
JIg(D) flX y) dx dy = JJ D f(G(u, v))|A G (u, v) |du dv 

where |A G (u, v)| is the Jacobian of the transformation G. The latter approach is preferable in this problem. 

The first step is to find the Jacobian of this transformatioa 


M - 


If e sin 
2u 


|e U (cos 3 v + sin 3 v)| 


e cos v || 
2u 


By the change of variables theorem 


j; x 3 dx dy = (e U cos v) 3 , 

R R 

■ P 17 r 1 e^ U cos 3 w du dv 

J 0 J o 

- r" cos 3 v dv r 1 e 4u du 
J 0 " 0 

» f" cos 3 v dv(% e^ U |S 

J 0 lo 

- i(e * - 1) J n cos 3 v dv 


P™ cos 3 v dv can be calculated as follows: 

J 0 







PROBLEM 9 


r n cos 2 v civ - % 1*^(1 + cos 2v) dv 

"o " o 

* k r dv + % f 1 cos 2v dv 
J 0 J 0 

»^+4;sia2vl TT = ^+ 0= : 


The final value for H R * x 2 dx dy is therefore -( e ^ - i). 


Find the volume of the ellipsoid 




by the change of variables formula. 


Solution : The change of variables formula in 3 dimensions states: 

1!!a f(G(u, v, w)) |A g (u, v, w) |dudvdw = 111^ f(x, y, z)dz dy dx (1) 
where A is a bounded region in R 3 contained in some open set U and G: U —» 
is the absolute value of the Jacobian of the transformation. It is given that s = 
volume of this ellipsoid compute 


R 3 . Also f is a function on G(A) and |A G (u, v, w)| 

|f(x / y,z) = -^- + ^ 2 +-^ 2 -^l|.To find the 


V s = Iff. dx dy dz . (2) 


To do this make a change of variables, letting u = x/a , v = y/b and w = z/c. Hence we have f(x, y, z) = f(G(u, v, w)) = u 2 + v 2 + 
w 2 < 1. Now to use the change of variables formula (equation (1)) 



must be computed. Since x = au; y = vb; and z = we, 

I a 0 Oil 

0 b 0 = abc • 

0 0 c II 

Thus, substituting into (1) and (2) 

V s = Ills dx dy dz = JJT s -l abc du dv dw where S' 1 is the ball u 2 + v 2 + w 3 < 1. Therefore, 

V s = abc lll s -i du dv dw = abc x [volume of the ball S' 1 ]. 

Thus v g = abc ’ jTt * abc • Another method to compute 111 s -t du dv dw is to use the change of variables formula again by 
changing to spherical coordinates. Let u = r sin cp cos 0; v = r sin cp sin 0; and z = r cos (p . Compute |A G (r, <p, 0) | = r 2 sin cp. 
Evaluating, 


0 0 J o 


Find JJ* e xp(^Zl j dx dy where D* is the region bounded by the lines x = 0, y = 0, and x + y = 1. 








Fig. 1 


Solution : The required integral is computed using the change of variables formula which statess Let T be a continuously 
differentiate one-to-one mapping of an open set R in the plane onto T(R). Let f be a function defined on T(R) which is 
integrable. Then 



II R (f ° T)|A t | - If T ( R) f, 

i.e., || R f(T(x, y))|A x (x, y)|dx dy = JJ T(R) f(x, y)dx dy. 

In the problem given let T be defined by T(x, y) = (u, v) where u = x-y, v = x + y. 

T is linear in the following sense, T(ax, ay) = aT(x, y) and T(x, + x 2 , y, + y 2 ) = T(x,, y,) + T(x 2 , y 2 ). It is clear that T is one- 
to-one. In order to find the image D of D* under T one can exploit the linearity of T. 

To this end observe thatT(0, 1) = (-1, 1), T(l, 0) = (1, 1), and T(0, 0) = (0, 0). 

Any point P on the line y = 0 can be expressed as P = a(0, 0) + (l-a)(0, 1). Thus T(P) = aT(0, 0) + (1-a) T(0, 1) by linearity, 
i.e., P gets mapped onto a point which lies on the line segment joining (0, 0) and (-1, 1) in the uv-plane. This way it is clear 
that the line x = 0 is mapped onto the line v = u, the line x + y = 1 gets mapped onto v = 1 and y = 0 gets mapped onto v = -u 
(see figure). The resulting region D is shown in the figure and integration on D can be performed by fixing v and letting u vary 
from -v to v . 

After carrying out the u integration, the v integration is carried out by letting v vary from 0 to 1. 

One has 


du 

du 


1 

-1 



_ 



dv 

9v 


1 

1 







Let f(x, y) = e x/y . Then by change of variables 

J exp(^) dx dy = J* f(T(x,y)) dx dy 
D* D 

I A r ( x >y) | 

= J f(T(x,y)) J (x>y) dx dy = */ f (T(x,y)l|A T (x,y)| dx dy 
D* ' T ’ * D* 


= £ J dx dy 

D 


= 1 f «y f e x/y dx 
0 -y 



= \ J 1 (e - 1/e)y dy 
0 


e - 1/e 
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PROBLEM 9 





Consider the transformation 


x = u + v y = v-u 2 . 

Let D be the set in the u - v plane bounded by the lines u = 0, v = 0, and u + v = 2. 
Find the area of D*, the image of D, directly and by a change of variables. 


Solution : First compute the area of D* directly. In order to do this, the region D* must be found. Note that the straight line u + v 
= 2 gets mapped into x = 2, the lines u = 0 and v = 0 

are mapped into y = x and y = -x 2 respectively. The map T: (u, v) —*■ (x, y), x = u + v, y = v - u 2 is one-to-one. For if 


2 

i? 


so Uj =u 2 oru 1 +u 2 =-1 ; 

but u b u 2 are > 0, so u, = u 2 and hence v, = v 2 . Thus D* is the region bounded by the lines y = x, x = 2 and the parabola y = -x 2 
. The area of D* is therefore 


2 x 2 

IT dx dy = f dx f dy = f (x + x s )dx = 14/3 
* J 0 -x 2 J 0 



Next compute the area by using the change of variables formula according to which: Let T be a one to one continuously 
differentiable mapping of an open set D in the plane onto D* = T(D). Let f be a function defined on D* which is integrable. 
Then 

JJd (f'° T)(u, v)|A x |du dv = jJ D * f(x, y)dx dy. 


Here A T is the Jacobian of the map T. Let f(x, y) = 1. Since T: (u, v) —» T(u, v) = (x, y) = (u + v, v-u 2 ), 


2* 

2* 


i 

1 

du 

av 




a* 


-2u 

1 

au 

av 





lf D * f(N y)dx dy = area of D* 

|| D (f ° T)(u, v) |A T |du dv = JJ (1 + 2u)du dv so the area of D* is 










formula 


area = f^ T1, J' v ^ /l + + l^sirPg) 

J 0 0 ’ 

- ; 2TT J /f A + 4.* r dr de 

•'o 0 v 

Substitute, letting w = 1 + 4r 2 and dw = 8r dr , with w ranging from 1 to 9. 


1 »2it »9 k 

area = — 1 w dw d0 

8J 0 J 0 


■itC-il "H 


2tt »9 % 

‘ 8 V ‘ 


tt r„ 3/219-1 TTT54 2-1 

“4[§ W IJ ' 4 [“ • 3 J ’ 


iin. 

3 


• PROBLEM 9- 


Find the area of the upper hemisphere of the sphere given by the equation x 2 + y 2 + z 2 = 3 2 . 



Solution : The surface x 2 + y 2 + z 2 = 3 2 can be defined as an equation of the form g(x, y, z) = 0. Using the implicit function 
theorem, this can be rewritten as g (x, y f (x, y) ) = 0 letting z = f(x, y). Then f has first partial derivatives given by 


M . . ta/.S* 
ax ag/az 


(i) 


and 


if _ _ ag/av 
ay ~ " ag/az 


(2) 


To see this, note that g - H . Since g(x, y, f(x, y)) = 0, gj = 0 and therefore + h£> hi m q . Solving for ^ , (1) is 

1 <Jx &z 9x gx Qz 3 X 

obtained. Similarly (2) is obtained for ^ . Next substitute (1) and (2) into the equation for the area of a surface given by 


Thus 








dx dy 


WJ./♦(« + !** 


R v (dg/dz) a 


In this problem dg/dx = 2x, dg/dy = 2y, dgjdz = 2z. (4) 

Solving for z in terms of x and y, 2 = / 3 ? - x 2 - y 2 • Observe that the surface is the upper hemisphere of the disc of radius 3 
in the xy-plane. Substituting (4) into (3) 


Area Hemisphere = ff * - 3 - + dx dy 

JJ R |2z| 

rp />(x? + y 3 + z 8 ) _ 


■ dX dy 


Substituting x 2 + y 2 + z 2 = 9 this integral equals 


JJ R iJ R /9 - (x=+^) “ 0 >" 

Changing to polar coordinates, let x = r cos 0 and y = r sin 0 . Then the area of the hemisphere of radius 3 is equal to 

3 [ 2tt f 3 — 1 - r dr d0 = 3f 2TI f 3 * — r dr d@ 

0 J 0 /9 - (r 2 cos 2 e+r a sin?e) 0 0 /9-r 2 

■ ' ar • 

Let u = 9 - r 2 , then du = - 2r dr and changing the limits of integration 

A = — u ^ du = -3n(2u^ J°^ ■ -3 tt( 0-6) = 18n. 


Compute the total area of the torus given parametrically by 
x = (a+b cos cp)cos 0; y = (a+b cos cp)sin 0; z = b sin cp, 0 < b < a . 



Solution : The formula for the area of a parametrized surface S is 







Since ^ ■ (-b c 

dtp 


Area- x g|| dcpd6 . (!) 

:in 0 sin cp> b cos cp) and ^ - (-(a+b cos tp)sln @, (a+b cos cp)cos 0 , 0) 


( 2 * x 
tap ae/ 


-b cos 0sin cp -b sin 0 sin cp 
-(a+b cos cp)8in 0 (a+b cos cp)cos ( 


■ [-b(a+b cos cp)cos cp cos 0, + b(a+b cos cp)cos cpsin 0 
-b(a+b cos cp)cos 3 0sin cp ■ b(a+b cos cp)sin 2 0 sin cp] 

** [-b(a+bcos cp)cos cp cos 0,+b(a+b cos cp)cos cpsin 0, 
-b(a+b cos cp)sin cp] . 

Therefore^ x = -b(a+b cos cp)(cos cp cos 0,-cos cp sin 0, sin cp). 
Computing the norm 

liH * till = /(-b) 2 ( i+ bcos ^(co^tpc os a 0 + cos 2 cp sin 2 © + sin 2 cp) 


= /(-b) 2 (a+b cos cp) 2 (cos 2 cp + s in 2 cp) 

= b (a+b cos cp) • 

Substituting this value into (1) and noticing that for the parametrization given 0 < cp < 2n 0 < 0 < 271, (the figure shows the part 
of the torus in the first octant only. The entire surface is a closed surface with both 0 and < ranging from 0 to 271 ), 


■ b s r 2rl f 2n cos cp Oa> d 
0 0 


= Ar^ab + 2v& sin q 


« An®ab + 2 T Tb a (0-0) 
“ Ai^ab . 


Compute the area of the part of the sphere x 2 + y 2 + z 2 =1 inside the cone x 2 + y 2 = z 2 . 




(1) 



Since the given surface is a unit sphere, it may be parametrized by x = sin cp cos 0 ; y = sin cp sin 0 ; z = cos cp . Hence 
ax/acp x dX/ae =ax/a<p X dx/ae = sirf’tp cos e t + siri*cp sin e ? + cos cp sin 7 H and ||dX/d0 X dX/dcp|| = sincp . Substituting 
into (1) 

A « JJ* dA » JJ 1 sin cp dtp d@ (2) 

where R is the part of the unit sphere inside the cone x 2 +y 2 = z 2 . To find R first find the curve of intersection of the two 
surfaces. Since x 2 +y 2 = z 2 for the cone, substitute z 2 for x 2 +y 2 in the equation of the sphere and obtain z 2 +z 2 = 1. Solving for z, 
z - l//jf. Next, since cp is the angle with the z-axis (from the given parametrization), Fig. 1 shows that ^ . i//T . 

Therefore cp = 45° = n/4 . So R is the part of the sphere where 0 < cp < n/4 and 0 < 0 < in . Substituting these values into (2), 

A ■ 2 \ V,h sin cp dcp <*9 • 

0 J o 

(Note the factor 2 appears because the cone encloses 2 caps of the sphere). 

= 4tt f n/4 sin cp dtp “ 4rr(-cos cp) | n ^ 4 

J 0 lo 

- 4n(- 1//2 + 1) - 4tt(1 - 1//F) , 


• PROBLEM 9- 

Find the area of the torus whose parametrization is given by 
x = (R - cos v)cos u -71 < u < 71 
y = (R - cos v)sin u -jt < v <.7i 
z = sin v where R > 1 . 


Fig. 1 

Solution : Let S be a surface defined parametrically by 
x = x(u, v) y = y(u, v) z = z(u, v) 

where u and v belong to a domain D in the plane. The area of such a surface is by definition equal to 



. nr IlfM hi hi) ¥ (M hi 

JJ n ll\du’ du’ av * \sv* av* av/l 


In the given problem 






sin v 


II 

3U 

-(R 

- cos v) 

sin u 

ax 

av 

a* = 

(R - 

• cos v) 

cos u 

ax 

an 



av 

a* = 

o 



hi 

3u 




av 

(h* 

ax 

, h£) x / 

ax hi 

hi) 

lau 1 

' du 1 

au/ M 

4 av’ av* 

av/ 

= ((R 

- cos v)cos 

u cos V 

, (R - 

- (R 

- cos v) sin?u sin 

v - (R 

(R - 

cos 

v)(cos l 

1 COS V, 

sin u 


1 sin v sin u 


and the norm of this vector is R - cos v. 

The region of integration is {(U, V) |- n < U < n and - n < v < 7t} . Therefore, the area is 

»tt -tt 


Area = J r (R - cos v) du dv 
-TT J -TT 


= J n du(f R - cos v dv) 
-TT -TT 

« du • (Rv - sin v) j 11 


s J 17 2Rtt du = (2 tt) 3 R . 


• PROBLEM 9- 


Let f(x) be positive and continuously differentiable on [a, b]. Find a parametrization for the surface generated by revolving 
z = f(x) about the x-axis, and compute the surface area. 



Solution : Figure 1 illustrates how the intersection of the surface with a plane x = constant is a circle. Every point on the surface 
can be expressed as a vector sum j* + £ where £ = (x,0,0) ar| d E = (0,f(x)cos g , f(x)sin)0) for suitable values of x and 0 . 
A parametrization of this surface is: 

a < x< b 


x=x 







y = f (x)cos 0 0 < 0 < 2n 

z = f (x)sin 0 . 

The tangents, with respect to u and v, to the surface have components 



The area of a small segment of the surface is given by 



The area of the total surface is found by integrating the norm of the cross-products of the tangent vectors to the surface at a 
point. 

Thus, 



= ||(l,f' (x)cos 9, f'(x)sin 0) x (0,-f (x)sin 0, f(x)cos 0)|| 

= ||(f (x)f' (x)cos 2 0 + f (x)f' (x)sin?@, -f(x)cos 0,-f(x)sin 9)||. 

Factoring out f(x) (and taking account of the fact that f(x) < 0) yields 

= f(x)||(f' (x), cos 0, - sin 0)|| 

= f(x)((f'(x)) 2 + cos 2 0 + sin 2 0)^ 

= f(x)(l + (f'(x)) 2 )* . 

To find the area integrate over file region {(x, 0) |a < x < b and 0 < 0 < 271 } to obtain: 

r b r 2TT f(x)d + (f(x)) 2 )^ d 0 ox 

a “ 0 

= 2tt J b f (x) (l + (f' (x) ) 2 )^ dx . 

This integral can be converted into a line integral if we notice that (1 + (f '(x)) 2 P) 1/2 dx = ds, the line element. When z = fix), the 
usual line element of z = f(x, y), 

as ■ J 1 + (tf) a + (t;) a ax 

degenerates to just 

ds = J\ + (f 1 ) 2 dx • 

Therefore the area is 2tt J b f(x) ds . 

a 

INTEGRAL FUNCTION OVER A SURFACE 

• PROBLEM 9- 

Let S be the surface defined by x 2 + y 2 + z 2 = 1 and let the unit normal vector function have representations directed away 
from the origin. Compute the integral of the function f(x, y, z) = a over S. 









into (1), 


JJ* f dA = J*J x /l + (2x) 2 + 1 dx dy 

= r 1 r 1 X /2 + 4X 3 dx dy 

J -1 J 0 

(since 0 < x < 1 and -1 < y < 1) 

- f 1 <iy f 1 x /2 + 4X 2 dx 

-1 

- 2 f 1 x (4X 2 + 2)^ dx . 

J 0 

To evaluate this integral let u = 2 + 4x 2 and du = 8x dx. Therefore, 


2 J 1 x(4x2 + 2)^ dx = | J* 1 (8x)(4x 2 + 2)^ < 


which upon the above substitution gives 


j/ s * * ' 4 Jj 1,4 “ u ■ *(p 1,3/2 Ij) 

- i (* 3/2 - A 2 ) • 


Let S be the hemisphere given by S: {(x, y, z) |x 2 + y 2 + z 2 = 1, z > 0} 
Let f be the function f(x, y, z) = x 2 y 2 z. Compute the integral JJ S f dA. 


Solution : We again use the definition: 

XT S £ " ■ JT r H “ au • (l) 

Parametrize the surface by spherical coordinates letting x = sincp cos0 ; y = simp sin0; z = coscp. First compute 

i ? k 

cos© coscp sine coscp -sin<p 

-sln<p sine sincp cose 0 

- sin a cp cose i + sirPcp sine ? + sin<p coscp k . 




Substituting into (1), (f(x, y, z) = x^z) 

lf s f dA = II sin 4 cp cos 2 0 sin 2 0 coscp sincp dcp d0. 


as y as 

acp * ae 


(2) 





Fig. 1 


■y 

Since we are integrating over the upper hemisphere of the sphere, O<0<2jr;O<cp< jt/ 2 (see figure) and (2) becomes 

|.2tt j.tt/ 2 s ^ n 5 cos 8 0 sinpQ coscp dcp <10 
0 J 0 

= J^ 2 sin 5 cp cos<p dcp J* 2tt cos 3 © sin 3 © d© . (3) 

To evaluate the first integral, let u = sincp, du = coscp dcp and change the limits of integration to values of u to obtain 

j* 1 u 5 du = g- j 1 = -|. To evaluate the second integral use the trigonometric identity 2 cos0 sin0 = sin 20 . Thus 

cos 3 © s in 3 © =sjjf_2Q_ (by squaring both sides of the equality). Next use the trigonometric identity si h 2 ,. 2 B. _ 1 - cos 4© 
4 4 8 

(by using the equality S in 3 © = 1 ] ~ 2 - a ). Hence 



co » 2 e sin 8 © a© - - S2 f a )a© 

■ 5 f 0 n ^-iC co 54 ea 6 -^-^ir’ ? -°' ? ' 

Thus the integral expression (3) is equal to ^ . 

• PROBLEM 9- 

Integrate the function z over the surface z = x 2 +y 2 with x 2 +y 2 < 1 . 

Solution : By definition, (cp is a continuous function) : 

JJg <P dA = JJ R cp<X(t,u))|||f x §£|| dt du (1) 

In this problem the surface is given in the formz = f(x, y); hence 

X(x, y) = (x, y, f (x, y)) = (x, y, x 2 + y 2 ) so that ^ - (i,o,^) and = (0,1 ,^). Hence M x M . (. M _ i> a nd 

3x a x ay ay a* ay a x ay 



so that (1) may be rewritten as: 

JT S <P ^ • JJ R cp(X(x,y ))Jl + (ff J dx dy . (2) 

Since z = x 2 + y 2 = 2x and ^ » 2y • Substituting these values into (2), 


J*J z dA = JJ (x 2 +y 2 )/i + 4X 2 + 4y2 dx dy 


(3) 














Next, use the change of variables formula, letting x = r cos 0, y = r sin 0, and replacing dx dy with r dr d0 in equation (3) to 
obtain 


J*J z dA = JJ (r 2 cos s 0+r 2 sln 3 0) /l+Ux? cos 3 0+4r 3 sin?0 r dr d@. (4) 

Since x 2 + y 2 < 1 is given, R is the region where 0 < 0 < 2n and 0 < r < 1. Therefore (4) becomes 

[T z dA = f 2n r 1 r 3 /l+4r 3 r dr d 0 = 2tt f 1 r 3 /l+4r 3 r dr. 

JJ S J 0 J 0 J 0 

Letting u = 1 + 4r 2 , du = 8r dr and changing the limits of integrations to values of u, 



_ tt /25^5 5f5 2 \ n/ 10v/5 2_\ 

' 4l 10 ' 6 30r 8\ 3 15/ ‘ 


INTEGRAL VECTOR FIELD OVER A SURFACE 


• PROBLEM 9- 


Compute the integral of the vector field ?( Xt y j2 ) = ( y , -x , z 3 ) over the paraboloid z = x^fy 2 with 0 < z < 1 . 


Solution : Given that X(t, u) parametrizes a surface, and letting n represent the outward normal unit vector to the surface, the 
integral of a vector field over a surface is defined by 

F • S aA . JJ r F • S)g» x ou 

where F is a vector field in some open set in R 3 . Furthermore, using the fact that ~ZT = n , where N is any normal in the same 
direction as n (unit normal) and ||i?|| is its norm. 

Thus 

JJ s F • n dA = ?(X(t,u)) {t(|J x du . (1) 


Fig. 1 


In this problem the surface z = x 2 +y 2 with 0 < z < 1 is given. Parametrize the surface by X(x, y) = (x, y, x 2 + y 2 ). Computing 



N(x,y) 


. 

Vax* 


hx. Y £ 2 . hL\ 

Sx* dx/ A g y » ay/ 
















2 + 2y + 2z 


Since F(x,y,z) 


so that 


(2x,y 3 ,z 3 ), 

div F = 


ax 


ay az 


JJ* F ' n dA = JJJ (2 + 2y + 2z) dx dy dz . (1) 

Since integration is over the volume x 2 + y 2 + z 2 < 1 use the change of variables formula and change to spherical coordinates. 

Letting x = r sincp cos0 ; y = r sincp sin0 ; z = r coscp, replace dx dy dz by r 2 sincp dr d0 dcp (0 < 0 2n; 0 < cp < n). Substituting 

into ( 2 ) 

JJ F-n dA = J n J^J 1 ( 2 + 2 rsincpsin 0 + 2 rcoscp)r 2 sincp dr d@ dcp 

= J 17 J 2tT J 1 (2r 2 sincp + 2r 3 sin?cp sine + 2r 3 coscp sincp)dr de dcp 

= J 17 J 2tt sincp + ■g- sin 3 cp sin 0 + ^ coscp sincp)d@ dcp 
0 0 

= J n sincp 0 ^ sir?cp cos0 | 2tt + £ coscp sincp 0 J^^dcp 

- J n sincp - ^sit^cpd-l) + ^ coscp sincp^dcp 
= J 71 sincp dcp + n J n coscp sincp dcp . 

The first integral equals ^ (-coscp) | n = ^ • 2 = ^ . 

For the second integral let u = sincp and du = coscp dcp and it equals 



• PROBLEM 9- 


Let S be the unit sphere and let 

fCx.y.z) - xi + yj + Zk • Compute JJ^ F . 


Solution : The following theorem may be used: Let S be the trace of the continuously differentiable surface r, where r is a 
function on the connected set D, into R 3 for which there exists a continuous unit normal vector function; then for F a function 
on S into R 3 , 


JT, ? ■ JJ D 5 «llh >< hi (1) 

Since S is the surface x^y^z 2 = 1, parametrize it by x = sincp x xcos0; y = sincpsin0, z = coscp and 
r(cp,0) = (sincpcose)i + (sincpsine)J +(coscp)k, 0 £ cp ^ n and 0 < 0 < 2 ji . 

rj(cp,0) = (cos0 coscp) i + (sinecoscp)j - (sincp)k and 

r^tcp.O) = ('Sinesincp)i + (cosesincp)j + Ok • Hence 

r 1 (cp,e) X ? 2 (cp,6) = (sii^cpcose)i + (sin?cpsine)j + (coscpsincp)k and 

H^fcp.e) X r 2 (cp,e)(| = sincp. 

Therefore upon substitution into (1) 







JJ f = JJ F(r) sincp dcp d©. 


Since F(x,y,z) “ xi + y^ + zfc 

F(r) = (sincpcos0)i + (sincpsin©)j + (coscp) k . 

So that PJ F = f 2n f” [(sincpcose)t + (sincpsin©)j + (coscp) k] sincp dcp d@ 

S 0 J 0 

- f P 2tt P" s in a cpcose dm def? + T P 2tt [' tt sir?cpsine dcp d0~l j 
LJ 0 0 J L 0 0 J 

+ fj 2TT sincpcoscp dcp d©lk . 

L 0 V 0 ^ 

The first integral equals f 2rr cose d© J* 17 s irfcp dcp d© 

0 0 

= sin© | 2tt P 11 sii^cp dcp = 0 f n sir^cp dcp =0 

0 J 0 J 0 

Evaluating the second integral similarly 

J 2tt sin© d© P 1 * sic?cp dcp 
0 . 0 

= -cos© | 2Tr P stcPcp dcp = 0 sin?cp dcp = 0 . 

|o J o 0 


Finally the third integral equals 

P 2tt d© J n sincp coscp dcp = 2tt P n sincp coscp dcp. 

''o J o 

Which equals, upon substituting u = sincp and du = coscp dcp = 

= 2tt J u du = 2tt ^ = 2tt s1 ^ - p = 2 tt(0-0) = 0 • 

Thus JJ F *= Oi + Oj + Ok, 

S = 0 . 


• PROBLEM 9- 


Let the unit hemisphere be parametrized by 
x = cos u sin v 0 < u < n 

y = sin u sin v 0 < v < 7t 

z = cos v 

Find the normal N , the area, and the surface integral JJ ?-n where F(x,y,z) = (0,2,0)- 


Solution : Given a parametrized surface, compute using the equation 

N = x f* where ? (x) =F( x ,y,z>- 

= f&L hx v hx 
\d u * au* an/ x Vav* av* av/ 

= (-sin u sin v, cos u sin v,0) 

X (cos u cos v, sin u cos v,-sin v) 

- (-cos u sinPv, -sin u sii^v.-sin v cos v) 

= -sin v(cos u sin v, sin u sin v, cos v). 








I 

Figure 1 illustrates how the normal is the negative of the position vector (x, y, z) multiplied by sin v . 
To find the area use the formula 

Area - JJ^Nl - JJ^ ||g x §||<>u «v. 

Therefore, integrate 

|n| over {(u,v) | Ocuctt, Ocvctt} 

|n| - sin v(cos 2 u sin 2 v + sin 2 u sin 2 v + cos 2 v) = sin v 

so the area is Jo (C 5t " v dv^du 

= J^-cos vj n ^dv = J* n 2 dv = 2 tt . 

Finally compute the surface integral JJ F*n where P( x ,y,z) = (xy,yz,x) • 

JjM-jJCO.a.iO-t -cos u sin?v,-sin u sin?v,-sin v cos v)dA 

= -f 77 f" 2 sin u sin?v du dv 

J 0 " 0 

= -2^ sin 8 v(-cos ul 11 )dv 
J 0 10 
■ -4 f n sin?v dv 
0 

= -4 • f - -2n . 


DIVERGENCE THEOREM 


• PROBLEM 9- 

Using the divergence theorem compute the integral ff F-n dA w here F is the vector field ?( x ,y,z) = (xy,yz,x) and S 
is the boundary of the domain x 2 + y 2 <z,0<z<l. 


Solution : The Divergence Theorem states: Let S be a closed surface bounding an open set U and let n be the outward unit 
normal vector to S. Then JT dA = PJJ div f dV where F is a vector field on an open set containing u and S. Next, to 

s u 

use the divergence theorem compute the divergence of F. Since div p _ 1 + 0 2 + _3 div p _ ( v+z \ for the given 

dx ay az ’ y 


vector field. 







Therefore, 


Pf F-n dA = P 1 ff (y+z)dx dy dz 

JJ S " 0 x 2 +y 3 sz 


( 1 ) 


To compute this triple integral first compute the inner double 
integral j | x2 + y2 < z (y + z)dx dy. ( 2 ) 

To do this change to polar coordinates lettingx = r cos0; y = r sin0; and z = z. Thus (2) equals P 2tt K*(r sine + z)r dr d© 

0 0 

_ r 2 TT cjz jSgjjjg dr d© + z f 2TT f* r dr d© 

J 0 0 0 0 

t / z ) 3 p 2tt . „ . C/z) 2 p 2tt 

= v sin© d© + z y 5 - d© 

0 z 0 
= 0 + ~ • 2tt = ttz 3 . 

Hence (1) equals „ P 1 ^ dz = n -f-l 1 - * • 

J 0 3 |o 3 


• PROBLEM 9- 


Let f( x ,y,z) = (0,0,z) andletv = {(x,y,z);a<x <b;c<y<d;e <z<f}. Note the oriented boundary ofV consists of 
the six rectangles a 1 , a 2 , a 6 in Figure 1. Check the divergence theorem in this case. 



Solution : The divergence theorem states fjT (div F)dV « JT F.n ds 

v s 

where F is a vector field and n is the unit outward normal. In this problem 

JJ F-n ds = JJ F*n ds + JJ F-n ds + JJ F*n ds +...+ JJ* F*n ds. 

a 1 a 2 o 3 a 6 



Sincep.n = |F||n| cos© ; an d F(x,y,z) = (0,0,z); F-n 0 j = 0, for each surface except a 1 and a 2 . Using a 3 as an example 
f-n = |F||n| cos ^ = 0 (see figure 2). This also applies to surfaces a 4 , a 5 , and o 6 . Hence the integral over the boundary 











JJ F-n ds = JJ F-n ds + JJ F-n ds Along a 2 , z = e ; so F has the constant value (0, 0, e) on a 2 . Further the outward 

S o 1 a? 

unit normal on a 2 is directed in the -z axis direction; therefore = (0,0,-l) 
and 

JJ F-n ds - JJ (0,0,e)'(0,0,-l)ds = -e JJ ds 
a 1 o 

- -e(area of p 2 ). 

Along a 1 , z = f; so F has the constant value (0, 0, f) on a 1 and the outward unit normal on a 1 is directed in the +z axis direction 
giving *= (0,0,1) . Hence 

JJ F-n ds = JJ (0,0,f)•(0,0,l)ds = f JJ ds = f(area of a 1 ) 

(7* O 

Therefore 

JJ F-n ds = f(area of a*) - e(area of o’ 2 ). (1) 

But the area of is a 1 (b-a) (d-c) and the area of a 2 is also (b-a)(d-c). Hence substituting these values into (1) 

JJ F-n ds = f (b-a) (d-c) - e(b-a)(d-c) = (b-a)(d-c)(f-e) 


Thus, 

JJ F-n ds » Volume of V 

Now to verify the divergence theorem we need to show JJJ ( div ^) d8 = Volume of V By definition 

div Y = . Since F(x,y,z) = (0,0, z), dlv f = 1 and JJ J ( dlv *) ds * JJJ ds = Volume ofV Thus, 

)x Sy 5 Z V V 

the divergence theorem checks in this case. 

• PROBLEM 9- 

Let S be the surface S = {x 2 +y 2 +z 2 =1} and let f be the function f(x,y,z) = x 2 +y 2 +z 2 . Let vf represent the gradient of f(x, y, 
z). Compute the integral JJ vf-n dA 

S 


Solution : The divergence theorem in 3-space states that 

JJ F-n dA =JJJ div F dV (1) 

where F is a vector field and n is the outward unit normal of S. Since the gradient makes a vector out of a scalar, is a 
vector field, and (1) maybe applied (withy = v f) • 

7 f = = (2x,2y,2z) and since by definition 

\dx Sy 5z/ 

div p _ SF 1 + ^ F 2 + = 2 + 2 + 2 = 6’ substitution into (1) 

ax ay az 





JT = SSI 6dV= 6 jxf 


which can be evaluated in two ways. One way is by changing to spherical coordinates letting x = r simp cos0, y = r sincp sin0, 
and z = r coscp; 0 < 9 < n; 0 < 0 < 2 %. By the change of variables formula dx dy dz = r 2 sin cp dr d(p d0. Hence 

6 fff dx dy dz = 6 I* 217 ! 117 f 1 r 2 sincp dr dcp d© 

J U 0 J 0 J 0 

= 6 • ^ r 2rr f 77 sincp dcp d© = 2»2 tt f 17 sincp dcp « 4 tt*2 = 8tt . 

J 0 0 J 0 

A second way is by noticing that jjjy dV is just the volume of a sphere which equals ^ na 3 i where a is the radius of the 
sphere.In this problem the sphere is of radius 1 therefore, 

6 J*JJ dV « 6* •— tt ■ 8tt . 


• PROBLEM 9- 

Given that S is the surface of a region U for which the divergence theorem is applicable, let P(x, y, z) be any point of S and 
let 0 be any fixed point in space. Show that the volume of U is given byV = ^ (T r coscp dA, where cp is the angle 

J S 

between the directed line OP and the outer normal S at P, and r is the distance OP. 



Solution : The situation is shown in figure 1 . 

The divergence theorem can be used since it is given that it is applicable on S. Stating the theorem, 


JJ F-n dA * jjj ^div F dV (1) 

Now by definition of the dot product is the product of the norm of n and the projection of F on the directed line of the 

vector n. (See figure 2). 


Fig. 2 



So F-n = |F | |n | coscp But |F| - rand|n| = 1 (unit vector). 

Therefore f .n = r coscp • ( 2 ) 

Next, by definition div F = — + -^ + ^ and taking P = x, Q = y, and R = z we derive 

ax ay &z 


div F 


ax 

ax 


+ a* 
ay az 


1 + 1 + 1 - 3 


(3) 


Hence substituting (2) and (3) into equation (1) 
JJ S r coscp dA = lily 3dV 


and 





Noticing that Illy dV is the volume of U, 

v “ § J*/ r coscp dA 


• PROBLEM 9- 


Using the divergence theorem find the integral of the vector field f „ F(x,y,z) = (x,y,z) taken over the sphere of radius 
a. 


Solution : The divergence theorem states: Let U be a region in 3-space, forming the inside of a smooth surface S. Let ? be a 
vector field defined on an open set containing U and S. Let n be the unit outward normal vector to S. Then 

SS F-n da = J/J div FdV. 

First compute the divergence of F and then use the divergence theorem 
Writing F as (F b F 2 , F 3 ) 


- 3F 
div F = -—=■ 
3x 


3 f 2 3 f 3 

ay + 3z 


In this case, f = ^ + ^- + ^= 3. Therefore, 

ax ay az 


JJ F-n da = JJJ 3 dV - 3 JJJ dV . 
S B B 


But JIf B dY is just the volume of the sphere of radius a, whichis 4/3 n a 3 . So jj p-n da = 3- 4/3 rr a 3 = 4ra 3 • 

• PROBLEM 9- 

Let U be the interior of a closed surface S. Let f, g be functions. Let V f be the gradient of f and V 2 f be the divergence of 
the gradient of f. Prove: 

a) JJ f (vg)*n da = JJJ (fv®g + vf • vg) dV . 

b) jj ( f VS - g?f) * n da * NT (fv 2 g - gV 2 f) dV . 

S U 


Solution : a) This problem requires the use of the divergence theorem which states 

jj (fvg - gvf) • n da = rjj - gv®f) dv. 

s " u 

Now grad g is the vector field , ^2 , ^2j and 7 _ r grad g is the vector field (f ^2 f &2 f £2\ so 

Vax ay ’ az/ r = \ ax ’ ay az/ 

+ + + f (£& + + 
ax ax ay ay az az vax 2 ay^ az 2 / 


= Vf • vg + f div grad g 
i.e., dtv f * vf • Vg + fv 3 g • 

Applying the divergence theorem to F gives 










Solution : Stokes’s Theorem statesLet S be a smooth surface bounded by a closed non-intersecting curve C. Let S be orientable 
and assume that the boundary curve is oriented so that S lies to the left of C. Let F be a vector field in a region of space 
including S and its boundary. Then, 

J*J (curl F) -n dA = ^ F • ds , (1) 

n is the outward unit normal of S). To verify Stokes’s Theorem first compute £ f • ds where C is the circle x 2 + y 2 =4 (z = 0) . 

Parametrize the circle with x = 2 cos0 ; y = 2 sin0; z = 0. Thus, dx = -2 sin0, dy = 2 cos0 ; dz = 0. Since 

F(x,y,z) = (z,x,y) «(0,2 cos©, 2 sing) and 

(ds = (dx,dy,dz) - (-2 sinG, 2 cos9, 0) d0, 

F-ds = (0, 2 cos 0 ,2 sine)* (-2 sine, 2 cos 0 ,O) d©= (0, 4cos 2 0, d0)- 

Therefore I r-d3 = f 2rr 4 cos 3 © d© = 4 T 2 " (h + C °' 2fl ) d© 

Jc J o J o 2 

= 4^J 2tt ^ + J* 2tt C - °| - 2 ^- d©J = 4[n - 0] = 4 tt. 

Hence ^ F ds =4 n . (2) 

Now compute IT (curl F) -n dA and check to see if it agrees with (2). By definition, 

J S 

? J k 

Curl f = 

5,1 811 82 where ?-(£..£..£,). 

f f f its 


Hence 





a_ 

by 


&£ . hi 

\by b z’ bz ax’ 3x a y y 


( 1 , 1 , 1 ). 


Since S is the portion of the paraboloid z = 4 - x 2 - y 2 with z > 0, this is a surface in the form g(x, y, z) = z - f(x, y) = 0. Now, n 
(the unit normal to the surface) can be expressed as 


T where Vg is the gradient of g(x, y, z). This becomes for 


f = -X 2 - y 2 + 4; n 


(2x.2v.l) 


|| (2x,2y,l|| (4x 3 +4y 3 +l; 

since JJ F*n dA = JJ F-N dx, dy andn = 7^—so that n = n||N|| 


(2x,2y,l) . But 


JJ (curl F)-n dA « JJ (1,1,1) • (2x,2y,l) dx dy 


= JJ* (2x+2y+l)dx dy 


where R is the disc of radius two. To evaluate this integral change to polar coordinates letting x = r coscp ; y=r sin0 and dx dy = 
r dr d0 to obtain for (3): 


f n f (2r cos© + 2r sine +1) r dr d@ 
J 0 J 0 


■ T 2tT f 2 21*0080 dr d0 + [* 2tt f 2 21 s sing dr d0 + [ 2n f 2 r dr d@ 

J 0 J 0 J 0 J 0 J 0 J o 


' 2 r 17 cose d 0 P r 2 dr + 2 r 11 sine d@f r*dr + f 2n d© f 2 r dr. ( 4 ) 

J o J o J o J o J o J o 


Noticing that J 2rr cose d© = 0 and J 2tt sine d© = o (4) equals 

0 + 0 + 2 tt J 2 r dr = 2tt • 2 = 4rr . Thus J| (curl F) • n dA = 4 tt which agrees with (2) and verifies Stokes’s Theorem 
(equation (1)). 


• PROBLEM 9- 


Verify Stokes’s Theorem for the vector field 
F(x,y,z) « (z-y, x+z, -(x+y)) 
and the surface bounded by the paraboloid z = 4 - x 2 - y 2 and the plane z = 0 . 


Solution : Stokes’s Theorem states that under routine assumptions of continuity and differentiability, 










First compute ^ F • ds where C is the circle: x 2 + y 2 = 4. 

Parametrizing the circle as x = 2 cos0 , y = 2 sin0 , z = 0. 

f = (z-y, x+z, -(x+y)) - (-2 sin 0 , 2 cos©, -(2 cos@ + 2 sin©)) 

and 


ds* = (dx,dy,dz) « (-2 sine d 0 , 2 cos 0 d 0 ,O) . 
F*ds = (4 sit ?0 + 4 cos 2 ©) d 0 = 4 d 0 


<f F • ds = f 2tt 4 d© = 8tt . 

,C J 0 

Now compute J V x F • n dA where ( vx f) is the curl of f, and S is the portion of the paraboloid above the plane z = 0. ( vx ?) 
can be found by expanding the following determinant along the top row 


by 


!;(*«) - ^<z-„>) 

= (- 2 , 2 , 2 ). 

When the surface is given by g(x, y, z) = z - f (x, y) = 0 an expression for the normal is T* .. This becomes for f = -x 2 - y 2 + 4 

|vg| 

( 2 x, 2 y , 1 ) _ 1 (2x,2y,l) .Therefore fn x F *n dA =ff (- 4 x + 4 v + 2)dx dy where R is the disc of 

||(2x,2y,l) || (4x 8 +4y 2 +l )* J VX JJ R 

radius two. To evaluate this notice that 


ff -4x dx dy »-4 f 2 f 2n r cose r dr d@ 

J o J o 

- -4 f 2 r 2 dr f 2n cose de - 0 

J 0 J o 

since J 2tt cose de - o. Similarly If R 4y dx dy = 0 and all that remains is JJ R 2 dx dy = 2 JJ dx dy = 2 • area of disc 

= 2 • n( 2) 2 = 871 
which agrees with ^ f • ds . 


• PROBLEM 9- 


Let f = (F lt F 2 ,F 3 ) be a vector field that satisfies the following conditions 

32 dy ’ax a* ’ ax ay 

on a region bounded by a curve c. (See Fig. 1). Prove, using Stokes’s Theorem that ^ F ds = o. 







Fig. 1 


Solution : By Stokes’s Theorem | c F-ds * vxf'-n da _ Let us compute Vx ? (the curl of F). 

i j k 

A_ S_ i. 

ax ay a* 

F 1 F 2 P 3 

.a.ill ii-iTi i!i. ifi'). 

\ay a* * a* ax * ax ay / 

This is the zero vector since each component is zero by our assumptions. Therefore $ c F ds vxP-n dA - J 0 dA - o . 

• PROBLEM 9- 

Verify Stokes’s Theorem for ?( x>y ,z) - (3y,-xz,yz® ) where S is the surface 2z = x 2 + y 2 bounded by z = 2 and C is its 
boundary. 


Solution : Stokes’s Theorem states: 


;j> P-dr *> JJ (curl P)-n dA 

To verify Stokes’s Theorem first compute 

& ?*dr (l) 

c 

Since dr « (dx,dy,dz) an d F(x,y,z) - (3y,-xz,yz®> 

F-d? - 3y dx - xz dy + yz dz- Hence (1) becomes 

(j> 3y dx - xz dy + yz 8 dz . (2) 

The boundary C of S is x 2 + y 2 = 4, z = 2. Let x = 2 cos0; y = 2 sin0; z = 2. Substituting into (2) 

r° [3(2 sine) (-2 sine) - (2 cose) (2) (2 cose) + (2 sine) (2) O]d0 
J 2tt 

(integral goes from 2% to 0 since the boundary curve is oriented 
so that the surface lies to the left of the curve,, See figure 1). 







(-12 silf’e - 8 cos®e)de 


12 sii^e ae + | 2tt 8 cos s 9 <ie O) 

J 0 

The first integral can be evaluated by using the equality 3 irf e = —~ c - c ? s2 S -. Therefore 

12p 2rr sirPe de = 12P 2rr % de - f 2rr cos2e de - 12 tt + 0 •= 12tt . 

J o J 0 J o 

To evaluate the second integral use cos a e = 1 ± po y 2Q i 8f 2 ~ co^e a@ =8f 2T1 52- + r 2n c os 2 e ae « 8 tt + o - 8tt Hence (3) equals 

o J o 2 J o 

2071. So 

F dr = 20JI (4) 

To verify Stokes’s Theorem we now need to show 


-c 

-Jf 


Using the definition 


J*J (curl F>n) dA ■ 20n . 


where Vx^ represents the curl F and f - (fj.f 2 .f 2 >, 


a_ 

by 


a_ 

ay 




= (z 2 +x) t - (z+3) k = (z s +x,0,-z-3). 

Since S is the paraboloid 2z = x 2 + y 2 bounded by z = 2 this is a surface in the form g(x, y, z) = z - f(x, y) = 0. The unit normal 
can be expressed as 


where y is the gradient. Therefore 


ptxS+v 8 —2z) 
||7(x?+y a -2z>|| 


- _ (2x.2v.-2) _ (x.y.-l) 

/4x 2 +4y 2 +4 / x a +y s +l 






(5) 


But since fj (curl F)-n 4 " JT (curl F) 'N and n - — 

s " * R ||N|1 

JJ (curl F)«n dA = JJ (#+x,0,-z-3) • (x,y ,-l) dx dy 
“ JJ (xz®+j^+z+3) dx dy , 

which, when changed to polar coordinates, becomes 

f 2n J 2 £r cos0)-^T + i^cos 3 © + + 3 V dr d0 

0 0 6 / 3 \ 

" r 2 TT r 2 ^7 cos 6 dr *0 + [ 2v f 2 r 3 cos 2 0 dr d 0 + p 2 TT p 2 + 3 r dr)d 0 . 

J 0 J 0 4 J 0 " 0 “ 0 V 2 J 

The first integral equals 0 since f 2TT cose eg = 0 . The second integral can be computed by the equality 

0 

cos a e - 1+ c°» go that j2tta 2 r 3 cos 2 0 d r <j0 
2 0 0 
= 4 j 2 n( %+ co| 2 a .) d0 , 4tt . 

The last integral j 2 "j 2 (jl + 3r ) dr ^ 

“ 2 v s 2 q (s +3r ) dr ‘ H +i t] 2n “ i6n ■ 

So (5) equals 4 ti + 1671 = 20ti which checks with (4) and verifies Stokes’s Theorem 

• PROBLEM 9- 

Let F(x,y,z) - (ji+f » jfS+y 3 »°) • Evaluate <{> f.aT where C is the circle x 2 +y 2 = 1. Also evaluate JJ (curl f) -n oa and 
explain the results. 

Solution : First compute d> F-dr where C is the circle x 2 +y 2 = 1. 
c 

Since dr * (dx,dy,dz) 

' ^7 .°)‘ «> 

" # c ox + 3^ ay ' 

Changing to polar coordinates and letting x = cos0, y = sin0, the above integral equals 
J 2it (-sine) (-slne)ae + (cos@) (cose)ae 

0 

- f 2rr (siri*e + co^eJde - r 2n ae ■ 2n . 

J o 0 

To evaluate JJ (curl ?) -n oa first compute curl F . 








Solution : For an arbitrary 2-form 









w= f(x, y, z)dy dz + g(x, y, z)dz dx + h(x, y, z)dx dy, 

by definition dw = M + + iif) dx dy dz . In this case 

J vax ay hz, 7 

f = xCx 2 + y 2 + z s )‘ 3/2 

g = yCx 8 + y 2 + z 2 )' 372 

h - ztx 2 + y 2 + z 2 )" 372 

- (x^+z 2 )" 372 + x(-3/2) (x 2 +y 2 +z 2 )" 5/2 (2x) 

= (x 2 +y 2 +z 8 )“ 372 + y(-3/2)(x s +y 2 +z 2 )' 5/2 (2y) 

|h = (xa+yS+z 2 ) -372 + z(-3/2) (x 2 +y 2 +z 2 )" 5/2 (2z) . 

Adding these three equations 

ii + iS + ill = 3( x 2 +y 2 +z 2 )" 3 /2 - 3x 8 (x 2 +y 2 +z 2 ) -572 
dx dy dz 

- 3y 3 (x 2 +y 2 +z 2 )" 572 - 3z 2 (x 2 4-y 2 +z 2 ) 
= 3(x 2 +y 2 +z 2 )" 372 - 3(x 2 +y 2 +z 2 )(x 2 +y 8 +z 8 )' 572 


To compute JJ S a parametrize: 


x = sincp cos0 0 < cp < n 
y = sincp sin0 0 < 0 < 2n 
z = coscp 

then by definition 


and 


Thus 


dx dy 


“ ay ‘ atp 06 

02 “ ‘ a ’ > ae 

ay 02 ' |<£f) 09 


M 

3cp 

ix 

9cp 


M 

ae 

iY 

ae 


dcp d© 


coscp cose -sirup sine ^ dQ 

coscp sin© sincp cose 


= (cos 2 e coscp sincp + sin 2 e sincp coscp)dcp d 0 
= coscp sincp dcp d 0 . 

Similarly dz dx = sin 2 cp sin0 dcp d0 and dy dz = sin 2 < cos0 dcp d0 . 
Now f f x dy dz + v dz dx + z dx dy 
JJ (x 2 + y 2 + z 2 ) 3 / 2 

becomes, with the above substitutions, 


5/2 



J*^ TT J* TT ^ S incp cos©) (sir^cp cose) + (sincp sln0)(sin?cp sing) 
+ (coscp) (costp sincp)jdcp d© 

■ J 2TT J^jsin^cp cos 3 e + sin 3 tp sin s e + cos 2 cp sincp Jdcp d@ 


* Oo sintp dcp de 

= 2tt f sincp dcp 

* 2tt^-coscp| TT ^ = 2rr(2) ■ 4 tt ^ 0 . 

Therefore o i s not exact. 



CHAPTER 10 


IMPROPER INTEGRALS 


By definition an integral is improper if at least one of the limits is infinite, or if the integrand has one or more points of 
discontinuity in the interval of integration, or if both of the above conditions exist. Respectively, the above defines improper 
integrals of the first, second, and third kind. 

An important idea to note is that there are many analogies between the theory of improper integrals and that of i nfi nite 
series. That is, improper integrals can be termed convergent or divergent in the same manner as infinite series (i.e., the 
comparison test, quotient test, and certain limit tests exist in the theory of improper integrals). Furthermore, the notions of 
absolute convergence and conditional convergence exist for improper integrals and in addition, if an improper integral defines 
a function, it can be determined whether or not this integral is uniformly convergent on a given interval. 

Finally, from the theory of improper integrals, properties for certain functions such as the gamma function and beta function, 
both of which have many applications, can be developed. 


IMPROPER INTEGRALS OF THE 1st, 2nd, AND 3rd KIND 


• PROBLEM 10 


1 Determine if the following integrals are proper or improper. If an integral is improper, determine if it is of the first, second 1 

or third kind. 



-l 

» -at -bt 


a) S mm x(x-l) 

b> ‘ “ 

c> J 0 iToTTiy 

8 

„ x 


»> h 




Solution : Given that a function is bounded, and the intervals or regions of integration are bounded, if this function is integrable, 
the integral is then said to be a proper integral. 

An integral is improper if it is an integral over an unbounded interval or region or if it is the integral of an unbounded function 
or both. Furthermore, the integral f b f ( x ) dx is: 

(i) an improper integral of the first kind if a = -oo or b = oo or both. 

(ii) an improper integral of the second kind if f(x) is unbounded at one or more points of a < x < b. These points are termed 
singularities of f(x). 

(iii) an improper integral of the third kind if both conditions (i) and (ii) are satisfied. 


a) ' . ^- . y This is an improper integral of the first kind, since one of the integration limits is infinite and the integrand is 

bounded. 


00 e" at *" bt -at -bt 

b) f -—- dt . This is an improper integral of the first kind, for i i m ^- = b - a • That is, as t —> 0 , the 

v 0 c t-.0 

integrand approaches a finite limit. Hence, by condition (i), the improper integral is of the first kind. 

c) f* —y . This is an improper integral of the second kind since the integral is unbounded at x = 0. 









Test for convergence : 















To apply the test, first observe that for large values of x the integrand is approximately l/2x 2 , since 2x 4 - x + 1 will be 
approximately equal to 2x 4 . Specifically, taking 


x 2 1 

f(x) - 5-- , g (x ) - ±- 

2 x -x+1 

we find lim 0 lim p =1/2 - 
2 x -x+1 

Now the integral J°° ^ dx is convergent since P dx is convergent for p > 1. Therefore, since both integrals are either 

1 x “ 1 x P ! 

convergent or divergent by (i), and because it has been shown that p — dx is convergent, then both are convergent. Thus, 

1 rr 

2 

p<» x—dx-j s convergent. 

J 1 2x 4 -x+1 

b) f ^7 dx . This integral will be tested for convergence by two methods. 

1 3x +6x +1 

Method 1: The Comparison Test. 

For large x, the integrand is approximately equal to 
x/3x 4 = l/3x 3 . 

Since —— 5 — £ and £p ^5 dx converges (because p dx 
3x +6x +1 3x J 1 x J 1 x p 

converges for p > 1 ), by the comparison test p 4 2 — dx 

1 3x +6x +1 


converges. 

Method 2: The Quotient Test. 

Let f (x) = —— 5 — , g(x) » . Then 1 i m -TOO. _ lim _£- = 1 . Now, the integral p ^ dx is convergent (p 

3x>6x 4 +1 x J x^o g(x) x- 3x 4 +6x 2 +l 1 * 

integral withp = 3). 

Therefore, since lim j and s(*) dx converges, p f 00 dx *= p —^ j dx converges by the quotient test. 


• PROBLEM 10 


Test the following improper integrals of the first kind for convergences: 
, K« In x .v ,»® 1-cos x . x ,»« x3+x 2 . 

a) L^r dx b) P—T~ dx c) J ~r ~ dx - 


Solution : To test the given improper integrals for convergence, the following theorem is used: 
Given P f(*)dx, let lim x p f(x) - a Then: 


i) P f (x)dx converges if p > 1 and A is finite. 

a 

(ii) P f 00dx diverges if p < 1 and 0 , (Amay be infinite), 
a 

a) ^ “7*^ dx • To apply the theorem to this integral take x p = x (i.e., p = 1) and f ( x ) = . Then, 

1 x_ra x+a 

P,, , .. x In x ,, 1+ In x 

lim x r f(x) = lim —;- * lim -:- = ® 

' x+a 1 

X-k» X-® X-w 







by L'Hospital’s rule. Therefore, by (ii) in the theorem, with p = 1 and A = oo, the given integral diverges, 
b) J°° - --- I) x dx . Here, to apply the theorem, let 


r 


l-COS X . r»TT 1-0 


T 


1-cos X 
2 ' 


( 1 ) 


i • P d \ i • 3/2 1-cos x , 

lim x f(x) = lim x t-2— 

X-*o X-<oo x 


Now, the first integral on the right side of equation (1) is a proper integral. This is so since 

.. l-cos x ,. sin x X 

iim + -— = lim + ~ 2 ^ = 2 

x—0 x x—0 

by L'Hospital’s rule (therefore, there is no singularity at x = 0). For the second integral on the right side of equation (1) take x p 
= x 3/2 (p = 3/2) and f(x) = (l-cos x)/x 2 . Then 

l-cos X c Q 

Jx 

Hence, since p = 3/2 and A= 0, by (i) in the theorem the integral converges. Thus, by (1) the given integral converges. 

3 2 

c) (*" x . +x — dx .To apply the theorem to this integral, let 
-« x 6 +l 

3 2 3 2 3 2 

r hf- “ - r° h 2 -«+ r V 2 -«« < 2 ) 

J - Ai J -.x 6 +i J oAi 

Then let x = -t for the first integral on the right side of (2); this yields 


p® t -t 

- J o t 6 + l 


(3) 


Now apply the theorem to this integral, letting t p = t 3 (i.e., p = 3) and f ( t ) = ■ So that 


lim t P f(t) « lim t 3 ~ C ^ = lim 3 , = 1. 

t-« t 6 +l 1+1/t 6 

Hence since p = 3 and A = 1, the integral (3) converges by (i) in the theorem. 

Similarly, for the second integral on the right side of (2), take p = 3 and f(x) = (x 3 + x 2 )/(x 6 +1) . Then, 


i x P f(x) = lim x 3 ( X . +X ; = 
v^, ^ x 6 +l ' 


Therefore, by (i), this integral also converges. Thus by (2), the given integral converges. 

• PROBLEM 10 


Test the following integrals of the first kind for convergence: 

a) J°° (l/t) sin t dt 

( 1 ) 

0 


b) J* sin u 2 du . 

( 2 ) 

0 



Solution : a) O/O sln t dt. At first glance the integrand shows a singularity at t = 0 so that it is an improper integral of the 

o 

third kind. However, closer inspection of the integral shows this to be untrue since by L’Hospital’s rule, 

sin x , 

lim - = 1 . 

x-* 0 * 


Therefore, there is no singularity at t = 0 and the integral is of the first kind .To test this integral for convergence the following 








theorem is necessary: let 


j 9(t)f(t)dt 


be an improper integral of the first kind. Given that the functions cp and, f satisfy the following conditions: 

(i) cp' (t) is continuous, cp' (t) < 0 and = 0 , 

(ii) f(t) is continuous, and bounded if the integral f(x) = J f(t)dt is boundedfor all x> a, then the integral j* «p(t)f(t)dt 

a 8 

is convergent. 

To apply this theorem, take cp(t) = 1/t, f(t) = sin t (from (1)). Then cp'(t) = - 1/t 2 < 0 , llm 1/1 = 0 and 

t-*°° 

F(x) = y sin t dt = i-cos x, so that 0 < F(x) < 2. (F(x) is bounded for all x> a). Therefore, since the conditions of the 
o 

theorem are satisfied, the given integral (1) is convergent. 

b) J°° sin u 2 du . To test this integral for convergence, apply the theorem mentioned in part a) of this problem However, to do 
o 

this, first make the following change of variable: 


u = /t so that du = — . 

2/7 


Then 


2 

r*x 2 1 r>x sin t .. 

J sin u du = - J ■ dt . 

0 0 /t 

Therefore, letting x —> oo in (2), we have 

f sin u 2 du = | J“ Sl ” * dt . 

0 0 /t 

(Note there is no singularity at t = 0 since ii® s - in - = o, by L'Hospital’s rule). 

t-K) /t 

Now to apply the theorem to the integral on the right side of equation (4) take 


(3) 


(4) 


tp(t) = t , f(t) = sin f 


Thencp.^) _ _ _ l _ „ ^ 0 for° s t < m • i 1 ® = o a nd 

t-*°° 

F(x) = J* sin t dt = 1-cos j 


so that 0 < F(x) < 2. Thus, by the theorem, \ J” sln t dt i s convergent, so that by (4), the integral (2) is convergent. 

o /t 


• PROBLEM 10 


Determine if the following improper integrals of the second kind are convergent: 


. p4 dx ., fi dx . pi , / l \ 

a) J -175 ’ b > J — « c) J ln i^ dx - 

-1 ( X + 1 ) A/ -1 0 V 1 / 


Solution : An improper integral of the second kind is an integral of the form J b f ( x >dx where f(x) has one or more singularities 
in the interval a < x < b. 

a ) J 4 ~~—175 • To determine if this integral is convergent, the following information is needed: 

-1 (x+l) 






(i) if f(x) has a singularity at the end point x = a of the interval a < x < b , then by definition 

J b f(x)dx = lim + J b f(x)dx (1) 

a e-*0 + a+e 


Furthermore, if the limit on the right of (1) exists, then the integral on the left is convergent (divergent otherwise). 
Similarly, if f(x) has a singularity at the end point x = b in the same interval, then 

J* f(x)dx = lim + jh -6 f(x)dx . (2) 

a e-*0 a 


Again, if the limit exists in (2), the integral on the left is convergent (divergent otherwise). 

(ii) If f(x) has a singularity at an interior point x = Xq of the interval a < x < b , then 

J b f(x)dx = lim J 0 * f(x)dx + lim J** f(x)dx . ( 3 ) 

a c 1 ”*0 + a e 2"*° + X 0 +e 2 

As before, if the limits exist in (3), the integral on the left is convergent (otherwise it is divergent). Note, however, that if the 
limits on the right of (3) do not exist, it is possible that if we choose Ej = s 2 = s in (3), the limits do exist. 


If this is the case, this value is the Cauchy principal value of the integral on the left side of (3). 


For the given integral, the intergrand has a singularity at x = -1, which is one of the end points of the interval. Hence, applying 
(i), 


f 

-l 


dx 


(x+1) 


T73 


lim 

e->o + 


- 1 +e £c+l) 


lim 

e-*o 


. ,. 2/314 

(x+1) 

2/3 |_j 


= lim 
e-* 0 + 


5 2/3 _ 
2/3 " 


3 . 2/3 

o 5 


Therefore, since the limit exists, the integral converges and equals (y]s 2/3 • 
b) J 1 .The integrand has a singularity at x = 0. Hence 


fl dx ,. 1 dx , . pi dx 

J T = llm + J ~x + llm + <1 “5 

-1 ^-0 -1 g 2 -0 g 2 


= lim(ln|-e | - In[—11) + lim(ln(l) - ln(e )) . 

e i"° V° 

However, these limits do not exist, so the integral does not converge in the usual sense. For the Cauchy value we have 

lirn ( r e — + f 1 —) = lim (ln(-e) - ln(-l) + ln(l) - ln(e)) 

eV -1 x e x/ eV 


= lim (ln(-e/e) - ln(-l) + ln(l)) 
e-K) 


= lim(ln(-l) - ln(-l) + ln(l)) = 0 
e-*o + 

Thus the Cauchy value of the integral is zero. 

c) J 1 in(— -i- J dx . The integrand has a singularity at x = 1 , therefore this improper integral is of the second kind. To determine 
if this integral converges, first set y = (1 -x) _1 so that dx = y' 2 dy and the integral becomes 

r . (1) 


i y 


which is an improper integral of the first kind (i.e., the improper integral of the second kind was transformed into an improper 
integral of the first kind). 





Now, by theorem, given two integrals of the first kind with positive integrands such that 


then if 


£00 . 
' kOO 


o, 


J*° S(x)dx 
b 


is convergent, so is 

J" fOOdx . 
a 

= y' 3/2 . Then J*° g(y)dy = J°° y" 3/2 dy , which is convergent (p integral, with p > 1). In addition, 

b 1 

• y 3 ' 2 = lim JW 
y 

= lim ^ 72 “ = 0 by L'Hospital’s rule. 
r*° y 

Thus ( 1 ) is convergent by the theorem and consequently, so is J 1 in(—!—)dx since this integral equals ( 1 ) 

o u 

• PROBLEM 10 


For the given integral, let g(y) 

lim -£££ = lim 


Test the following improper integrals of the second kind for convergence: 

. i»l dx . . 8-x 

si) f -r- t b) f - -T- dx . 

J 0 x *(x+2x® )* J 1 (2x-x 3 ) 2 


Solution : For improper integrals of the second kind, there is a comparison test analogous to that for integrals of the first kind. 
Here we give the test for the case where f(x) has a singularity at x = a (the test is similar if f(x) has a singularity at x = b or x = 
Xq for a < Xq < b). 

If g(x) > 0 for a < x < b and if J b g(x)dx converges, then if 0 < f(x) < g(x) for a < x < b, J b f (x)dx converges. However, if 
a a 

J g(x)dx diverges, then if f(x) > g(x) for a < x < b, J f(x)dx diverges, 
a a 

Before applying this test, however, we make note that the basic, standard, reference integrals for improper integrals of the 
second kind are 


-.b dx pb dx 

a (b-x) P a (x-a) P 


( 1 ) 


These integrals are convergent for p < 1 divergent if p > 1, and if p < 0 they are proper integrals, since there would be no 
singularities in the integrand. 

a) J 1 ^ dX ^ ^ . For this integral, 0 < -jp-| ^ for x > 0. Since the singularity is at x = 0, use the second 

integral in(l). Therefore, 


r l dx 
0 x 5/6 


is an integral of the second form in (1) with a = 0, b = 1 and p = 5/6; hence, it is convergent,, Thus, by the comparison test, 

pl dx _ 

0 x^x+ax 2 )^ 


is convergent. 







dx • Here, the integrand is nonnegative for 1 < x < 2 (the singularity is at x = 2). Now, using the first integral 


b > f 


1 (2X-X 2 ) 2 

in(l) we have 


J l ox 
l (2-x) 

is divergent (i.e., b = 2, a=l,p = l). In addition 

3 3 3 

• l (2 - x)(4 + 2x + x z ) _ (4 + 2x + x^) A x 2 / \x / 


(2 x-x 2 ) 


(2 - x ) 


x (2 - x) 


(2 -x) 


1 


for 1 < x < 2. 


- (2 - x) 

Hence, by the comparison test, since f(x) > g(x) and J b g(x)dx diverges, the integral 


.2 8-x 


1 (2X-X 2 ) 


diverges. 


• PROBLEM 10 


Determine if the following improper integrals of the second kind are convergent: 
.1 dx . v nTT sin x v <»1 , , 1 \ 

- b) I. — “ c) J. 1 “(.w cK - 




0 (1-x ) 3 


Solution : a) [ — — r-, . For this integral, we use a quotient test for integrals with positive integrands analogous to that for 

0 (1-X J )3 

improper integrals of the first kind. Here, assuming a singularity at x = a (for singularities at x = b or x = Xq, a < Xq < b the test 

is similar), if f(x) > 0 and g(x) > 0 for a < x < b and if l im f M = l ^ 0 or oo, then the two integrals r b f (x) dx and 

b x_4a 8 b ^ 

[* g(x)dx either both converge or both diverge. Furthermore, if L= 0 and [ g(x)dx converges, then f f (x)dx converges, 

3 b b a a 

andifL=ooand J g(x)dx diverges then f f (x)dx diverges. 

' a '’a 

To apply this test to the given integral let f (x) = 


-and since the integrand has a singularity at the upper limit, let g(x) 

(1-xV 


be an integrand of the form “ because it is known that i -- converges for p < 1 and diverges for p > 1. Let 

(b-x) H ' a (b-xr 


g(x) = ■ 


li» , 

K-b- 8<,t) 

However, since 


-x ) 5 


(l-x) ; 


i 3 
1-x ) 3 


( 1 ) 


(1-X 3 ) 3 (1-x)^(1+x+x 2 

( 1 ) becomes 


x-l“ (1+x+x 3 )^ 
In addition. 


















j; 


,1 dx 


0 (1-x) 3 

is convergent since p = £ < 1 . Thus, by the quotient test, since 0 or oo, both integrals are either convergent or divergent. 
However, s ince J b g(x)dx is convergent, J b f (x)dx (the given integral) is also convergent. 


b) J -— dx . The test for convergence of this integral involves making use of the following test: If f(x) has a singularity 

J 0 x 

at the lower limit, let I im + (x-a) p f(x) = L (for the case of a singularity at the upper limit b, let 1 im (b-x) p f(x) =L); 
then 


(i) J* f (x) dx converges ifp < 1 and Lis finite. 

a 

(ii) J b f (x) dx diverges ifp > 1 and 0 (however, Lmay be infinite). 


To apply this test, note that the given integral has a singularity at the lower limit, x = 0. Hence, choosing 


2, lii 


1 by L' Hospital’s rule. Now, since p > 1, by (ii) the given integral diverges. 


c) f 1 ;dx .This integral was proven convergent in a previous problem by transforming it to an improper integral of 


the first kind. However, by the test given in part (b) of this problem, we can determine the convergence or divergence of this 
integral directly. To do this let f (x) = ln^y~) and since the integral has a singularity at the upper limit, x = 1, let 


lim_ (b-x) F f(x) = ltm_ (l-x)^lti! ' = lim 


V-X/ 


x-.b x—1 

Then by L'Hospital’s rule this equals 
l/(l-x) 


. lim • 

x-r (i-x)^ 


lim J 


= lim ^(l-x) 1 = 0. 


Therefore, by (i) since p = 14 < 1 and since Lis finite, the 
given integral converges. 


• PROBLEM 10- 


Determine for what values of x the integral 

n l -t x-1 


i: 


d> 


is a) proper ; b) inproper, but convergent. 


Solution : a) The integral (1) is proper for x> 1. This results from the fact that for these values, the exponent x-1 is not negative, 
and thus t x_1 has no singularity at t = 0. However, if x < 1, the integral is improper, for the exponent x-1 would now be negative 
and t x_1 would have a singularity at t = 0. 


b) For x < 1 the integral has a singularity at its lower limit, t = 0. To determine for what values of x this improper integral is 
convergent, use the following limit test: 

Letlim + (x-a) p f(x) - L . Then 

x-a 

(i) J b f (x) dx converges if p < 1 and L is finite, 
a 

(il) J b f (x)dx diverges ifp > 1 and L^ 0 (Lmay be infinite). 


For the given problem, to apply this test consider 







(3) 


Then, at x = 0, (2) becomes i t m+ 

t—0 


Then letting p = 1 in (3) yields 


t e _t -t 

1 im , —-- = 1 itn e = 1 • 

tV c t-o 


Hence, by (ii) the integral diverges at x = 0. At 0 < x < 1, let p = 1-x so that in this interval, p < 1 always. (2) now becomes, 
lim t 1 x e -t t x-1 = lim e -t = 1 . Thus, by (i) the integral converges for 0 < x< 1. Finally, for x < 0, let p = 1-x again so 

t -0 t -0 

that in this interval p > 1. As before, l tm t x e t x = 1 . However, here p > 1, so that the integral diverges for x < 0 by 
t—>o 

(ii). Thus, summarizing the results we have, the integral 

»l -t x-l 
f e t dt 

J o 

is 1 ) proper for x> 1 . 

2 ) improper but convergent for 0 < x < 1 . 

3) improper but divergent for x < 0. 

• PROBLEM 10- 


Test the following integrals for convergence: 


v r» dX 

a) - 

0 (l+x)/x 


b) c. 


dx 

x(x-l) • 


Solution : The above integrals are integrals of the third kind (i.e., a combination of integrals of the first and second kind). To 
test an integral of this type for convergence, given that the integrand has at most a finite number of singularities, separate the 
integral into a finite number of integrals, each of the first or second kind. Then this integral of the third kind is convergent if 
each of these "pure" integrals of the first and second kind are convergent. However, if one or more of these "pure" integrals of 
the first and second kind are divergent, then the integral of the third kind is divergent. 


a) • This integral has an infinite upper limit and a singularity of the integrand at the lower limit, x = 0. Since 

there are no other singularities, write the integral as: 


dx _nl dx poo dx 

J Q (l+x)/x ■ J Q (l+x)/x (l+x)/x 


Now, the first integral in(l) is an integral of the second kind. To test this integral for convergence letf ( x ) = l/((l+x)/x) and 
g(x) - l//x . Now, if 


11 m 

x-a 


f(x) _ 
g(x) 


L 


exists and is not zero, then either both J 

a 


f(x)dx, J* g(x)dx 

are convergent or both are divergent. Proceeding, we find 
a 


11 m 

x—0 


J1 _ 

(1+xX/x 


1 . 


Also, f 1 7 = is an integral of the form f b ,dx _ with a = 0 and p = Vi < 1, hence this integral converges and consequently so 

o /x a (x-a ) y 

does the first integral in (1). The second integral in (1) is an integral of the first kind and this integral is convergent, as can be 
proved by the comparison test since in the interval 0 < x < oo, 







(l+x)/x 


3/2 


and., 


3/2 


is convergent. Thus, the integral of the third kind in (1) is convergent. 

b) J°° j-y • This integral can be written as the sum of six other integrals corresponding to the intervals (-oo, - 1 ), (-1 , 0 ), 

(0, Vi), ('A, 1), (1, 2), (2, V 2 ). The types are of the first, second, second, second, second and first kind, respectively. To test for 


convergence, each integral must converge for the given integral to be convergent. However, if at least one of the integrals over 
the corresponding interval diverges, then the given integral diverges. Hence, since diverges (if we take g(x) = x' 1 , 

this gives 


, 8 GO 


lim 


x(x-l) 


-l and f 


x—0 6V ~' x-0 ’0 

diverges since it is an integral of the form 


p with a = 0 and p = 1. Hence, the integral P f (x)dx diverges since 
(x-ar 0 


H g(x)dx diverges), we know that the given integral of the third kind diverges without having to inspect the integral over each 
0 

of the other five intervals. 

• PROBLEM 10- 


Given n is a real number, show that 


converges when n > -1 and diverges when n < - 1 . 


Solution : First, rewrite (1) as 


r 1 x n e" x dx + r x n e” X dx . (2) 

J 0 J 1 

Now if n > 0, the first integral in (2) converges since the integrand has no singularities. Next, if -1 < n < 0, the first integral in 
(2) is an improper integral of the second kind at the lower limit x = 0. However, by theorem, given that 1 ira + (x-a) p f(x) = L ; 

b x—a -n n -x 

the integral f f (x)dx converges if p < 1 and Lis finite. To apply this theorem, let p = -n, a = 0 to obtain 1 im + x x e = 1 . 

d a x-0 

Hence, the integral converges by the theorem Thus, the first integral converges for n> -1. For n> -1, the second integral is an 
improper integral of the first kind. By theorem, for an integral of the first kind, given lim x p f (x) L, the integral 

X—oo 

f f(x)dx 
a 

converges if p > 1 and L is finite. To apply this theorem let p = 2, to obtain 

. n+2 

, . 2 n -x , . x _ 

lim x x e * lim - = 0 

x—oo x—oo e 

(by L’Hospital’s rule). Therefore, by the theorem, the second integral in (2) also converges for n > -1. Consequently, the given 
integral converges for n> -1. 

For n < -1, the first integral in (2) is an improper integral of the second kind. By theorem, given 

lim + (x-a) 1> f(x) = L ; 
x-a 

the integral, J b f ( x )dx diverges if p > 1 and 0. To apply this theorem take p = 1, a = 0 to obtain 





lim + x x n e X = lim + ~ " “ « 

x -0 x -0 e 

(since n < -1). Therefore, by the theorem, the first integral in (2) diverges for n < -1. In addition, at n = -1 the first integral in 
( 2 ) becomes 


r 1 £—dx 

J 0 x 


which diverges since, in the interval 0 < x< 1 , 


e_ 2 i_and f 1 - dx = lim(-log x) = ». 

x ex 0 X x -0 


Hence, the above shows the first integral in (1) diverges for n< -1. 

Thus, the given integral diverges for n < -1, since at least one of the integrals in (2) is divergent (therefore, there is no need to 
examine the second integral in ( 1 )). 

Summarizing the results, (1) is convergent for n > -1 and divergent for n < -1. 

• PROBLEM 10- 


a) Given that J“[f (t) f t 2 dt converges, prove |t 2 dt converges. 

b) Given that f(t) has a singularity at t = 0 and that j 1^)1 dt converges, prove that J dt converges, 

0 + 0 + 

where 0 < a < b. 


Solution : a) In the chapter on Infinite Series the inequality of Cauchy was applied to prove that a series was convergent. For 
this problem, the integral analogue of Cauchy’s inequality, called the Schwarz inequality, will be utilized. This inequality 
states: 

If F(t), g(t) are continuous, for a < x < b then 

|J b |F(t)g(t)|dt} 2 S J b [F(t)] 2 dt f b [g(t)] 2 dt . (1). 

v a / a a 

Note that if a function F(t) is treated as the continuous analogue of a vector, we define the L P -norm of F(t) as 

l|p(t)|i = :j ,b [F(t)] p dt‘ 1/p 

P a 

and the inner product of F(t) and g(t) as<F(t),g(t)> = ' b F(t)g(t)dt Using this notation (1) can be rewritten as 

a 

<1 F(t) |, |g(t) | > < || F(t) || 2 || g(t) || 2 . 

To apply this inequality to the integral 

r i*(oit- 2 « (2> 

’ i 

take a = 1, b = R, g(t) = 1/t, and F ( t ) = 1 , in (1). This yields: 

Now take the limit as R —> qo, to give 






T iiMU «•,* s r imyk- lim - (R -1 

■1 £ P ' J 1 t >. R ^ 

which implies 

i 

or 

' 1 “1 ^ 

which converges. Thus, by the comparison test, the integral (2) converges. 

b) As the Cauchy inequality for infinite series has an integral analogue, so does the Holder inequality. This inequality states: 

If f(t), g(t) e C (the set of continuous functions) for a < x < b and if 1/p + 1/q = 1 with p > 1, q > 1, then 

j* b |f (t)g(t) |dt s J b |f (t) | p 1/p< J b |g(t) | q at' 1/q . (3) 

a 'a " ' a 

To apply this inequality to the integral 

J 1 |f(t)| a dt (4) 

0 + 

take g(t) = 1 for 0 < e < 1 in (3) to yield 
f|f<t)| a « s j 1 |f(t)| ap dt 1/p fi’ nr 1 '’. 

e x e ' e 

Now take the limit as 8 —>0 * to give 

r 1 |f(t) | a £ 7 1 if(o | ap dt'^ita.a-c)' 1 ^ 

o + ' o + e -° 

which is 

f |fU>| a dt d ./ |f<t)|* P dt) 1/p . 

0 + ' 0 + 

Finally, choose p so that ap = b. Then, since 0 < a < b, we have p > 1 as required by the inequality. This gives 
j 1 |f(t)| a dt * (j 1 |f(t)| b dt; 1/p s fj 1 |f(t)| b d C ^ a/b 

o + o + o + 

Thus, by the given inequality and the comparison test, integral (4) converges. 

ABSOLUTE AND UNIFORM CONVERGENCE 

• PROBLEM 10- 

Determine if the following improper integrals converge absolutely: 

a) r^dx b) f“ dx c ) f dx 

J 1 J 1 x J 0 x 






Solution : By definition, the integral J f (x)dx j s absolutely convergent if j I f ( x ) | dx converges. If f“f (x)dx converges and 
a a J a 

j | f (x) | dx diverges, then J f (x)dx i s said to be conditionally convergent, 
a a 

a) x cix . By definition this integral is absolutely convergent 

1 

if J°° | Si ^s X |dx is convergent. Since I s in X 1 < , J 00 x - ^ dx ^ J°° ^ converges (p integral withp = 2). 

Hence, by the comparison test the integral (1) converges and thus the given integral is absolutely convergent. 

b) f" — s — dx For this integral one method would be to use the series test which states: for integrals with nonnegative 
J 1 x 

integrands, the integral 

fWdx 


converges or diverges according to whether or not E a n , where a n = f(n), converges or diverges, respectively. However, we 
use another method. First, note that 

r |^®ji|dx s e r 2TTrmi/3 dx. 

J 1 x n=l J 2 to-tt/3 x 

Then, between 2jin-7i/3 and 27m + tt/3, 

£2 ^- 2£ s (2m + tt/3) -1 %> 


(since cos n/3 = 'A and in the given interval cos x > l A and x < 27in + tt/3). Thus, 


I . . 


r fh- - * 

1 n=l 

i.e., the series diverges. Therefore, the integral diverges and the given integral is not absolutely convergent. 

r>2TT sin X _ , , i >(Ut V h ~ 

J - dx +...+ I —-— dx +... 

rr ni 

(n+l)rr sin x 


c) p 00 s_tn x = pn 
0 X “ 0 


- * r 

n=0 nrr 

Therefore, 

- i j -(n+1) ’’ r-r^i «* • 

0 n=0 nn 

Then, letting x = z + roi, (2) becomes 

n| prr sin z ( 
z+nrr 


0 n-^ 1 


( 2 ) 


- 2 f az . 

n -0 J 0 


Since —— ^ —-—— for 0 < z < 7i, the integral 
z+nrr (n+l)rr - - ’ 

r dz s 

J q z+nn 


(n+l>TT 


,k±D- 

(n+l)n 


(the absolute value sign can be removed since sin 2 is positive 

z+nrr 

in the interval from z = 0 to z = n). Hence, 



which diverges. Thus, the series £ f n s ^ n 2 dz diverges, so that by (3) and the comparison test, the integral f°° |dx 

n=0 0 2 nT1 0 

diverges. 

This shows that the given integral is not absolutely convergent. Note: tire integral is convergent; therefore given this, we have 
shown the integral to be conditionally convergent. 

• PROBLEM 10- 


Prove the following theorems (assume f(x) e C): 

a) For a < x < oo , if J°° | f (x) | dx converges then J”f (x)ox converges. 

a a 

b) For a < x < oo, if l im x P f (x) exists for p > 1, then J" I f ( x ) |dx converges. It is assumed that f is bounded on [a, c] for 

X-® a 

every c > a . 

c) For a<x<b, if lim + (x-a) p f (x) exists for 0<p< 1, and f is bounded on (a, b] thenj’ b |f(x) |dx converges. 

x—a a+ 


Solution : a) Since -1 f (x) | < f (x) < | f (x) | for a < x < oo we have 
0 < f(x) + | f(x)| < 2 | f (x) | so that 

|°°[f(x) + |f (x) | ]dx < 2j"|f(x)|dx 
a a 

Since l'** I f (x) |dx converges, then j ”! f (x) + | f (x) l ]dx converges. Then subtracting f°° | f(x) |dx , which converges, this 
a a a 
proves that j f (x) dx converges. This result shows that an absolutely convergent integral converges. 

b) Given lim xPf M = L (exists), this impl ies that tim x P |f (x) | = |l | Hence, there exists a positive number b such that 
x *° x— 100 

x p | f(x) |<|L| + 1 forb<x<oo 


or 

|f<x)| . d> 

X 

However, J* + 1 ox i s an integral that converges for p > 1. 
b x p 

Thus, by the comparison test and (1), J°° I f l dx converges, whence the result J | f (x) |dx converges follows. 

b a 

c)Givenlim (x-a) p f(x) = L (exists), this implies that 1 im (x-a) p |f(x)| = |l| . There exists a number c such that x—>a+ 
x->a+ x-«a+ 

(x-a) p | f(x) |<|L|+1 fora<x<c<b 


or 


|f(x) | * l L | V . (2) 

(x-a) P 

However, J c — " dx is a standard test integral for improper integrals of the second kind that converges for 0 < p < 1 (it is 

a+ (x-a) P 

proper for p < 0). Thus by the comparison test and (2), 







converges, whence it follows that J b (f (x) | dx converges. 


a+ 

• PROBLEM 10- 

Given that: 

(i) g(x) e C (the set of continuous functions) for a < x < oo 

(ii) g(x) is a nonincreasing function for a < x < oo 

(iii) lim gOO = 0 

X-co 

Prove that: 

a) J°° g(x)sin x dx converges. 

a 

b) J"g(x)|sin x|dx onverges if/” g(x)dx converges and it diverges if J* g(x)dx diverges. 1 

a a a 

Solution : a) First notice that since g(x) is a nonincreasing function (by (ii)) and approaches zero (by(iii)), we have g(x) > 0. 

Let a<mji<n7i<R< (n+l)7i, where m and n are integers. 

Then, 

J* R g(x)sin x dx = J mTT g(x)sln x dx + I j'^ k+ ^^ TT g ( x )sin x dx 
a “a k=m kn 

+ J R g(x)sin x dx . (1) 

nrr 

Now keeping m fixed, let R, and consequently n, become infinite. Since 

|J R g(x)sin x dx|s g(nrr) J*^ nr *'^'^ TT |sin. x|dx = 2g(tvn) 
mr tm 

we have (using (iii)) that the last term on the right side of (1) approaches 0 as R becomes oo. Hence, to prove the desired result 
it is therefore sufficient to prove that the second term on the right side of (1) approaches a limit; that is, that the series 

E J‘^ k+1 ^ Tr g( x ) S i n x dx converges. (2) 

k=ra kn 

To prove this, make use of the following theorem; given that V k is nonincreasing and nonnegative for k = 1, 2, ..., if 
Urn V k = O thentheinfiniteseries j. (-i) k v, converges. 

k -» k =i k 

To apply this result, first notice that sin x does not change sign for kn < x < (k+1) n, so 

V, = |J'^ k+1 ^ T1 g(x)sin x dx| = f (k+1)TT g(x)|sin x|dx. 
kn krr 

However, since g(x) is a nonincreasing function, we have 

g(kn4'TT)J'^ k+1 ^ TT |si.n x |dx <: V k s g(kn)J’^ k+ ^ TT |sin x |dx 
krr krt 

and 2g(k?i) <V k _, < 2g(toi - n). (3) 

Combining these inequalities yields 
0<V k <V k . 1 <2g(k7i-7i), 

which shows that V k is nonincreasing and lirn V k = 0 . Hence, the series (2) is convergent, and therefore by the discussion, so 

k-oo 







is J°°g(x)sin x dx _ This completes the proof, 
a 

b) Case 1 : Given ! g(x)dx diverges. Firstreplace sinxby | sinx | in(l) to yield 
a 

J R g(x) |sin X |dx = J mTT g(x) |sin x|dx + £ J^ k+1 ^ n g(x) |sin x |dx 

a a k=m krr 

+ J R g(x)|sin x|dx . (4) 

nn 

Now, as before, the last term on the right still approaches 0 as R —► qo. Since g(x) is nonincreasing, using (3) yields 
V k _ x 2 2g(kn) 2 2 J’ (k+1)n g(x)dx 


(where as before 


so that 


V k " J (k+1)TT g(x) (sin x|dx ) 
kTT 


Z v 2 2 r (n+1)TT g(x)dx. (5) 

k=m+l (mfl)TT 

Now, as R (and consequently n) becomes infinite, this integral diverges. Hence, the series (5) diverges. Since 

n n-1 

z Vi - 2: V 


we have by (4), that 


J“ g(x) |sin x |dx 
a 


diverges. 

Case 2 : Given J g(x)dx converges. Since | sinx | < 1, we have 
a 

g (x) | sin x | < g (x) 
so that 


J" g(x)|sin x|dx s J" g(x) dx ; 
a a 

which converges. Hence, J* g( x ) |s in x |dx converges, 
a 

This completes the proof. 

• PROBLEM 10- 

Determine if the following integrals converge absolutely: 

a) r^dx b) r°° sin x 2 dx. 

J 0 /l+x J 0 

Solution : a) To test this integral for absolute convergence, apply the following theorem; 

If f (x) is continuous for a < x < 00 and if 1 im x P f (x) = A for p > 1, then the integral J* | f (x) | dx converges, from which it 
x-co a 










however, that for n < 0, the integrand approaches a limit when x —> 0 + ; 
that is, 

lim (log 1/x)" 
x-0 

exists for n < 0, therefore for these values of n the integral is proper. Hence, to apply the theorem, let p = 14, a = 0 for n > 0 
to yield lim x‘ iog(l/x) n = 0 Thus, since p = 14 < 1 and L= 0, 

x-0 

the integral 


I (log l/x) n |dx conver g es - 

0 + 


Hence, it follows that the integral Clog l/x) dx converges absolutely. 
0 + 


, » pi sin 1/x 

b - ) J 3/2 dx . This is an improper integral of the second kind where the integrand has a singularity at x = 0 . To test 


this integral, we first determine if it converges. To do this we use the following theorem; Given that g(x) is continuous for a < x 
< b, if g(x)(x-a) 2 is a nondecreasing function for a <x<b and lim + 8 (*) (x-a) 3 “O^then^ 8 00 s in "^2 dx converges. 


To apply this theorem to the given integral, take g(x) = x' 3/2 , 
a = 0. Then 


g(x) (x-a) 8 = x -37 ^ «/x , 
which is a nondecreasing function for 0 < x < 1. Then 

lim, x" 3/2 x 2 = lim x^ = 0 . Thus, the integral J x ^ sin x dx converges. Now, to test this integral for 
x-0 x—0 0 + 

absolute convergence, apply the following theorem; Given that g(x) is continuous and g(x) is a nonincreasing function for a < x 
<oo, if lim s( x ) = °and , g(x) dx diverges, then P g(x) |sin x |dx diverges, 
x-® a a 

To apply this theorem, let x = t' 1 in the given improper integral. This yields 


pl sin 1/x 

J . 3/2 ' 


sin t 

A ‘ 


(l) 


which is an improper integral of the first kind. Here, let g(t) = t ' 1/2 which is a nonincreasing function for 1 < t < oo. Furthermore, 
lim t"^ = 0 and ^ % is divergent (p integral withp = 14 ■ 

t-CD 1 ^ 

by (1), J 1 ^ Sin 3 /2 X ^ dx is divergent. Thus, the integral j 

o + x o + 

convergent. 

• PROBLEM 10- 

a) Define uniform convergence for improper integrals. 

b) Show that e xt dt converges uniformly to 1/x in the interval 1 < x < 2. 

0 

c) Show that xe x C does not converge uniformly in the interval 0 < x < 1 . 

0 


- 1). Hence by the theorem, J" L I d t is divergent, so that 


sin 1/x 
3/2 ‘ 


A 

c is not absolutely convergent, but is conditionally 


Solution : a) Suppose that the integral 







J" f(t,x)dt (1) 

a 

converges for each fixed x in the interval A < x < B and has the value F(x). In addition let 


Sr(x) « J R f(t,x)dt . 

a 

Then, by definition, the integral (1) converges uniformly to F(x) in the interval A < x < B if for each s > 0 we can find a num b er 
N depending on s but independent of x such that |F(x)-S R (x) | < s for all R > N and for all x in A < x < B. 

Note that this definition of uniform convergence is written in terms of improper integrals of the first kind. However, an 
analogous definition can be given for improper integrals ofthe second and third kind, (i.e., for improper integrals of the second 
kind let 

F(x) = f b f(x,t)dt, S (x) = f b f(t,x)dt 
J + R J R 

a 

and replace the condition R > N in the definition by the condition R - a < 8 for some 8, and R < b. 

b) f e xt dt. Here, for x > 0, the integral converges to 1/x. 

0 

Hence, 

F(x) = lim f b e Xt dt = lim - + - N = - (x > 0) • 

b-H® ^ 0 b-~ ' X ^ X 

Let S (x) = f R e xt dt.Then 
R 0 

|rw - v*>l ■ I; - s r<-) I ■ £ + V-»i 

-xR 

= ^— s e’ R <e in 1 < x s 2 . 

Thus to show uniform convergence it is necessary to show that the above condition exists for some N independent of x, such 
that R > N. Hence, since l/e R < s we have e R > 1/s or R > In 1/s , so choose N = In 1/s to show that the integral is uniformly 
convergent in the given interval. 

c) f 00 xe XC dt. Here 
J 0 

F(x) = lim ; b xe Xt dt = lim (-e bX + 1). 
b-*® 0 b"« 

Hence, F(x) =1 for x > 0 

= 0 for x = 0 does not converge for x < 0. 

Now lets (x) = r R xe xt dt = -e + 1. Then 
R J 0 

| F(x) - S R (x)| = | 1 + e- Rx -l | =e‘ xR < e for 0 <x< 1 
= |0 + 1- 1 | = 0< e forx = 0. 

Now choose e = Vi so that if the number N ofthe definition existed, we should have for R > N, 

| F(x) - S R (x) | = e' xR < !/? for 1 <x< 1. 

( 2 ) 

However, since for every R > 0 , 


,. -xR , 

1 im + e = 1 , 

x—0 



this shows (2) to be false. Thus, the given integral is not uniformly convergent in the interval 0 < x < 1. 


• PROBLEM 10- 



Solution: a) Dirichlet’s test for uniform convergence states: If g(x, y) is continuous on {(x, y)|c < x, a < y < b] and 

|J R g(x,y)dx| < k 











(k a constant) for all R > c and all y on [a, b], if f(x, y) is a decreasing function of x for x > c and each fixed y on [a, b], and if 
f(x, y) approaches zero uniformly in y as x —> oo, then 

f f(*,y)g(x,y)dx 


converges uniformly on a < y < b. To apply this to the integral (1), let g(x, y) = e' xy sin x and f(x, y) = x"'.Now, f(x, y) = x' 1 is a 
decreasing function of x for each fixed y and for x > 0, and 1 im x' 1 = o . In addition, g(x, y) is continuous on {(x, y) |0 < x, 0 < 

X-® 

y}- 

X —> CO 

Then. |f R g(x,y)dx| = |r R e Xy sin x dx|. 

c 0 

However, using the theorem 

|J R g(x)sln x dx [s g(mr)J^ ir, ’ 1 ^ TT |sin x|dx = 2g(tm), (2) 

nrr nn 

let n = 0 and g(x) = e' xy in (1) to obtain 

|f R e‘ Xy sin x dx|s g(0) f" |sin x |dx = 2g(0) - 2 . 

0 

Hence, 

IJ* e' Xy sin x dx|s 2 if HO, y a 0 . 

Thus, by Dirichlet’s test, the integral (1) converges uniformly on y > 0 (i.e., [0, oo]). 

b) Abel’s test states: If g(x, y) is continuous on [c, oo] x [a, b] and J" g(x,y)dx converges uniformly on [a, b], if f(x, y) is a 

c 

decreasing function of x for x > c and each fixed y on [a, b], and if f(x, y) is bounded on [c, oo] x [a, b], then 

J" f(x,y)g(x,y)dx 
c 

converges uniformly on [a, b]. 

To apply this test, again let 

g(x, y) = e' xy sin x and f(x, y) = x" 1 . 

Then f(x, y) is a decreasing function for x > c and since 

lim x' 1 = o, f(x,y) is bounded on 


[0, oo] x [0, co]. Now, all that is left to show is that e‘ xy sinx dx converges uniformly on [0, co]. To do this, apply the 

o 

Weierstrass M-test. Since e' xy is positive for all values of x and y, we have | e' xy sin x | = e ' xy |sin x | < e" xy for y > 0, x > 0. 
Hence, let M(x) = e' xy so that 


j“ M(x)dx = J* e ^ dx = lim J* R e Xy dx 

« u „ + i) . I 
r^, ^ y y' y 

for y > 0. Hence, since C M(x)dx converges for y > 0 and |f(x, y)| < M(x) for y > 0, x > 0, the integral J - " e 
0 0 
converges uniformly on [0, co]. Hence, by Abel’s theorem, 

f g(x,y)f(x,y)dx = f e" xy dx converges uniformly on [0, oo]. 


• PROBLEM 10- 


r -xt 2 

e dt is continuous for x > 1. 

b) -i r e- xca <, t - -r 
c* 31 J 0 J 0 

c) lim r *e‘ xt dt * r film xe‘ xt )dt and explain the result. 

x—o +J o J o VV J 






Solution : a) To do this problem we need the following theorem: If f(t, x) is continuous in t and x for t > a, c < x < d and 
J“ f (t,x)dt is uniformly convergent for c < x< d, then the functionF(x) = f (t,x)dt is continuous for c < x< d. Hence, 

to show thatF(x) = f“ e~ xt ^ at is continuous for x> 1, all that is required is to prove that f" e" xt dt is uniformly 
J 0 J 0 
convergent for x > 0 since f(t, x) = e' xt2 is continuous on any interval. To do this, apply the Weierstrass M-test. Since 

0 < e" xt2 < e' t2 


for x > 1, let M(t)=e _t Then 

f” e S r™ e l dt = 11m r b e fc dt = 1. 

0 J o b-*» J 0 

Since e _t ^ e -t for t£l,j£*e _c dt = j^ e_t dt+£*e _t dt ^J^ e_t2< lt + £*e _t dt 
but, is a finite integral which can be found to be equal to 

[ 7 r(l--i» l/2 Now, I**e -t dt = lim f b e -t dt = lim = lim [-e -b +e _1 ] 

11 b -*~ n b—*“> b-*~ 

= [—0 + e -1 ] =—. 

e 

Therefore, J^ e _t2 dt is uniformly convergent, as is J^’ e -Xt2 dt for x>l. 

Thus by the theorem, f(x) = f" e‘ xc3 dt is continuous for x> 1. 

b) To prove the two integrals are equal, first note that f(t, x) = e" xt2 is continuous in any interval. In addition, 


(t.x) ■ 


is continuous on the interval 0 < t < co and for all x. Also, note that J" e' xtS at converges and that J" |^(t,x)dt = J* -t?e" xtS dt 


converges uniformly for x > 1. This can be shown by using the 


Weierstrass M-test, letting M(t) = e _t (i. e., 0< t 2 e' xt < 1 2 e _t < e _t ).Now, use the theorem; If f(t, x) is continuous in t and x and 
has a derivative of/ox which is continuous in t and x for 


a < t < oo and c < x < d, and if J" f (t,x)dt converges and 
|| f (t,x)dc converges uniformly for c < x < d, then F(x) = 
f f(t,x)dt has a continuous derivative for c < x< d and F'(x) = 

a 

JL r" f (t, x )at - r ^-(t , x )dt. Hence, applying this theorem, we see that all of the conditions are satisfied, so 

dx 


"wfrA-rt. 


c) Since 


!?+ ^ 


xe dt = lim 


■+ [y m j* 


x—*0 b— *co 0 


r (lim, xe ) dt = j 0 dt = 0 , the two given integrals are not equal. The reason for this is that since 
’ 0 ' x -*0 2 0 

F(x) - r xe" xt dt is not uniformly convergent for x > 0, we cannot be sure that F(x) is continuous for x > 0. Thus 1 im + F ( x ) 
J ° x-0 

may not equal F(0). Note, however, that if f(t, x) is continuous for t > a and c < x < d, and ifj f (t ,x)dt j s uniformly 

r a 

f(t,x)dtis continuous onc<x< d. In addition, ifxois any point of c < x < d, then 


lim F(x) = lim f(t,x)dt = J°° lim f(t,x)dt 
x-.x 0 x-x 0 a a x-.x Q 




PROBLEM 10- 









b) if a > 0, f" -— sin xt dt = tan * x/a • 

J 0 C 

Solution : a) The integral is of the first kind, since the integrand approaches a finite limit as t —» 0 (that is, 

--is- = lim(-ae’ at + be" bt ) = b-a by L'Hospital’s rule). To evaluate the given integral start with 

t-0 * t-0 

F(x) = f e dt ■ lim j* e Xt dt = 1/x for x > 0 . (1) 

0 b-» J o 

Now (1) is uniformly convergent on the interval a < x < b (apply Weierstrass M-test with M(t) = e' at when t > 0). Then, note the 

following theorem; Let f(t, x) be continuous for t> a and a < x< b, and let J f (t,x)dtbe uniformly convergent in the interval 

c 

a < x < b; then 

J b F(x)dx = J® dt J b f(t,x)dx , (2) 

a c a 

where *00 “J” f (t, x) d t To apply this theorem, note that here x ^ _ e at -e bt is continuous for t > 0 and a < x < b. 
Then since F(x) = f“ e xt dt = - - e xt 1“ = 7 is uniformly convergent for t > 0 and a < x < b, we have by (2), 

0 x lo 

F(x) = r“ e Xt dt = - 7 - e xt 1“ = ~ and so, 

J o x lo x 

J b dx f«oo pb -xt J 

“"JTdtJ e dx < 3 > 

a 0 a 

Integration yields 

1° b - 1” a - [' V|" ] at 


or 


-at -bt 
ln(b/a) = f $ - ‘f - 


dt 


which is the desired result. 


b) The theorem to be used for part (b) is as follows; Let F(x) = J f (t, x)> be convergent when a < x < b. Let the partial 

derivative df/dx be continuous for t and x such that c < t and a < x < b. Let J°° df/dx dt converge uniformly on [a, b], Then F(x) 

c 

has a derivative given by F' (x) = J“ dt Let 

F( X ) « r® dt 

0 b 

andf( t x ) e at sln xt so that^r*-^) « e " at cos xt is continuous for 0 < t, and all values of x. The integral 

J°° e at cos xt dt converges uniformly in all x for a > 0 and F(x)=f“ - a - n - x -dt is convergent for all x if a > 0. Hence, as 

0 J 0 C 
a result of these conditions (by the given theorem) 


F'(x) * ^ (t,x) dt = f” e aC cos xt dt.(^) 

J o dx J o 




Now, by an integration formula, 


r M e at cos xt dt 
J 0 


[ £ 


-at 


(x sin xt - a cos xt) 
a 2 + x 3 


(x sin xM - a cos xM) + a 
a 2 + X 2 


Hence, as M —> qo, we have lim - 


■ o, so that f 


or by (4) f'(x) 


7 7 ? T ^ US , 


f(x) - J ai a + ^ dx = tan* 1 x/a + c . To determine the constant of integration C, observe that F(0) = 0 by the definition of F(x). 
In addition, since tan 1 0 = 0, we conclude that C = 0. Thus, 


F(x) .j»£!l£inxt dt , tan -l x/a . 
J 0 1 

This is the desired result. 


• PROBLEM 10- 



P(u> - f ^ dx . u 2 0 ( 3 ) 


This converges for all u > 0 and F(0) is the value to be found, Now F(u) is uniformly convergent for all u with 0 < u < qo. To 
prove this note that by definition, the integral f(q-) = f f(x,or)dx is uniformly convergent in [a, b] if for each a > 0 there is an N 
depending on s but not on a such that | F (<y) -J R f( X ,<*)dx|< 6 for all R>N and all a in [a, b] This can be rewritten by noting that 
I F(or) -J* f(x,a)dx| = |f f(x,a)dxl . Hence, using integration by parts we have (integrating sin x and differentiating the 

R 

remaining factor) : 


r f < x «w)*t = j“« 


The integrand in the second integral is always less than 1/x 2 in absolute value, for any u > 0 Hence, 


ir- 


L ain x dx| ! 




for R > N > - . 


|f(u) ~ J* ^xl = |f e” XU dx| - 

0 R 

so that F(u) is uniformly convergent for all u with 0 < u < oo. Consequently, 

lira f e _xu 8l ° -~ dx = f lim -- x ~ L - ° - dx = f 0 dx = 0 (4) 


11m f e XU sl ° x dx = f lim - 
ir*0 0 * 0 u-*0 









Now, differentiating (3) yields 


p* («> - f X (e'™ dx = -f e"™ sin x dx (6) 

0 0 

which may be integrated by parts twice, to yield F(u) = -(1+u 2 )' 1 . This is valid for all u with u > 0 since the integrand in (6) is 

dominated by e" xu and the integral of this is uniformly convergent for all u with d < u < oo and any d > 0. Integrating yields F(u) 

= C - arc tan u, for all u > 0. Now, let u increase, so that from (4), lim F < u ) = 0 , and 

u-*°° 

0 = C - lim arc tan u = C - ^ n and C = £ tt 
u-*~ 


Hence, F(u) = tc/2 - arc tan u, so that F(O) 
b) Start with the ! ^°° p ^ 

.M -i 


r sin x dx = ^ TT. 

cos rx dx (7) 


Then, lim J e ^ cos rx dx = lim e 
’ M-*» 0 M-ee 


-cpx (r sin rx - cp cos rx) |M cp _ 

2,2 L " 2 , 2 


10 cp + r 

(integration by parts). Furthermore, this integral converges uniformly for a < cp < b, where 0 < a < b and any r (use the 
Weierstrass M-test, taking M(x) = e _tpx since 


|e'<* cos 




rx I s e T " and I e ^ dx 


converges). Now by theorem, if f(t, x) is continuous for t > a, and c <, x < d and if f (t,x)dt is uniformly convergent for c < 
x< d, then we can integrate F ( x ) “ j°° f(t,x)dt with respect to x from c tod to obtain 


F(x)dx ■ J* d J” f(t,x)dtj- dx = J“ |j d f(t,x)dx| ( 


c a 

Applying this to (7) yields 


Co {^ b _ a e ’ CpXcos rx dc p} dx • J b =a (C 0 e_CpX cos rx dxj- dcp 

r e ^cos rx tb *b to 

- dx = J 2 ** * 

x=0 -x lcp=a cp=a cp + r 


which is equivalent to 


-ax -bx . .2,2 

r e -e 1 . b + r 

- dx = — In —-- • 

x sec rx 2 2 2 


This is (2), the desired result. 


• PROBLEM 10- 


Show that 



j; "tf “-(?)* 

( 1 ) 


given that e " x2 dx « ^ f 


( 2 ) 

and that J" ^4 “ ~Z 

0 1 +s 2/2 


(3) 


Solution: To show (1), take x = s/I in (2). This yields dx = /I so that (2) becomes 










n r® e” s c ds - , which can be rewritten as 

2 


7 = r e ' s 


1 _ 

/E 


( 4 ) 


Therefore, multiplying each side of (4) by sin t and integrating with respect to t yields 

^ 8 in t ds (5) 

( 6 ) 


> sin t . 

, 7 r' a 




= 7 = f" ds f e 8 t sin t dt . 
J 0 "0 


This because 

r°° e _s c 8 is uniformly convergent for s > 0, t > 0 and f(s, t) = e' s2t sin t is continuous for s > 0 and 0 < t < oo. Hence, by these 

J 0 

conditions equation (5) is valid and in addition, it is legitimate to invert the order of integration on the right of (5) to obtain (6). 
Now, by an elementary integrating formula, 


lim e 8 C sin t dt * 

M-co 0 

2 , 

f ~e (cos M+s sin M) + 1 j _ 1 


(7) 


Thus, substituting (7) into (6) yields 


sin t 


2 p® ds_ 

^ J 0 s 4 + r 


Consequently by (3), 


r* sin_c^ _ _2 # _n_ _ /m* 

J 0 7T^ C /w 2 n \V 


which is the desired result. 


• PROBLEM 10- 


Evaluate, for any constant c > 0, 

f V'* 8 c* (i) 

and using this, evaluate 

J e" <Px,x> dXjdX2 ... dx^ , (2) 

R n 

where x e R n , P is a positive definite symmetric matrix, and < > denotes the Euclidean inner product (i.e., < Tx, x > is a 
positive definite quadratic form). 


Solution : To evaluate (1) note that 





r - r e ’ cy8 <* 

and hence 

(J* e'^dx/ - f e _cxS (lx J“ e' cya dy 

-f T d‘ C(x2 '' 72) dx dy 

-r ,- c <^ + ^> dxdy . 

2 



Therefore, from (3), 

J e dx = j e dx - . (4) 

To evaluate (2), the Change of Variables Theorem may be applied. 

This theorem is as follows : Suppose T is a 1 -1 C 1 function of an open set E ^ R n into R n such that det J T (x) ^ 0 for all x 
e E. If f is real-valued and continuous on T(E) with compact support [where support of f, denoted supp f, is the closure of {x 
e R n |f(x) ^ 0}] contained inT(E), then 

J* f'J T !«et J | (5) 

T(E) E 1 

In light of this theorem, choose the function T consisting of a rotation p (a composition of n-1 simple rotations) and a 
translation z that will change the quadratic form <Px, x> to one of the form <Dy, y> where D is a diagonal positive definite 
matrix where {Xj.|i = 1,.., n} are the eigenvalues of D and hence of R Since T = p°z, J T =J p ° z = J p (z)J z and hence |det J x | = 1. 
Clearly, T is C 1 on R n . Let A = [-t, t] n and T(E) = A. Then f(x) = e' <Px ’ x> is real-valued and continuous on A = T(E). Also, supp 
f = A = T(E) is compact. Hence, the conditions of the theorem are satisfied and (5) yields 

(. -<Px,x> « -<P®T(x),T(x)>i t I 

4 ‘ 4 e |JtI 

- J e " <Dy,y> ’ 



But since T is volume invariant, 


Jn 


-<Px,x> 


li« r e <Px,K> 

J A 

umj e -<°y*y> 
j e -<Dy.y> 

J e'Vl + -V n ) 


- Gtf % 





GAMMA AND BETA FUNCTIONS 

• PROBLEM 10- 

a) Prove that T(P+1) = Pr(p)> P > 0. 

b) Show that 

T(p+k+l) = (p+k)(p+k-l)...(p+2)(p+l)r(p+l). 


Solution : a) The gamma function, T(p)> is defined for any positive reaj number p by 

r(p) - r x P_1 e" x dx . (1) 

J o 

Replacing p by (p+1), (1) becomes 

r(p+D - r * P e ’ x dx • ( 2 ) 

J o 

We must show, by evaluating the improper integral (the upper limit is unbounded) in (2), that 

f" x P e X dx = p f 08 x P ^ e X dx . ( 3 ) 

J 0 J o 

We use integration by parts on the integral on the left. Let u = x p , dv = e' x dx. Hence, du = px p "'dx and v = -e' x . Then 



- llm x p e * X | o J + P J" * P ” 1 e" X dx 
* llm s p e" 8 J + pr(p). (A) 


We must now evaluate the limit as s —> qo of -s p e' s . 
This may be rewritten as 







( 5 ) 


Urn 
s—co e 


Expression (5) has the formoo / oo ; hence we may use L'Hospital’s rule, 


n - lim = ■ 

„ 8<*> v-«„ 8 (x) 


to evaluate (5). Each derivative of e s will yield e s ; that is, g(s) = g'(s) = ... = g^(s). If p is finite then there exists an integer n 
> p and by differentiating s p n times we get 

f'(s) = ps p_1 , f "(s) = p(p - l)s p - 2 and 
f* n )(s) = p(p - l)(p - 2) ... (p - n + l)s p ' n . 


Now (p - n) < 0; therefore 


f <n), , _ const 


, a = |p - n[. 


Then, 


lim — = lim 


=0. 


Therefore (4) reduces to pT(p). Thus we have shown 

r(p + i) = pr(p). 

We obtain an interesting extension of the above results as follows. Note that when p is an integer, repeated evaluation of the 
gamma function leads to the result 

T(p + l)= P T(p) = P(P- l)T(p-l) 

= ...=P(p-1)...2.1T(1)= P ! . 


This result holds since T(l) = 1 as may be seen by letting p = 1 in (1) and evaluating the resulting improper integral. 
It is for this reason that the gamma function is called the generalized factorial function, 
b) Using the property T(p+1) = PT(p) applying this property to T(p+k+l) we obtain 

T(p+k+ 1 ) = (p+k) T(P+k) ( 6 ) 

T( P +k) = (p+k-1) T(p+k-l). (7) 


Continuing this procedure (k-3) more times, 

T(p+k-l-(k-3)) = T(p+2) = (p+1) T(p+1). (8) 

Substituting (7) into ( 6 ) and then substituting the remaining (k-3) evaluations into (1): 

r(p+k+i) = (p+k)(p+k-i)... ( P + 2 )( P + 1 )r( P + 1 ), 

which was to be shown. 


• PROBLEM 10- 


By substituting y = e' x in the expression: 






Solution : Integrating by parts, it can be shown (with u = x n , dv = e' x dx and the formula 1 udv = uv - j vdu) that 


1 e" x +n r x 11 ” 1 e" x dx (n = integer or real number), where, at x = 0, x n e' x = 0. But i im x n e' x = lim —which 


is of the indeterminate form oo/oo, for n > 0. To use L'Hospital’s rule, we let x n = f(x) and e x = g(x), and, by definition: 


g(x) = tZ 


where the operation f ^ ( x ) = d -M - and p> n is an integer. 


Therefore, under these conditions, 


dx = n(n-l) (n-2) ... (n-fc+1) 


where k < n is another integer. If we let k = n, then 


dx = n(n-l)(n-2)...3 • 2 • 1 = 


which means that integration has been carried out n times, and 


f" e dx --=1 for k = n 

J 0 e X lo 


This process leads to the concept of a generalization of the factorial called the gamma function represented by the capital 
Greek letter T (gamma). Thus, the expression for the gamma function is 


dx = p (n+1) = nT (a) = n(n-l) 


We now set y = e' x . Then dy = -e' x dx, or dx = -e x dy. By taking the logarithm, x = -lny = In ^ , and x n = ^ ln > with 
corresponding limits 1 < y < 0 for 0 < x < oo. Substitution yields: 


x n e' x dx = - J^ln i) dy = J* ln(^) dy = r(n+l) • 


By replacing n by n-1, we obtain: 


This final integration is convenient for tabulating T(t), where t is between 1 and 2. The values of T(n) for n < 1 and n > 2 can 
be obtained by use of the following relationships: 




Lia+u 


for n < 1 


TOO = 


n 


r(n+l) = nf(n) for n > 2 


• PROBLEM 10- 


Show that a) e"°^ ^ dx = £ ^ ; and hence, b)for n any positive integer, 


2n -oPx 2 


. /tt . 1 • 3- 5... (2n-l) 


Solution: a) Let a 2 x 2 = u. then - <*4. - 1H.- - £4_ . Substitution in the inteerand uives 

- 7 dX 2 cFx 2oP </u/a) 2o/u ^ ^ 


-oPx 3 


■fcr- 


1/2 -u 


But from the theory of gamma functions we have, for any positive num b er 

n-1 -x 


J? 


dx = r(n), and, 


for an integer n we have T(n) = (n-1)! 

To apply the integral, we rewrite the integrand as 




1 au ■ k I! 


2 o J 




since p (£) « /rr • 

b) Using the same procedure, since x? = , x 2n 

Hence, 

2n -q^x? 
f x e 


1 r**> U_ 

■s r oT° 


-1/2 -u 
i e du s 

i_„ e^n-vu, 

!a 0 

a 

1 _ r /ln±i) . 

2nfl l \ 2 J 


> n-4 -u 

u dt 


By definition, T(n+1) = n.! ; hence 

/ 2n+U / 2n-l \. 2n-l 2n-2 2n-3 5 3 - 

r \T~) ■ [~) : ■ — - 2 - 2 —I • 2 • 4r<i) 

Since the 2’s in the denominators exist n times, we can factor them out and obtain 

^ (2n-l)(2n-2)(2n-3)...3-lT<£). 


In this case, 







fpf 1 ) = ^ l*3*3-..(2n-l)r(t). 


which yields the final result. By substitution, 


r 


2n -opx 3 


_r , 

L “ o 


where, again, r(*) 



1 i_ 

2a 2n+1 ' 2 n 

- /rt . Furthermore, 


1-3-5... (2n-l)/TT , 


- ii. r x 2 " v^x - ii» < 2n -^ 

n-0 0 n-*0 2 qt a 2 


& 

2a 


as obtained above. 


• PROBLEM 10- 


Verify the relation 

B ( x »y) = * x *y > 0 • (1) 

where B(x, y) is the beta function and T(x) is the gamma function of x. 


Solution : The beta function is defined by 

B(x,y) - f 1 t^U - t) y ’ L dt . (2) 

J o 

If x > 1 and y > 1, the integral (1) is proper. However, if x > 0 and y > 0 and either x < 1 or y < 1 (or both), the integral is 
improper, but convergent. 

The gamma function is defined by 

r(x) - r t x_1 e _t dt (3) 

J 0 

This improper integral is convergent for x > 0. 

To verify (1), begin by letting z = t 2 in (3), to yield 

r(x) = r°° Z X 1 e z dz ■ 2p t 2x * e ^dt. 

J 0 J o 

Similarly, letting v = s 2 in (3), 

T(y) = v y 1 e V dv = 2f e ° 8 2y 1 e S ds . 

J o J o 

Consequently, 

r(x)r(y) - 4[j^ t 2x_1 e _t? dt][j^ s 2y_1 e _s3 ds] 

poo poo 2x-1 2y-l -(t 2 +s 2 ) ... 

= 41 ft s 1 e dt ds . (4) 

0 0 


Now transform to polar coordinates, letting t = r cos 0, s = r sin 0, 
so that (4) becomes 







r(x)r(y) • f" (r cos e) 2x 1 (r sin 9) 2y 1 e dr d© 

6=0 r-0 

nTi/2 2 (x+y-1) -r 3 2x-l 2y-l 

=4 rr e cos 0 sin 0 dr d0 

0-0 r=0 

.Tp® 2(x+y-l) -r 2 TrTT/2 2x-l . 2y-l „ n 
= 4 [^J rr J e drjjj cos ® sin 0 d 0 J* t 5 ) 

Let p = r 2 in the first integral in ( 5 ) to give 

= [ 2 J°° p^ X+y ^ -1 e” p d pJ[/ TT ^ 2 cos2X 1 0 sin 2y 1 0 d0j 

or 

r(x)r(y) = 2r(x+y) f^cos 2 *" 1 © sin 2y_1 0 d0 . (6) 

J o 

Now, let t = sin 2 0 in ( 2 ) to give, 

B(x,y) = f 1 t X ' 1 (l-t) y ' 1 dt = r Tr/2 (sirf 0 ) X ' 1 (cos 8 0) y ‘ 1 2 sin 0 cos 0 d0. 

“ 0 J 0 

B(x,y) = 2 f TT/,2 sin 2x 1 0 cos 2y *0 d0 . 

J o 

Hence, (6) becomes 

F(x)r(y) = r(x+y) B(y, x) . ( 7 ) 

However, using the transformation t = 1 -s in ( 2 ) yields 

B(x,y) = f 1 t X_1 (l-t) y " 1 dt = - J° (l-s) X_1 s 7 ' 1 ds = J 1 (l-s) X " 1 s y_1 ds 
“ o d 1 0 

= B(y,x). 

Thus ( 7 ) becomes 

F(x)T(y) = T(x+y)B(x, y) 

or fi ( x » y) = . x.y > o. 

• PROBLEM 10- 

Prove 

f 1 ^ 2 sin P @ d@ = [ vl2 cos P 0 d© (1) 

0 0 

a) = 24*5' * ‘ ^ p ~^ j if P is an even positive integer. 

b) = 2 ‘• • (P’U if p is an odd positive integer. 

1*3 - 5.. .p 

c) Evaluate J 1 ^ 2 cos 6 © d0 . 


Solution : Using the fact that 

B(x.y) - 2j™' 2 sln 2x_1 0 co, 2 ^ d 9 - (2) 

take p = 2x-l, 2y-l = 0 so that x = Yi (p + 1), y = Vi, to yield 








J *"' /2 sin P 0 d 0 


rtt<p+i)lrtt) 

2 ri%(p+ 2 )] 


(3) 


To prove that J n/Z 8 in p e d@ = cos p e tie , let e = tt/2 - cp. 
Then s in G * sinC? - cp) = sin j cos cp - cos j sin cp » cos cp Hence, 


r /2 sin P ( 
J 0 


' - C08 P Cp dcp = r n/2 COS P ( 

J tt/ 2 j 0 


• J n ^ 2 cos P e d 0 . 


a) Case 1: p is an even positive integer. Let p = 2r, so that (3) becomes 


f n/2 sin P 0 d@ 
J 0 


r(^?ra? 

2r(r+l) 

(r- %) (r - 3/2)...% rtt)T(». 

2 r (r-l).. .1 


Using the fact that p (%) = /W , we have 


C 2 »in l> e 08 

J o 


(2r-l) (2r-3) ... 1 tt 
2 r( 2 r- 2)...2 2 

1- 3-5. ..(2r-l) tt 1-3-5. ..(p-1) tt 

2- 4-6-8...2r 2 2-4*6-8...p 2 


b) Case 2: p is an odd positive integer. Let p = 2r+l; from (3) we have 


r /2 sin P 0 d 0 
“ 0 


r.Cr+i>rtti 

2r(r+3/2) 

r(r- 1 ) ... 1 -,/W 2 r( 2 r- 2 ) .. .2 

2 (r+%)(r-«...%/n ( 2 r+l) ( 2 r-l) .. . 1 

2-4-6...-2r = 2-4-6...(p-1) 

1* 3 -5...(2r+l) ~ 1-3-5...p 


c) J^cos 6 © d 0 . Take 2x-l = 0, 2y-l = 6 in (2), so that x - \ 
0 

and y = 7/2, to yield 

|*t/2 6 dfl = T(h)ra/2) _ 5 /2 ■ 3/2 . . l/2_ J ^w. J /l. _ In 

J cos 0 oe 2 r ( 4 ) 2 • 3 .' 32 


or by part (a) of this problem, the integral equals 

1- 3-5 tt _ In 

2- 4-6 2 " 32 ‘ 

• PROBLEM 10- 


Find the expression, in terms of n, for 

Evaluate the result for n = 6. 


dx 



Solution : Let 1 - x n =cos 2 0.Then, dx = 2 Sl , r ^_i ‘ ° S ^ = 2x 1 ~ n sinP cose . Since x n = l-cos 2 0 = sin 2 0, x = sin 2/n 0, and x'~ n 
nx n 6 

= sin Hence dx = 2/n sin^'-"^ sin 0 cos0, d0 = 2/n sin (2 - n ) /n 0 C os0 d0. For x = 0, cos0 = 1, 0 = 0 and for x = 1, 0 = 

n/2. Thus 
























where the elementary mass can be represented by the corresponding area in the plane, dxdy, or, in polar coordinates, pdpd0 . y 
= p sin0. Hence, 


_ |*tt f»s in ^0 3 . 2^ _ 

x = Mo P P 

Due to symmetry about the y-axis, we can rewrite the above expression after performing the integral with respect to p . This 
gives a factor of 2 . 

^Tr/2(siJ fl ) 4 .2 , i*tt/2 .8/3 .2 

I =2 r — u " t ~ sm 0 U 9 = % sin 9 sin 0 d 0 

X 0 0 

- % r /2 -i» 14/3 e «0 • 

J o 

To carry out the integration, we use the gamma function. 

r(n) = r x 11 " 1 e” x dx. 

J o 

Using this definition, we can write: 

r(m) • r(n) = f 0 s m 1 e 8 ds • f™ t" ^ e 1 dt, 

J o J o 

Letting s = x 2 , ds = 2x dx; t = y 2 , dt = 2y dy, we have: 

r(m)r(n) - p 2 x 2m *e X dx • p 2 y 2n 1 e y dy 

J 0 J o 

2 2 

^co naa 2m-1 2n-l - (x +y ) 

= 4U x y e 7 dy dx . 

J 0 J o 

Changing to polar coordinates, we have: x = p cos0, dx = p sin0 d0, y = p sin0 dy = p Cos0 d0, and x 2 + y 2 = p 2 . Furthermore, 
since dydx = pdpd 0 , the area bounded by the curves over the entire region in the first quadrant gives rise to the variations of p, 
from 0 to 00 , and 0, from 0 to nil. Hence, 

2 

r(m)r(n) - 4p /2 J“ ( P COS0) 2m_1 (psin0) 2n-1 e“ p p d p d0 

2 

. oTt/ 2 2m-1 . 2n-l n® 2nrt-2n-2 - p 

= 4 cos 0 sin 0d@ I p p e K dp 

0 0 

The second integral can be evaluated by setting p 2 = z.. Hence, 

p cp 2(^n-l) e -,, 2 ap . % j- 2 (»H-n)-l % r(nltn) . 

J o 0 

Then 

r(m)r(n) - 2r(nrt-n)J TT/r2 cos 2m *0 sin 2n *0 d0 , 

which holds if and only if 

J W2 cos 2m " 1 0 sin 2n_1 0 d 0 = % = B(m,n), (m > 0, n > 0). 

By the use of the Beta function, the integral fcp^sin 14 ^ 3 © d© can be evaluated by setting m = 14 and n = 17/6. Hence, 



%J ,TT/2 sin 14/3 0 de E 4 B(l/2,17/6) - * (1 0 / 3^ ■ 

Now, using the relationship: T(n+1) = nT(n), we have: 


rd7/6) = r(n/&u) - n/6 rdi/6) - 11/6 rd-8333) 
r(io/3) = rt(i+4/3)+i] - (i+4/3)r(4 /m) 

= 3*3 r(4/3) ■= ^ rd.333). 

For r('/ 2 )j weuse r(n ) = C te t i l r (^) = rXV . 2+1 . ) . 2r (1.5)- 

Using a table for T(t), where 1 < t < 2, we have: 

r(1.83) = 0.94 
T(1.33) = 0.893 
r(1.50) = 0.886 


Finally, 

r , p tt/2 . 14/3- 
i - hi sin e 
0 


t r^?rq7..6_i 
* r(io/3) 


2(0.886) 11/6 (0.94) 
28/9 (0.893) 



CHAPTER 11 


INFINITE SEQUENCES 


By definition a sequence is an ordered set of numbers in one-to-one correspondence with the positive integers. In other 
words, a sequence is a set of numbers, 

Si, s 2, S 3 , ... 

in a definite order of arrangement that is formed according to a definite rule. The above sequence is then denoted symbolically 
by {S n } (or by the less frequently used functional notation f(n)). In addition each number in the sequence is called a term, and 
S n is the symbol for the nth term 

Sequences can be finite (i.e., containing a finite num b er of distinct terms) or infinite (i.e., containing an infinite number of 
distinct terms). For an infinite sequence {S n }, if 



exists and is finite we say that the sequence {S n } is convergent and has limit A; otherwise it is said to be divergent. 

Furthermore, infinite sequences are said to be bounded if there exist two constants m, M such that 
m < S n < M 

for all n. It should be observed, however, that every convergent sequence is bounded, but that every bounded sequence is not 
necessarily convergent. 

The theory concerning infinite sequences is important to many branches of Mathematics. For example, the notions of the 
least upper bound, greatest lower bound, and limit superior and limit inferior of a sequence are useful in Mathematical 
Analysis. In addition, the theory on sequences of functions and uniform convergence are also useful to analysis. Finally, many 
of the concepts and theorems on infinite sequences carry over to the theory on infinite series which will be covered in the next 
chapter. 

CONVERGENCE OF SEQUENCES 

• PROBLEM 11 


Define a convergent sequence in a metric space X. Prove: 

a) 

lim 

n-*°° 

— = 0 for p > 0 
n p 

b) 

lim 

n-*°° 

^n/p = 1 for p > 0. 

c) 

lim 

-y* = 1 • 

d) 

lim 

n 01 


n-*- 00 

a+p) n 

e) 

If 

i x i < i, x n = o. 






Solution : a sequence {p n } in a metric space X is said to converge (to p e X)if for all s > 0, there exists a number N > 0 such 
that n > N implies that 
d(p n , p) < £ 

(d is the distance function in X). Note that p is then said to be the limit of {p n } , for which we write, 


Also note that if {p n } does not converge, it is said to diverge. 


There exists N such that 


(by the Archimedian property of R). Then 

/1\ i/P 


which is the same as e > —. This is what we want, since by definition, 


if there exists N such that n > N implies that 


■ 0 < e or < e 


= !(P >0 ) : Ifp> Uhen^r/p > l 


Vp " l + x n forx n >0. 
By the binomial theorem, 
p = (l +x n ) n > 1 + nx n 


0 < x < (2^i)and lim x = o, 
n —V n J n-»°° n 


lim y- _ lim 

n-^co n/ P n-><» 


(i + x n ) 


1 - 




For 0 < p < 1 we have ^j/p < 1 or >i/T7p > 1, so that ,r/T7p -= 1 + x n . for x b > 0. Again, by the binomial theorem, 


. (1/P)-1 anrl lin 


as before. 
Therefore, since 


lira _r- lim 1 _ , 

n -»-oo <yr n -»-oo l + x_ 


lim n/n = i:Letx = n/n - 1 . Then > 0 , for n > 1 , and by the binomial theorem, 
n+® v n v 


n = (1 + x ) 


n > n(n ~ 1) 2 

2 n 


< x £ l~^~~ ( n L 2) so that 


n -*°° (l+p) n 

for p > 0 , a real: 

Let c be an integer s uch that c > 0 and c > a. Then for n > 2c, by the binomial theorem, 

(!+ p ) n > (A p c = 0? I. p c > nfj£ 

[Cj c. 2 c c , 


(l+p)“ p 

Since a - c < 0, by (a) 


= 0 if W < 1 : 

Take a = 0 in (d). Then 


(l+P) 


= 0 , for p > 0 . 



Let 


| x | = y ^ since |x| < 1 for p > 0 . 
Then 


n | | | n _ 1 


Ix n | = |x| 


n (1+np) 


(1+p) 

since 

(1 + p) n > 1 + np for n = 2, 3, ... if 
p>-l,p^0. 

Therefore, 

l*"l < try-n p) ‘ Efcralln>N. 

Thus 

lim n , lim f 1 


n^-oo _ n -x» M + np 


• PROBLEM 11 


Let {p n } be a sequence in a metric space X. 

Prove: 

a) {P n } converges to p e X if and only if every neighborhood of p contains all but finitely many of the terms of {p n }. 

b) If p e X, q e X and if {p n } converges to p and to q, then q = p. 

c) If {p n } converges, then {p n } is bounded. 

d) If E C X and if p is a limit point of E, then there is a sequence {p n } in E such that 


n -H» *n 


Solution : a) Suppose p n —► p and let U be a neighborhood of p. There exists some s > 0 such that the conditions 
d(q, p) < s , q e X 

imply q e U. In addition, by the definition of a convergent sequence in a metric space, there exists N such n > N implies 
d(p n , p) < e . 

Therefore, n > N implies p n e U. 

To prove the converse, assume that every neighborhood of p contains all but finitely many of the terms of {p n } . For s > 0, let U 

be the set of all q e X such that 
d(p, q) < e . 

Now, there exists N, corresponding to this U, such that p n e U if n > N. Thus, 
d(p n , p) <s ifn>N. 

This means that {p n } converges to p. 


b) For s > 0, there exist integers N, , N 2 such that 
n > Nj implies d(p n , p) < e/2 
n > N 2 implies d(p n , q) < e/2 . 







Let N = max (N, , N 2 ). Then for n > N, 
d(p, q) < d(p, pj + d(p n , q) = s. 

Since s is arbitrary, it is concluded that d(p, q) = 0. 

Since X is a metric space, this is only possible ifp = q. 

c) By definition, the sequence (p n ) is bounded if its range (the set of all points p n , n = 1, 2, 3, ...) is bounded. Given that {p n } 
converges, we know that for s > 0, there exists N such that for n > N, d(p n , p) < 1. 

Let 

M = max {1, d(pj, p), d(p 2 , p), ... , d(p N , p)} 

Then 

d(p n , p) < M for n = 1, 2, 3, ... . 

Hence, (p n ) is bounded. 

d) For each integer n > 0, there exists a point p n EE such that 


d(p n , p) < 1/n • 

Given s > 0, choose N so that Ns > 1. If n > N, ns > Ns > 1 or 1/n < s. 
Therefore, 

d(p n , p)< £, 

which means that {p n } converges to p. Hence, 

lira , 


; p n 


• PROBLEM 11 


Show that: 

a) lim 

Tyyco 


(n z + 2) (n 


lim 

n-*» 


5 > 


C a constant. 


Solution : By definition, 

lim „ _ _ 

n-*-°» Pn P 

if for all s > 0, there exists N such that n > N implies that 
|P n - P| < s. 


a) 








n + n 


lim 

n "“ (n 2 + 2)(n 2 - n - 1) 

lim n 4 (l + 1/n - 1/n 4 ) _ 

n_W ” n 2 (1 + 2/n 2 ) n 2 (1 - 1/n - 1/n 2 ) 

lim _ (1 + 1/n - 1/n 4 ) 

n "'“ (1 + 2/n 2 ) (1 - 1/n - 1/n 2 ) 


_ _ 1 + 0-0 

~ (1 + 0 ) (1 - 0 - 0 ) 

since 

= 0 for p > 0 . 
n n p P 

b) We want to show that 



However, from the definition of a convergent sequence, this is equivalent to showing that 



where s > 0 , and n > N. 


To do this we make use of the binomial theorem, 

m-r, r 


(a+b) 




/m\ _ ml 
yrJ r 1 (m-r) ! 

Hence, 



But 



n+1 




Solution : We can find this limit by three different methods. For the first method, let 



lim 1 1 



For the second method, we use the following theorem; 

Let 

f(x), g(x) e C n+1 for a < x < b . 

In addition, let f k) (a) = gf k) (a) = 0 for k = 0, 1, ... , n and let g kn+l) (a) ^ 0. Then, 







lim f (x) = f Ul - L ' (a) 
x+a + g(x> g(n+1) (a) 

To be able to apply this theorem to the given problem, we must replace x byi and let y approach zero. Then 


lim /yy 2 + 1-1 

y-*-ov v 2 


Now, let f(y) = (y 2 + 1) 1/2 - 1 and g(y) = y 2 
Then 

f'(y) = y(^+l)- 1 ' 2 ,g’(y) = 2y 
f" (y) = (y : + l)- 1 ' 2 - y-(Y 2 + l)’ 3 ' 2 g " (y) = 2 
Here, n = 1 since 
fl0),g(0),f'(0),g'(0) 
each equal zero. Hence, 

lim f (y| _ j " _L a l where a is equal to 0 
y-*-0 g (y) g"(a) 


lim f (y) = f" (0) _ 1 
y+0 g (y) g" (0) 2 ' 


(xvSFTT-x') = i 

For the third method expand the function in powers of 1/x. Hence , 


- x’ - £ xd(i + -LV i 


(by the binomial theorem) 


Since -*=■ = 0 for p > 0 . 
n+o° p 


= S + S„ + . . . 


given that 



PROBLEM 11 


1 Show that the following sequences are convergent: I 

at a - 1-3-5 (2n - 1) 

a n 2-4-6 ... (2n) 

n = 1, 2, 3, ... 

b) a = -i- + -i- + + -i- 

a n 1! + 2! + + nl 

n = 1, 2, 3, ... 


Solution : To solve this problem, we first must define a monotonically decreasing sequence, a monotonically increasing 
sequence, and a bounded sequence. 


A sequence {an} of real numbers is said to be: 

(i) monotonically increasing if 

a n <a ttfl (n=l,2, 3, ...); 
if an < a n+ i, it is called strictly increasing. 

(ii) monotonically decreasing if 

a n > a n+1 (n = 1, 2, 3, ...); 
if an > a n +i, it is called strictly decreasing. 

If an < M for n = 1, 2, 3, ... where M is a constant, then the sequence {an} is bounded above and M is called an upper 
bound. If 


a n > m for n = 1, 2, 3, ... , where m is a constant, the sequence is bounded below and m is a lower bound. A sequence is 
called bounded if it is bounded both above and be low (i. e., m < an < M, for n = 1, 2, 3, ...). 


We note an important theorem which states that a monotonic sequence is convergent (has a limit) provided that it is 
bounded. 


a) a 


n 


1-3-5 ... (2n - 1) 

2-4-6 ... (2n) 


By substituting n = 1, 2, 3, ... successively, we can write out a few terms of the sequence. Hence, 

a = I a = ill - 1 a - 1 ' 3 ’ 5 = -L 

a i 2 ' a 2 2-4 8 ' a 3 2-4-6 16 ' *** 

observing the first few terms, we see that 


3 5 7 

a 2 " 4 a i ' a 3 " 6 a 2 ' a - “ 8 V 

Therefore, the sequence is monotonically decreasing. In general, 

a n+l * HrH a n < V 


Now, since all the terms of {a n } are positive, we have o < a < a j = -i • Therefore, the sequence is bounded, and since it 
is monotonically decreasing, by the theorem, the sequence is convergent (i.e., has a limit). 


b) a = _L + _L + _L . 

a n 1! + 2! + 3! 


n! 


The first few terms of {a n } are 







a = 1, a 


1 

1 • 2 


3 

2 


1 

1*1 


1 

1-2-3 


5 

3 


etc. ... 

Note that, 

a 2 - a x + Yi ’ a B = a 2 + Ti . a n+l = a n + IkAtT ' ••• 

Hence, a n < a n+l so that the sequence is monotonically increasing. Therefore to show that the sequence is convergent, all that is 
needed is to show that it is bounded Now, if 

n > 2 ' nT = 1-2-3 ... n < 

since 

2 n_1 <1 -2-3 ... n . 

Consequently for n > 2, 



Now, using the formula for the sum of a geometric progression 



Therefore, by (1) and (2), a n < 2 for all n. Hence, 


l<an<2, 

and so, by the theorem stated in this problem, the sequence {a n } is convergent. The limit of the sequence plus one is 
conventionally denoted by e. 

Note that we have shown these sequences to be convergent without determining what their limits are. 

• PROBLEM 11 

Find the limit of the sequence defined by 

x i = f 

and 

*n + l 


Solution : We write the first four terms of the sequence 


(* 



5 

7 


12 

17 







Note that we pass from a/b to 


from one term of the sequence to the next. To find the limit of this sequence, apply Banach’s fixed point theorem', which states 
for the case of one variable: 

Let S be a closed nonempty subset of R. Let f be a contraction mapping on S; f maps S into S such that for some k, 0 < k < 

1, and all xandy inS, 

|f(x) - f(y) | < k |x - y|. (1) 

Then, there is one and only one point x in S for which f(x) = x. In addition, if X] e S and x n+1 = f(x n ) for all n, then x n —> x 


To apply this theorem, first note that for x > 0, 


i _ * :L1_ = _x_ 

1 2x + 1 2x + 1 — 0 


B ’ >]' 


f maps S to S and is a contraction. To prove this, note that 
f(x) - f(y) = f' (z) (x - y) 

where x < z < y, by the Mean Value Theorem Hence, 

m - f(y)l = l f ' (z)l l x -yl ^ k|x-y| 

if |f' (z) | < k. Therefore, to prove that f is a contraction mapping it suffices to show that |f' (x)| < k< 1 where x e S. Since 

|f(x)|-i — r < -J, 

(2x+l) 2 * 

(1) is satisfied. Consequently, for x, y e S we have 
If(x) - f(y)| < i |x-y| 

Therefore, by the theorem, x n —>• x, where 

x = f(x) = ^^r and i i x < i 


x . * - fi 

n-^oo x n x 2 



PROBLEM 11 


Let {an} be the sequence 



Show that a n is convergent. 


Solution : To solve this problem, we make use of the binomial theorem, 
(l+b) n = 1+nb + b 2 + " < "T2 ) .3 n ~ ?> b 3 + • • • + b n . 

Note that the coefficient of b k (1 < k _< n) in this expansion is 


n(n-l)(n-2) 


(n-k+1) 


k! 

Substituting i in place of b in (1) yields 


(> ♦ *)" -1* ( k ) * W 1 (ij ♦ (i)‘ 

+ -■ + (")" 

Now, the expression on the right has n+1 terms, where (k+1 ) th term is 

n(n-l) (n-2) ... (n-k+1) = _1_ /n-lWn-2^ 

k! ■ \ n )\n ) •■■ 


in -W 


n) 1 1 2! + 3! 


( 2 ) 


Now, assume that we follow the same procedure again; however, this time we replace n with n+1 to forma corresponding 
formula for the expression 

\n+l 


n+1 1 


Note that on the right hand side of equation (2), each of the numerators after the first two terms increases if n is replaced by 
n+1. In addition, the total number of terms on the right is increased from n+1 to n+2. Therefore , 

1 \ n+1 

1 + srrj • 

Hence, the sequence is monotonically increasing. 

Furthermore, from (2) we have 


(l + -) n < 1 + 1 + yr + tt + ... + -V ■ 
n J 21 31 n! 


However, from a previous problem we have 











1 + TT 


_1_ 

3! 


Therefore, 

1 + n) 0 < 1 + 1 +-H+ ■■■ + £ <1 


Thus, the sequence is bounded above. Consequently, since {a n } is a monotonically increasing sequence that is bounded above, 
it has a limit and is therefore convergent. Note that since 


lim 

n -*-oo 


(‘•it - 


the exponential function, this limit is denoted by e. 


• PROBLEM 11 


Define a subsequence and a subsequential limit. Prove: 

a) If {p n } is a sequence in a compact metric space X, then some subsequence of {p n } converges to a point of X. 

b) Every bounded sequence in R k contains a convergent subsequence. 


Solution : Given a sequence (p n } , consider a sequence { rij} of positive integers, such as 


n i < n 2 < n 3 < ... . 

Then, by definition, the sequence {p n .} i = 1, 2, 3, ...is a subsequence of {p n } . In addition, if a subsequence converges, its 
limit is called a subsequential limit. 

a) Let B be the range of {p n } . If B is finite, then there is a p £ B and a sequence {nj with 

n i < n 2 < n 3 ... , 
such that 

P ni = Pn 2 = ••• =P- 

Therefore, the subsequence {p n .} converges to p. 

If B is infinite, since an infinite subset of a compact set X has a limit point in X, we know that B has a limit point p e x. Pick 
nj so that 


d(p, p ni ) < 1 . 


Having chosen , ... ,r\ A , 


since every neighborhood of a limit point of a set contains infinitely many points of that set, there exists an integer 

n i >T Vi 

such that 

d(p, Pnj) < 1/i • 


For s > 0, choose N so that Ns > 1. Thus, for i > N, we have 1/i < s . Hence 
d(p, P nj ) < e 








and {p n .} converges to p. 

b) Since it is known that every bounded subset of R k lies in a compact subset of R k , this theorem follows from (a). 

• PROBLEM 11 

Define a Cauchy sequence. 

Prove: 

a) In any metric space X, every convergent sequence is a Cauchy sequence. 

b) Suppose {p n } is a Cauchy sequence in a compact metric space X, then {p n } converges to some point of X. 

Solution : Given a sequence {p n } in a metric space X, if for every s > 0 there is an integer N such that 
d(p n , P m ) < £ 

(d is the distance function), if n> N, m> N, then by definition {p n } is a Cauchy sequence. 

a) Assume (p n ) is a convergent sequence. Then for s > 0, there is an integer N such that 

d(p, pj < s/2 

for all n > N. Therefore, by the triangle inequality, 
d(p n , Pm) < d(p n , p) + d(p, Pm) < £ , 
where n > N, m < N. Therefore, 
d(Pm Pm) < £ 

which means that {p n } is a Cauchy sequence. 

b) Assume {p n } is a Cauchy sequence in the compact metric space X. Then some subsequence of {p n } converges to a point of 
X (part (a) of the previous problem). Let the limit of the subsequence {p n .} , i = 1, 2, 3, ... , be P. By the Cauchy condition, for 
8 > 0, choose N so that 

d(p m , p n ) < e/2 if m > N, n > N . 

Since the subsequence converges to p, we can choose one of the indices nj to be large enough so that rij > N and d(p n ., p) < e/2 . 
Then if n > N we have 

d(p n , P) - d(p n , p n; ) + d(p n ., p) < e/2 + s/2 = s 
Hence {p n } converges to p e X. 

Note that part b) of this problem enables us to determine whether or not a given sequence converges without knowing the limit 
to which it may converge. We also note that in R k , every Cauchy sequence converges. 

• PROBLEM 11- 

a) Find 

lim (nl) 1/n . 
n-*-oo n 

b) Show that 

lfi±E)LL ,, „P 










as n —> co , p = 1, 2, 3, ... (The symbol ~ is here read as "is asymptotic to"). 


Solution : To solve this problem, we make use of Stirling’s formula, which states that if n is an integer, for large n, n! is 
approximately equal to 


This can also be written as 


lim (n/e)"/Sim 


Now, for n large, 


n! y — /Tim 


(nl) -v (2 tt) 


lim (2 tt) 1/2n = land 1 ^ n 1 / 2 * 1 = 1 . 


b) Given two sequences a n , b n , by definition, a n ~ b n (a n is asymptotic to b n ) as n —> oo if and only if 


Hence, we wish to show that 


lim (n+p)1 _ 

, p 


1 for p = 1, 2, 3, ... 


This can be done by two different methods. For the first method, use Stirling’s Formula. However, first note that 
lim (n+p) ! _ lim n n /27rn (n+p) le n 


lim n n /2irn (n+p) ! e n+P e n (n+p) n+p 
n ~ n!e n (n+p) n+p /2? /n e n+p n n+p 

lim n n /2nn (n+p) l e n+p (n+p) n+ P +)a 
n+ “ n!e n (n+ P ) n+p /2? /n+p e p n n+ * +h 

lim n n /2im (n+p) ! e n+p f 1 + nl 

n+ " n i o" (n+p) n+p /2if(n+p) <= P 


Now, by (1) we see that 


(n+p) F /2Tr (n+p) 


lim U + P /n) ntp+li . _L 11* ,i + p/n ) n ( 1 + p/„)F 


However, 




(1 ♦ p/n) n = J> and (1 * p/n)P +1 > . 1 . 

Therefore, 

lim (1 + p/n) n+p ' t ~ is _ e P _ . 
n *~ e p " e p " ' 

Thus, by (2), (3), and (4), 

lim (n+p) 1 _ . 
nln p 


which is what we wanted to show. 

For the second method, observe that 

= (n+p)(n+p-1) ... (n+1) 

(note that we have p terms on the right). 

Therefore, 

lim (n+p)1 _ lim (n+p)(n+p-1) ... (n+1) 
n "*’“ n!n p n p 

lim f n+p\ f n+p—1 \ /n+l\ 

n-»-oo \ n ) \ n ) ’ ‘\ n ) 

■ (1 + + e h 1 )--- + n)= 1 

since each of the p factors on the right approaches 1 as n —> qo . 


Consequently, 

lim (n+p) l _ 
n! n P 

Thus, 

ra±EU . n p as n _. , p = 1 , 2 f ... 

• PROBLEM 11- 




To do this, first note that 







I3nlI _ (3n)1 3 3n 
n 3n - 3 3n n 3n 


13n)! 3 J 
<3n) 3 " 


Now, the 3nthroot of this expression is 

*) 


f (3n) ! 1/3 A _ [(3n)l] 1 /3n 

(_ (3n> 3n I I ' 3n 


However, in a previous problem, we have shown that 

lim (k!) 1/k . l.<- 


- 3 1^ 
k j 


Consequently, we take k=3n so that 

^3n) lj 1/3n = ^ klj 1/k 

Thus, 

lim f(3n) n 1/3n = 3 
n 3n e ' 

Hence, since 

lim f(3n) i~ l 1/n lim f (3n) P | 1/3 
n -> \-prj ~ n- 

we have 

lim f(3n)l1 1/n 

n "°° ^ n 3n J 

b) 


w 


27 
3 ' 


m - 1, 2, ... 


By definition, a sequence of vectors in R n is a sequence U, , ... , U m , ... , each element of which is a vector of R n . To 
determine if a sequence of vectors in R n converges we have the following theorem; 

Let u (m = 1, 2 , ...) be a sequence of vectors in R n . Let 


U - (U 


ml ' 


, U ) , U = (U. 


1 ' •** 


, U). 


iim U 
rn-* -00 m 
lim , 


U if and only if 

lim .. 


For the given sequence, 


lim m 

_ lim 

f 1 > 

, lim _-m _ 

lim 

A + iY" 

m-+oo m+1 

m-*- 00 ) 

(l + Sy 

1 ' m-koo 1 u ' 

m-^oo 

l 1 *•) 


Hence, 


:(iSr • 2 "" ' ( 3 + i)") = (1 - °- e) - 



PROBLEM 11- 


Evaluate the limit 


lim /log x log(log x) 


Solution : To evaluate this limit, we make use of the notion of orders of infinity. Let f(x) and g(x) be two functions which 
become positively infinite as the variable x approaches a finite limit or becomes infinite. Then by definition, 

f(x) < g(x) 

(read f(x) is a lower order infinity than g(x)) if and only if 

lim f (x) n 
x-°° g(x) " 

Now to apply this definition, we make use of the following arrangement of infinities, written in the order of increasing 
strength: 

^ log(log x) log x <^x ^e x e e , (1) 

Note that the order of infinity is increased by raising it to a power p > 1, and is decreased if 0 < p < 1 . 

For the given limit, from (1) we see that the infinity in the denominator is the strongest of the three infinities, 

^log(log x) /log x ^e^)' 

Now, since x 2 </ and log(log x) 4 < e * (2) 

we have, 

lim /log x log(log x) _ lim (/log x/x)[log(log x)/x] 


lim /log x 
x-*-°° x 


0 , 


lim log(log x) 


Thus, by (3) 

lim /log x log(log x) _ 0-0 _ 
x -”° /x “ 


LIMIT SUPERIOR AND LIMIT INFERIOR 


• PROBLEM 11- 


Let (s n }be a sequence of real numbers. Define the limit superior and limit inferior of (S n ) . Then find the limit superior and 
limit i nf erior of the following sequences: 

a) {S n } = 1,0,-1,2, 0,-2, 3, 0,-3, ... 

b) the sequence containing all rationals. 

' n 2 ' 3 ' 4 ' 5 ' 













Solution : Let G be the set of numbers x (in the extende real number system) such that {s nk } converges to x for some 
subsequence {s nk } . Then this set G contains all subsequential limits (i.e., limits of all the convergent subsequences) plus 
possibly the numbers + oo and - oo . Then, the limit superior and limit inferior of {S n } are respectively, 

lim lim 

n-~ Sup S n = Sup G , £2 lnf s n = Inf G 

(also written as lim S n or lim S n , respectively). 

That is, the limit superior is the least upper bound of the set of subsequential limits, and the limit i nf erior is the greatest 
lower bound of the set of subsequenttial limits. 

In other words, x = Sup G if p < x for every peG and if P < x, then P is not an upper bound of G. Similarly, y = inf G if p 
> y for every peG and if p > y, then p is not a lower bound of G. (Note that the terms least upper bound and greatest bound of 
a sequence were also defined in Chapter 1). 

An alternate definition is: AnumberL is the limit superior of the sequence {S n } if infinitely many terms of the sequence are 
greater thanL- e (where s >0), while only a finite number are greater thanL- e . A number L is the limit inferior of the sequence 
{S n } if infinitely many terms of the sequence are less than L + £ (where s >0) while only finitely many are less than L - s. 


Note: If the sequence (s n ) has no upper bound, then 
if? sup s = + «*»; 
if there is no lower bound then 

lim 

In addition, if 

lim s = + cothen lim 
n+oo n n-*- 00 

and if 

lim 


inf = 


Sup S 


- _ oothen lim ; 


inf S = - 


Furthermore, a sequence {S n } converges if and only if 


Sup 


S = 1 im inf S is finite, 
n n-*- 00 n 


a) {SJ = 1,0,-1,2, 0,-2, 3,0, -3 : 


This sequence has only one finite limit point, 0. However, it is not bounded above and it is not bonded below; therefore, 

lim , 


*> and 1 i m inf s 
n+“» n 


Sup S n 

b) Sequence containing all rationals: Here, every real number is a sequential limit; therefore, 


n-» Su ? S n 

0 ts n > = i , 


” and ni» inf 1 


Here, the greatest lower bound is _ A and the least upper bound is ~ . However, 

lim (-1) n-1 _ 0 , 
n-*-« (n+1) u 

therefore 







0 - 


d) <v - - i •! 


(-1)711 + (l/n)], 


3 4 

4 ' 5 ' 

This sequence is bounded above by 1 and bounded below by -1. Here, 


lim 


Sup S = 1 and 1 im i n f s 
n n-*-«> n 


-1 


• PROBLEM 11- 


For any sequence {an} of positive numbers, prove: 

, 4 - lim _ 1/n 


! inf -?±1 < inf a. 


a) lim 

b) ™ < ii™ inf a 1/n . 


Solution: a) Let a 
If a = + oo , clearly 

Sup a 


lim 


1/n < a- 


Therefore, for a finite, choose \ > a . There exists an integer N such that 

a n+l , 


for n > N. In particular, for any k > 0, 

a N+p+1 < Xa N+p (p = 0, 1, ... , k-1). 

Thus, 

a N + l 1 Xa N 
^+2 - Xa N+l 


^p - Xa N+p-l 

Multiplying these inequalities yields 

( a N+l) ( a N+2) • • • ( a N+k) - ^ ( s n) ( a N+l) • • • ( a N+k-l) 

which is equivalent to 
a N+k - ^ a N 
or 

a n < a N X' N • X n (n> N) 

(to see this, let k = n - N). 

Hence, 

i/v"” * x- 

However, since 

= 1 if P > 0,, we have 







^ su P yr;< a 

(because 

lim .nX^ = 1)' 

n-t-oo v' n 1 

Since this is true for all X > a, we have 


lim 


Su P < ot 


The inequality 

s ”p < <* 

can be shown to be valid as follows: 
Assume that 


lim 


Su P 


n+oo Su pV^ = a + e ! 

where s > 0. Now, since the inequality (1) must be true for all A > a, we can let A = a + (3 where p > 0 and where P < s. Then 


lim 


Sup^/a^ = 


lim 


lis contradici 
Sup < A ’ 


However, this contradicts our previous result that 

lim 


Therefore, 

iiS«upV^ «• 

b) Here, let 


lim . - n+1 

n-co lnf 


For a = - oo, there is nothing to prove. For a finite, choose, X < a . There exists an integer N such that 

a n+l v . 


for n > N. Hence, for any k > 0, 

a N+p+1 > Xa N+p (p = 0, 1,..., k-1). 
Multiplying these inequalities yields 
a N+K > A k a N 


or 

a n > a N X' N • A, n (n> N). 
Consequently, 



so that 


it" i" f > * 


Since this inequality is true for every X < a , we have 


ii™ inf j/sT > a 
n/ n — 


lim • f n+1 


Solution : Since we know that: 


fin lim 1/n lim a , , 

■ LJ - sup a < sup n+1 


exists, we can see that given these conditions, 

lim 1/n 
n-*-« n 

also exists and this limit equals 


For the given limit, take _ _ n 

n n! 

so that 


lim n+1 _ lim (n+1) nl _ lim (n+1) 

n-*°o a n-*» (n+1) 1 n n-*- 00 . . x 


Therefore, 








s » ■ Jo £ 


t - i + i • 


By the binomial theorem f (a+b) m = j ( m ] a m-r b r , m a positive integer) 


*4. - 1 +1 1 -s + ir 1 -k 1 -I + ••• 


S n = 1+1 + JT + 'V + + nT’ 

we have t^ < S n . Now by a theorem, if 

tn < S n for n > N, 

(where N is fixed), then 

lim sup t < lim sup S • 
n-*°o n — n-*« n 


SU P - n +oo SU P s n = ' 


t n - 1 + 1 + TT ( 1 "n) + 


Keeping m fixed, let n —► qo to yield 


J, i . I 

m! \ n 


inf t > 1 + 1 + ^7 + . .. + 4 ’ 
n — 21 m! 


so that 







_ 1im . . 

S < inf t 

m — n 


Letting m —*■ qo then gives 


Hence, from(l) and (2) we have 


Find the upper and lower limits of the sequence (A n } defined by 


Solution : We write the first few terms of the sequence; 


A x = 0 ; Aj = = 0; A 3 = + A 2 = -= ; A 4 


5 2 4' 

which can be rewritten, 


A* = 0, 0, ± ± , f , f 

for rr^l, 2, 3, ... , respectively. 
From which we see that 

A„ = 4 - 7 - and A„ m , , = 


16 ' 16 ' 32 ' 32 


Now, let E be the set of subsequential limits of {A m } . That is, E is the set that contains the limits of convergent subsequences 
of {A m } . Since 


lim A _ lim / 1 1 

rtv+oo A 2m itH-oo l 2 ” -n 


lim . lim 

m-*oo A 2m+1 m-*-oo 


Another way to find the set E is to notice that 


l 2 m 















Though the process of finding the limit of a sequence of functions is similar to that of finding the limit of a sequence, an 
important problem still arises: If the functions f n are continuous, differentiable, or integrable, will the same be true of the limit 
function f? In addition, is it always true that 


Furthermore, f is continuous at x means that 


However, to say that the limit of a sequence of continuous functions is continuous means that. 


for -1 < x < 1 . 


lim -2 =0 

n—»oo 1 + nx^ 


for all x in [-1, +1] . That is, for -1 < x<l , 
lim f (x) = f ( x ) = o • Observe that 


x = 0, f '(x) =1 so that 


lim 1-nx 2 _ lim 

n "“" nWW n +°° ' 


f ' (X) = - 

n-> n (lW) 

Now, immediately we see that 


lim nx 2 
n "“ (1+nx 2 ) 2 

Therefore, 


1/n + nx 1 * + 2x 2 


1 if x = 0 

0 if x # 0 . 


Consequently, since f(x) = 0, we have 



f ■ (0) 


0 * ™ f •«» - 1- 
n-*-® n 


f(x) = x n for 0 < x < 1 .We want to find 


lim f (x) = lim 
n-*-® n ' n-»-® 


for 0 < x < 1 • 


lim x = 0 . Thus 


0 0 < x < 1 


For m= 1, 2, 3, ... let 


f(x) = lim f (x) = lim lim <cos ra!ir x) 2n 
m m-^a> n-* 00 

so that the problem is to find f(x) (i.e., the limit function of {f m }). Now, when m!x is an integer, 


Hence, (cos m!7ix) 2N = 1 for all n e z and f m (x) = 1. For all other values of x, | cos m!7ix| < 1 so that 


This is equivalent to the following: 


1 mix integer 

0 mix noninteger 


Then for irrational x, f m (x) = 0 for every m, and consequently 

,,x) = £ m<*> " °' 

For x rational, (that is, let x = s/t, where s and t are integers), we have 


Therefore, m!x is an integer if m> t. (To see this let t be some integer that is equal to m-r, where r is some positive integer. 
Then 








m (m-1) (m-2) ... (m-r) 


.. 1 


t (m-r) 

= m(m-l) ... (m-(r-1)(m-(r+1)) ... 1 

which is an integer value). Therefore, 

f (x) = 1 = 1 • 


n-»-oo 


(x irrational). 


1 (x rational) 


We note that this function f(x) is an everywhere discontinuous function which is not Riemann-integrable. 


a) Let 

f n (x) = n 2 x(1 -x 2 ) n (0 < x> 1, n= 1,2,3, ...). 
Show that 



b) Repeat for f n (x) = nx(l-x 2 ) n . 


Solution : a) For x = 0, f n (0) = 0 and for 0 < x < 1, we have 

lim f (x) = lim n 2 x (l-x 2 ) n = 0- 
n-+°° n n-*-°° 

This by the theorem that if p > 1, a real, then 

lim n a _ 0 
n-*-°° n 
P 

and by the fact that since x > 0 , we have 1 - x 2 < 1. 
Therefore, 

f (x) = o (o < x < D- 

n-*-«> n — — 

Now. 


x(l-x 2 )“ dx 


u du (where u = 1 - x 2 ) 


Hence, 

lim 


• PROBLEM 11- 


However, 







■1 


lim 
n ^ 00 


0 v 
Thus 
lim 

n-».oo 


f n (x) | dx = | 0 dx = 0. 

0 


n 2 x(l-x 2 ) n dx * I 1 (ijf n 2 x(1-x 2 ) n | dx , 


(0 < x < 1) . 


f n (x) = nx(l-x 2 ) n (0 < x< 1, n = 1,2,3, ...) : 


Here again f n (0) =0 and for 0 < x < 1 we have 

lim 

n-voo 

Hence, 

lim 

as before. Now, 

nx(l-x 2 ) n dx 


so that 

lim 

n-*“ 

whereas 


n+°° 2n+2 2 


n 

2n+2 



Thus these two problems show that the limit of the integral need not be equal to the integral of the limit, even if both have finite 
values as in part (b). 

• PROBLEM 11- 

Pro ve: 

a) The sequence of functions {f n } , defined on E, converges uniformly on E if and only if for every s > 0 there exists an 
integer N such that m>N,n>N,xe E implies 

|4(x)-f m (x)|<£. (1) 

b) Suppose {f n } is a sequence of functions defined on E, and suppose 

»„ ■ ££ |V*1 

is a finite number for all n. 

Then 







j converges uniformly on EifZM n converges. j 

Solution : By definition a sequence of functions {4}, n = 1, 2, 3, ... converges uniformly on E to a function f if for every e > 0 
there is an integer N such that n > N implies 

140) - fO) | < e 

for all x e E . 

a) Part 1: 

Suppose {f n } converges uniformly on E. Prove that 
V 8>0, 3N 

such that m> N, n>N, x e E implies 

140) - 4iO)l < s. 

Let f be the limit function. Then there is an integer N such that n> N, x e E implies 
4(x)-fO)|<£/2. 

Hence 

140) - 4iO)l < 40) - fO)| + 4 X ) - 4iO)l < £ 

ifn>N, m>N, x e E. 

Part 2: 

Suppose the Cauchy condition holds. Prove that {f n } converges uniformly on E. 

Since the sequence {40)} is Cauchy we know it converges for every x to a limit f(x). Therefore, the sequence {4} 
converges on E to f. To prove that the convergence is uniform, let m —> oo , while n is fixed in (1). Since, by convergence, f 
m (x )—> f(x) as m —» oo, this yields 

140) -0)|<e 

for every n > N and every x e E. Hence, {4} converges uniformly on E. 

Thus, by part 1 and part 2, the proof is complete. 

b) First note that f n converges uniformly to 0 on E if and only if M n —» 0 as n —► oo . If EM n converges, then, for arbitrary 8 > 0, 

I l f.M I < I M < e (x € E) 

1 i=n 1 i=n 

if m and n are large enough. That is (for m > n) 

I m n-1 I 

I f,(x) - l f,(x) < e- 

' i=l 1 j=l 3 1 

Hence, uniform convergence follows from theorem (a) of this problem. 

• PROBLEM 11- 


Prove the following theorems: 

a) Let the functions {4( x )} be defined on the interval a < x < b and let f n —*■ f uniformly on this interval. Then, if each of 
the functions f n is continuous at a point x () , the limit function f is also continuous at x () . In addition, if each f n is 
continuous on the entire interval, so is f. 







b) Suppose that the functions f n (x) are continuous on the closed interval a < x < b, and suppose that they converge 
uniformly on this interval to the limit function f(x). Then 

J f(x)dx = ^ j f n (x)dx. 

c) Let the functions f n (x) be defined and have continuous derivatives on the interval a < x < b. If the sequence {f n ' (x)} is 
uniformly convergent on the interval, and if the sequence {f n (x)} is convergent, with limit function f(x), then f is 
differentiable and 

f ’ (x) * liZ v (x >- 

n-*°° n 


Solution : a) Since 
f 


(x) - f(x 0 ) = ^f(x) - f n (X + ^f n (x) - f n (3C 0 


f _ (X 0 ) - f(x„) 


|f(x) - f(xo) I <|f(x) - f n (x) I + |f n (x) - f n (x 0 )+ |f n (xo) - f(xo) |. (1) 

Now f is continuous at x 0 , if given s> 0 and Xq is fixed, then 
|f(x)-f(xo) |<a 

provided x is sufficiently close to Xq . However, by uniform convergence, n can be chosen independent of x so large that 
|f n (x) - f(x) | < | 
for every x in [a, b]. Then by (1) we have 

|f(x) - f<xo)I < lf n (x) - f n (xo)I + | e . 

Now n has been fixed and since f n is continuous at Xq , this yields 

|f n (x) - f n (x.)| < § 

if x is sufficiently close to Xq . Then by (2) we have 
|f(x) - f(xo)| < £ 

which shows that f is continuous at x 0 . 


b) To prove this theorem, since 


f(x)dx 


[f (x) - f(x)]dx ’ 


f (x)dx - f(x)dx 


f (x) - f(x) dx . (3) 


Suppose s > 0 is now givea Then because the f n ’s converge uniformly on [a, b] we can choose N, independent of x, so large 
that for n > N we have 


|f n (x) - f(x) I < 


if a 


x < b . 






Now from (4), if n > N 


Therefore, (3) yields, 


f (x)dx - f(x)dx < e if n > N . 


However, (5) is just the condition so that, 


s true. This completes the proof. 


c) Denote the limit of the sequence {f n ' (x)}by g(x). Then we wish to prove that g(x) = f' (x). 


Since f n ’ (x) converges uniformly to g(x), by theorem (b) of this problem we have 


since the convergence is also uniform on any subinterval a < t < x, where a < x < b . Since 


g(t)dt = f(x) - f(a) 


g(t)dt + f (a) . 


Now g is continuous by theorem (a) of this problem 


Then by the fundamental theorem of elementary calculus (i.e., given g(t) is continuous, a < t < b and that 


f(x) = g(t)dt 


a < x < b, then f(x) is differentiable and 
f'(x) = g(x)), 


f- (x) = g(x) = f ■(x), 

n-»-oo n 


which completes the proof. 


• PROBLEM 11- 


a) Show that f _ x converges uniformly on the interval 0 < x < 1. Then show that 




lim 


f (x)dx 


and that for 0 < x < 1 


b) Show that 


converges uniformly on the interval 0 < x < 1 . 

c) Show that f n (x) = x n does not converge uniformly on the interval 0 < x < 


Solution : a) For 0 < x < 1 , 

lim = lim = 

n' ' n-*oo n 

so that f n (x) converges to 0. We wish to show that this convergence is uniform on this interval. That is, for each s > 0 there 
corresponds some integer N such that for every x in the interval, 

|f n ( x ) - f( x )l < £ 


if n > N. Of importance is that N is to be independent of x for convergence to be uniform. 


|£„(x) - f<x)| - |£p| < |i | 


— | < e if - < n- 
1 n ' e 

Therefore, N can be chosen as the smallest integer greater than i. Note that this choice is independent of x. Thus f n (x) 
converges uniformly to 0 in this interval. 

Now 

lim f £ (x)dx = f — dx - 1 _ 0 

n+co t n wax n dx “ n(n+l) " °- 


f 1 f(x)dx = f 1 ^ f(x)dx = f 1 Odx = 0. 


f ’(x) = f*(x) = 0- 






b) We have that 


it*- 00 ""n2(n+l) 

Therefore, since 0 < x < 1 , 

l £ n (x) - £ <*>l * Issili. IxtjI < I5I < * 

if ">f 

Hence, choose N as the smallest integer greater than A . Again this choice is independent of x. 
c) Here, 

£ „<*» - £* n -» if 0 < x < 1 


lim x n . x 

nr *" 00 


if x = 1- 


Suppose that 0 < 8 1 and 0 < x < 1. Then 

|f n ( x ) - f( x )l < e 

is the same as x n < e . 

Therefore, 

n log x < log s 
which can be rewritten 

log < n log (i) 

since log x < 0 and log^^> 0 if 0 < x< 1. 


f 4 fl< »■ 

log (xj 


Now to have this true for all n > N it is necessary to choose the integer N large enough so that 



Here, we see that N depends both on s and x. That is, as s —> 0, 
log + 00 so that N —> 00 . 

If s is remained fixed, as x -*• 1“ , log -*• 0 + and consequently N —► 00 . Thus, there is no value ofN such that the 

given inequality holds simultaneously for all values of x in the interval 0 < x < 1 . 


PROBLEM 11- 



converges uniformly in any closed interval which does not include x = 0, but does not converge uniformly in any interval 
having x = 0 in its interior or at one end. 


Solution : For this problem, 
lira 


f (x) 


for all values of x. 


lim nx 
n ~° 1 + n 2 x 2 


0 


Note that f n is an odd function. That is f n (-x) = - f n (x), so that the graph of y = f n (x) is symmetric with respect 


y 




to the origin. Therefore, we restrict our attention to values of x for which x > 0. To graph the function use information that is 
derived from the derivative. 

Now, f . (x ) _ (1 + n 2 x 2 )n - nx(2n 2 x) _ n(l - n 2 x 2 ) . 
n (1 + n 2 x 2 ) 2 (1 + n 2 x 2 ) 2 

Therefore, for x > 0, the graph of y = f n (x) has a maximum at x _ i (this from setting f n '(x) equal to 0 and solving for x), and 

n 

then diminishes toward zero as x—> + oo . Consequently, 



is the maximum value. Fig. 1 shows the graph of f n (x) for n = 1, 2, 10 . 
























From Fig. 1 we now see that the convergence is nonuniform in any interval containing the point x = 0, since any such 
interval will contain the point 



if n is large enough, and so we can never have 

14001 

for all values of x in this interval, no matter how large we take n if e < i . 

Now we look at closed intervals that do not include x = 0. That is, we look at all values of x such that x > 8 , where 8 
any fixed positive number. For, s > 0 being given, if we choose N so large that 

- < 6 and-D®- < e if N < n, 

n 1 + n 2 6 2 

then we also have that 

-—- < e 

1 + n 2 x 2 

if N < n and x > 8 . Consequently, the convergence is uniform for these latter values of x. (See Fig. 2). 




CHAPTER 12 


INFINITE SERIES 


Since infinite series are widely utilized in many branches of mathematics, an understanding of convergence (or divergence) of 
these series and some knowledge of the rules governing their use is necessary. By definition, suppose that a 0 , a,, a 2 ,..., a n ,... 
is an infinite sequence, then an infinite series is an indicated sum of the form: 

a 0 + a l + a 2 + ••• + a n * or n-0 a n 

The numbers a 0 , a,,... are called the terms of the series, with a n defined as the general term. 

For an infinite series to be of practical use, it must be convergent. That is, given that S n is the partial sum 
S n = a 0 + ai + ... + a n , 


if 


lim 

n -*- 00 n 


S, 


then the series 


converges to S. A series that is not convergent is termed divergent and has no sum assigned to it. Certain tests, such as the ratio 
test, root test, and integral test are used to determine convergence (or divergence) of some infinite series. If a series has terms 
which are alternately positive and negative it is called an alternating series,to which the alternating series test is applicable. 
This test determines convergence (or divergence). 

The idea of absolute convergence applies to series that are convergent regardless of the signs assigned to the variable (i.e., 
the series Ea n is absolutely convergent if the series E |aj is convergent). 

Infi nite series can also be formed by the sum of an infinite sequence of functions. Here, it is necessary to determine if a 
series is uniformly convergent. That is, let {f n } be a sequence of functions and let f be the limit function of {f n }. Then {f n } 
converges uniformly to f, if given s > 0, there exists anN 0 such that 

|&(x)-f(x)|<8 

for n > N 0 and all x in the domaia The most important test to determine uniform convergence is the Weierstrass M-test. 

Furthermore, for an infinite series of numbers, operations such as addition are only appropriate for convergent series. The 
reason for this being, if a series was not convergent but divergent, as extra terms are constantly added a continually different 
result would be obtained. However, for multiplication and rearrangement of terms to be suitable, it is necessary for the series 
to be absolutely convergent. In addition, for an infinite series of functions, term by term differentiation and term by term 
integration can only be applied to uniformly convergent series. 

Finally, in computations with series, estimates of error and estimates of sums of convergent series can be determined by 
various methods. 

Note: for divergent series these computations are not valid since the series does not approach a limit. However, a process 
known as Cesaro summability attaches a sum a (which is the average of the first n partial sums) to certain divergent series. 



TESTS FOR CONVERGENCE AND DIVERGENCE 


• PROBLEM 12 


Show that the series J is convergent for p > 1 and is divergent for p < 1 . 

k=l k V 


Solution : To determine if the series is convergent or divergent the following theorem (called the integral test) is used: Let f(x) 
be a function which is positive, continuous, and nonincreasing as x increases for all values of x > N, where N is some fixed 
positive integer. Let the terms of an infinite series be given by = f(n) 

when n > N. If 



f(x)dx < ® (=»> 


J N 

then 

l % < “<=“>• 

n=N n 

The proof of this theorem starts with the given relationship: 
f(k+ 1) < f(x) < f(k), k>N, k<x<k + 1 
(since f(x) is nonincreasing). 

Integrating f(x) fromk to k + 1 preserves the inequalities: 



-k+1 


k 


where 


k = N, N+l,. . . ,n. 

Adding these inequalities gives the result 



( 1 ) 


N 


If the integral 


f(x) dx 


N 


is convergent, then from (1) 


l f(k) f(x) dx. 

k=»fl 

N 



This shows that the partial sums of the series 




n=N+l 


are bounded, and hence that this series is convergent (this from a theorem which states: If > 0 for every n, then the series 



is convergent if and only if the sequence {S n } of partial sums is bounded). The series 



is then convergent also. For the second case, suppose the integral 


f(x) dx 


N 


is divergent. Since f(x) > 0 this can happen only if 


m+1 


f (x) dx -*■ + “ 

N 

as n —> go. 

It then follows , from the second inequality in (1) that f(N) + ... + f(n) —> + oo, and hence that the series is divergent. Thus, the 
integral test is proven. 

For the series 



consider the integral 



(for p / 1). 


Then, for p > 1 



Therefore, the integral converges and by the theorem, so does the series. 


For p < 1 , 



is unbounded. Therefore, the integral diverges and so does the series. 



For p = 1 , 


(b rb 

lim dx _ lim dx lim . , 

b-« ' b« I T ~ b~° 1(X? b ' 

1 1 

This grows without bounds. Therefore the integral and thus the series diverges. This shows that the series, called the P-series, 
converges for p > 1 and diverges for p < 1. Note: If p = 1, the series is called the harmonic series. 

• PROBLEM 12 

Test the following series for convergence; 

a) 

r_ 1 

n=2 n (log n) 2 

b) 

l _1_ 

n=2 n(log 

c) 

I --- 2 

n =4 n(log n) [log (log n)] 


Solution : a) To test this series for convergence, apply the integral test. Since the series is 

nh n(log n) '’ 

set up the integral 

f b 

dx 

x (log x) 2 • 

2 


Then, if the limit of the integral as b —» oo exists, it follows that the series converges. If the limit of the integral as b 
to infinity, then the series diverges. Therefore, to solve 


• b 


2 


dx 

x (log xV 


let u = log x, du = This yields 


flog 

b 


log b 



1 

log 

2 

du _ -1 

u 2 

log 2 

1 

“ log 2 

1 

log b 

Hence 






lim 

f 

dx 

lim 

1 1 

1 \ 

b ~° . 

1 

2 

x(log x) 

" b-« 

^log 2 • 

log b j 


1 

log 2 


and thus the series converges. 


oo , goes 







b) To test the series 


n £ 2 n(log n) ’ 

again use the integral test. Therefore set up the integral 


To solve this integral let let u = log x, <j u = This yields 

(log b I log b 

= logu = log (log b) - log (log 2) 


flog b 

log b 

du 

1 

= log u 

log 2 

log 2 

r b 


lim 

dx _ lim ( 


(log (log b) - log (log 2)) 


b*°° j x(log x) “ b-*-°° V y 
2 

which is unbounded and thus the series diverges, 
c) To test the series, 

r_1_ 

n £ 4 n log n [log (log n)] 2 

also use the integral test. Therefore to solve 


, dx __ 7 _ let U = log(log X), du -- 

x(log x)[log (log x)] ' x log x 


since — = -u , this yields 


1 1 , 1 
log (log x) ~ log (log b) log (log 4) 


lim _dx_ 

b->°° x log x [log (log x) ] 

J 4 


lim / -1 _ 1 _ 

b-*-® \log (log b) log (log 4) 


and the series converges. 



PROBLEM 12 


1 Show that: 



a) 





I 

(log n) 2 

is a convergent series. 


n=2 

n 3 


b) 





l 

1 

is convergent ifp > 1, divergent 


n=2 

n(log n)^ 5 


for 

P<1- 




Solution : a) To show 

^ (log n) 2 
n=2 n 3 

is a convergent series apply the integral test. Hence, it must be shown that 

Urn | b O02 T X)l dx< „ 

2 

To do this, use the method of integration by parts. Therefore , take 

dv = x -3 dx; v = , u = (log x) 2 , du = 2(1 °^ x) dx. 

2x 2 x 


Then, 


dog x) 2 dx = -(log x) : 
x 3 2x 2 


+ I 2 lp g x dx . (i) 

2x 3 


Now , applying integration by parts again, let 

dv = x 3 dx; v = —— , u = log x , du = —. 
2x 2 

Then(l) becomes 

fb 


JL Lp a.*! 2 dx = -dog x) : 

> 2 x 3 2x 2 

Hence 


log x 
2x 2 


dx . 
2x 3 


lim (log x) 2 


dx equals 


lim | -(log b ) 2 _ (log b) _ 1 + (log 2) 2 + (log 2) + 


Then, by L’Hospital’s Rule the first three terms tend to 0 as b —»<x>. 







Therefore 


lim (log x) 2 _ (log 2) 2 . (log 2) . 1 

b-"» | 3 dX " 8 + 8 + 16 < 


Thus, the series is convergent, 
b) To show 


n(log n)P 


n=2 


is convergent if p > 1, divergent for p < 1, again apply the integral test. Therefore set up the integral 


dx 

x(log x)F ' 


To solve this integral let u = log x, <j u = — . This yields 


log b 


-P +1 


-p + 1 


log 2 

Therefore, 


log b 

log 2 


lim dx 

b-*=° x (log x)P 


lim /(log b)~ p+1 _ (log 2)~ p+1 \ . . 

b ~ \ -P + 1 "P + 1 ) (P 


If p > 1, the first term goes to 0 as b —► oo and the integral equals 


(log 2) 


-P +1 


p - 1 

Thus, the series is convergent. 

If p < 1 , the first term grows without bound as b —► oo and the integral is unbounded. Thus the series is divergent. For p = 1, 


Thus the series is divergent. This shows that the series is convergent for p > 1; and divergent for p <1 . 


• PROBLEM 12 


C(P) = l 


k=l 


Riemann’s zeta function (for real p), converges for p > 1 and diverges elsewhere, show that 


^ li 







Solution : To show that 


lim _1^ J 
n— ^ k-1 


use the comparison test by showing this series to be less than ^(p), which is convergent for p > 1. To do this use Cauchy’s 
Inequality, which states 



(1) 


Therefore, taking a k = k' 3/4 , b k = 1 in equation (1) yields 

(l) 2 , 


I, i^i) 1 J, W J, 


2 < ? 1 • 

3/4 I ~ n 2, 3/2 

k=l k J/4 / k=l k*' * 


_1_ ? 1 < f? 1 ^ 

/n k=l k 3/4 \k=l k^ 2 


;e (2) is rewritten 

A £ t©] 


1/2 


lim _L_ y 1 

n -~ y?T k=l k 37 ^ 


• PROBLEM 12 



» 3/2 


Given that 

l 1 a k 1 < - 

k=l K 


show that 

l 

k=l 

Kl k " a/5 «- • 

(1) 


Solution : To show that 





I l a k lk 

k=l K 


-2/5 


(from the given), the following theorem is used. For a given vector a , the p-norm is defined as 

k l/P 

v* 


If p > 1 and I + I = i, 

P q 


U.shX I«AI i IIS Up II t lie 

Equation (2) is called Holder’s Inequality. 

To apply the theorem to this problem, take 

w . v-2/5 „ _ 3 


( 2 ) 


Then, since 




take q = 3. By substitution into equation (2), this yields 

I l* k |lt' 2/S < IIS I 1 3/2 II S ll 3 • 

By definition 

II S Ik 


I |a k | 

k=l K 


3/2\2/3 


) ■ 


„, .(j, 


Therefore (3) becomes 


(3) 


l i % ik- 2/s 

k=l k 

But, it is given 

1 i« k l* /2 < - 

k=l K 

Hence, since 


l |a k M 

k=l K 


2/3/ n 

l k 

,k=l 


•6/5 


1/3 


(4) 


l I Hi 

k=l 


v '") 


; \2/3 


<[ l_ Ia k l 3/2 


r <, 


and 




: -e/ 5 j 

(this is because 


y _L < co for p > 1; here D = -) 

k=i k p p 5 

it is seen that the right-hand side of equation (4) remains bounded as n —> oo. Thus 


i ^' 2/5 -Lk 


f 2 \ 2/3 / - 


I k 

k=l 


- 6 / 5 \ 


1/3 


l I a k Ik -2/5 < - 

k=l 

• PROBLEM 12 


Determine if the series 



is convergent or divergent by applying the ratio and the root tests. 


Solution : The series can be rewritten as the sum of the sequence of num b ers given by 

r _i_ 

2 (n+1)/2 if n is odd (n > 0) 


1 

3 n/2 


if n is even (n > 0) 


Now the ratio test states: If a k > 0 and k + 1 = t < l, 

k"°° a k 

then ^ 

l a k 

k=l K 

converges. Similarly, if 


k a + 1 ■ 1 (i < 1 - °°) then 


J a. diverges. 

k-1 K 

If i = 1, the test fails. Therefore applying this test gives: 
If an is odd, 


lim n-H 

n +°° a 








lim 3V 2 

n-»-«> 1 


lim 2 _ 


^rr 


If a n is even, 


lim n + 1 
n-*» a„ 


lim 2< n + ll/2 


7H72 


lim 


(!) 


n/2 


and no limit exists. 


Hence, the ratio test gives two different values, one < 1 and the other > 1 , therefore the test fails to determine if the series is 
convergent. Thus, another test, known as the root test is now applied. This test states: 

Let 


1 a k 


k=l 


be a series of nonnegative terms, and let 

(^n) = s ' where 0 < S < 1 

1) 0 < S < 1, the series converges 

2) 1 < S < 00 , the series diverges 

3) S = 1, the series may converge or diverge. 

Applying this test yields, if a n is odd 

lim „ /-5- . lim „ /-j— n IJ_ 

F* V? 


lim 

n-*°° 


,- lim /-i- _ lim „ /—;— 


lim 1 


/2 2 


_1_ 

l/2n 


If a n is even 


iim n rg— _ lim , 
n -><» -J n n-+-°° 


1 

Zn/2 


■ — <1 

/3 


Thus, since for both cases, the 


11m . 

n->°° a n 


the series converges. 


• PROBLEM 12 


Determine if the series: 

a) 


l 


(k + IP 


k=l (k 5 + k 3 - 1) 


173 






Solution : a) To determine if the given series converges or diverges, the following test called the limit test for convergence is 
used. This test states: 


k p U. = A for p > 1, 


converges absolutely. 

To apply this test let p = 1 > 1 . Then since 


(k 5 + k 3 - 1) 


lim ,d .. lim k 7/6 (k + 1)** _ lim k 7/6 k % (1 + 1/k)** 
k U, = . m —;-;-iTT “ wh-oo . . , ..1/3 


lim k w *(l + 1/kP = lim (1 + 1A) 

(k 5 + k 3 - 1 ) X/3 k *“ [k" 5 (k 5 + k 3 -l)] 1/3 


* (1 + 1/k 2 - 1/k 5 ) 

Therefore, the series converges. 

b) For the series 


I k log k 
k=l 7 + Ilk - k 2 


the following test called the limit test for divergence is used. This test states, If 

lim k U. = A ^ 0 (or ± » ) 

k-*» * 


diverges. If A = 0, the test fails. 






Since 


U 


k 


k log k 
7 + Ilk - k 2 


lim . lim k 2 log k _ lim k 2 log k 

k~ k = k- 7 + llk _ k > " k z/_L + M - ij 


lim 
k-*°° • 


log k 


11 

k 


», log k - 


while 



Thus 

l -kloc[_k -diverges. 

k=l 7 + Ilk - k 2 

• PROBLEM 12 

Determine if the following series are absolutely convergent, conditionally convergent or divergent. 

a) 

■ <-i) ntl 

I V <~^ n 2 n 

n=l n! 

Solution : a) To determine if the series 

n=l n 

is convergent or divergent, the following test called the alternating series test is used. This test states: 

An alternating series 

a -a + a -a +...= I (-l) n+1 a n , a n > 0, 

1234 n n 


b) 

l (~D n 

n= 2 

c) 


converges if the following two conditions are satisfied: 
i) its terms are decreasing in absolute value: 







|a n+1 |<|a n |forn=l,2,... 


For this series, the terms are decreasing in absolute value since 

Also, the nth term approaches zero so 


Hence, the series converges. Next, if E|a n | converges also, then the series Ea n is absolutely convergent. But the series of 
absolute values is the harmonic series 

:u 

which is known to diverge. Hence, 

00 00 . -..n+l 

\ | a | does not converge and the series £ iTiJ_is conditionally convergent. 

n=l n n=l n 

b) For the series 

l (-D 

n=2 


n r n ~ ln 
[n 2 + 1 


use the root test, which states: Let a series 


i 

n=l 


n 


be given and let 

n~ R 

Then if R < 1 , the series is absolutely convergent. If R > 1 , the series diverges. If R = 1, the test fails. 


lim _ r— —j lim 

| a n | “ n -«» 


lim 

n-*-® 


For this series 

“ 7(5f 

Therefore the series converges absolutely. 

c) For the series 

v (-l) n 2 n 
n=l n! 

use the ratio test. This states that if a n ^ 0 for n =1,2,. . . and 

liml a n f_l| = L 
n ^°° 


I a 

n=l n 

is absolutely convergent, if L= 1, the test fails, if L> 1, 



^ a is divergent. 

nil n 

Here 

lim I a n + 1 I = lim 2 n+1 nl_ _ lim 2 n+1 2~ n (1-2-3 ... n) 

n-*» a n-*-“ (n+1) l ’ „n n-*-» 1.2•3*n•(n+1) 

I n i i 


= lim 


2 

n + 1 


0 . 


Hence L = 0 and the series converges absolutely. 


Using 

l —±— 

n=2 (n-1) P 

for ratio comparison, first with p = 1 and then with p > 1, prove Raabe’s Test: 

If a series of positive terms a n has a n+1 /a n _> 1 - ^ for all large n, then Xa n diverges; but if 

!s±l < ! - E 

a n 

n 

for some constant p > 1 for all large n, then the series converges. 


Solution: Let s /,-» > i _ i for all n>N 0 . 

n+1' n - n “ 0 

Let n = N 0 + p 

Then na n + x > (n - 1) a n gives 
(N 0 + p) a No + p + j > (N 0 + p -1) a No+p 
>(N 0 + p-2)a No+p . 1 > 

... > (N 0 -1) a N0 

i.e., na n+1 > (N 0 -1) a N() for all n > N 0 
Therefore. . . (N ° " 1)a N ft 

a ?i + l -1 n 


l 

n=N o 


Now, let 


< i - e 

a n 


l 

n=N 0 


• PROBLEM 12 


1 







for all n > N 0 . 


Since 


•‘M’ 


n+1 < (n - 1) 


for every n> l. 


a n+i nP < an(n-l)P < a n4 (n-2) p < . . . < (N 0 - l) p a N() 


for all n > N 0 
Therefore 


JL a n+l < < N » - 1,P »N. X Zp 


Jl** < - 

Remark : The following inequality was used in the above proof 
(*) 1 - p/n< (1 - l/n) p (p > 1) . 

To prove this inequality consider the function 
f(x) = (1 - x) p - (1 - px). 

f(0) = 0, f(x) = -p(l - x) p - 1 + p = p[l - (l-x)P - ! ] > 0 


if p > 1 and 0 < x< 1. This shows that f(x) increases on (0, 1) so 
f(l/n) > f(0) = 0 for every n which is in (*) . 


• PROBLEM 12- 

For b n = l/{(n-l) log (n-1)} prove that b n + l/ b n quals 1 - 1/n - (n log n)' 1 + 0 ((n 2 log n)' 1 ), and then deduce Gauss’s | 
test: 

If a series of positive terms a n has 

a n + i/a n = 1-n 1 + 0(n q ) 
for some q > 1, then Ea n is divergent. 

Solution : Let 


l * 

t n. 
n=l 

denote a series of positve terms. It is well known that if 







< k < 1 


for all large n or if 

a 1/n 

a n < k < 1 

for all large n, then the series converges. On the other hand if 

a n±l > k > 1 

a n 

or if > k > 1 

for all large n, then the series diverges. However these two tests fail if a n+1 and a n are of the same order 
i.e., if 


as n 


n+1 

a n 


In this case we must try to estimate the difference 


and see how the next term looks like if we wish to make some statements regarding convergence on the divergence of the 
series. The problem at hand asks us to carry out this procedure. 

b n+l _ (n-1) log (n-1) 
b n log n 


- 1 = { (n-1) log (n-1) - n log n}/n log n 
n 

= ~ l o g n {n log (n-1) " n log n - log (n-1)} 

= n~ log n {n(log tn-1) - log n) - log (n-1)} 

= h log n {n log (1 " 1/n) “ lo 9 <n(l-l/n))} 

= n ~' fog n * n log (1 “ 1 ^ n) ~ lo ^ n “ lo 9 U “ l/n)> 


= - n + H~ l o q ' n {n log (1 " 1/n) " log (1 _ 1/n) > (1) 

Recall now the power series expansion for log (1 - x), 

log (1 - x) = - x - -- - - ... |x| < T 

If x = — , then for large n, x is very small and 

n 

log (1 - 1/n) % - 

^ n 



n log (1 - 1/n) ~ - 1 . This implies 


in+i _ ! a. _ I_I_ 

b 'v n n log n 


n-t-1 _ , 1 _1 


This approximate identity will now be made precise as follows. 


log (1 + x) = ^ log (1 + y) dy |x| < 1 


Integrate by parts to get 


log (1 + x) = x - y(l + y) dy 


The second term on the right side of (2) is less than or equal to 


IyI U + y| dy 


let x = - 1/n and let n > 2 so that if 


| y | < | x | < 1/n 

1 + y > 1 - [ y I _> 4 and 


y(l + y) dy < |x| ~ dy = 


M i M 

A —_ 


n log (1 - 1/n) = - 1 + R' n 


R '„l - n l R nl i-k' 


Substituting these into (1) gives 



u .. / u - X--r - {-1 + R' + — - R } 

n+1 n n n log n n n n 


+ (R' - R )/(n log n) 


= 1 - 1/n - l/(p log n) + Q 


—- + (R' - R ) /(n log n) 


n 2 log n 


(n 2 log n)|Q | < 1 + n (| R' | + |R |) 




< 2 . 

This implies that q _ q (jin 2 log n) “^) and one can write 

b^ + ^/b n = 1 - 1/n - 1/(n log n) + 0 ((n 2 log n) *) • 

This proves the first part of the problem. 

In order to prove Gauss’s test write 

b n +i = Pn b n 


a n+l = On a n 

where 

l M n | < C for all n 
k 

+ -5— - |k| < C for all n 

log n 

M 

a R - 8 n = 1/fr log n) + - k n $i 2 log n) 


1 _ ± 


n log n 


n n n log n 


M kl 

109 n - 

n log n 1 " n q-l log n “ nj 


q > 1 


"q 2 -" - 0 as n °°by 



L’Hospital’s rule. Hence there exists an integer N 0 so that for every n > N 0 

1 -“-r log n - - > 0. 

n q-i n 

Then 


a n > P n for every n > N 0 . 
Now 


^No + k + 1 = a N 0 + k a N 0 + k-l •** a N 0 


i 6 N,.k V+k-1 ... %o (a^/b^) b No 


Therefore 


k=0 aN ° +k+1 '(b^) k=0 bw o +k+1 


n log n 

diverges by the integral test. 


Determine if the series 

. 1 . 1*3 1-3-5 


A " 2 ' r 2-4 " 2-4-6 + + (_1) 2-4 ... 2n 

is absolutely convergent, conditionally convergent, or divergent. 


n 1-3 ... (2n-l) 


• PROBLEM 12- 


Solution: To determine if the given series is absolutely convergent, the following test, known as Raabe’s test is used. The test 
states, let 


_ lim 4 u n+l 
n— M 1 " ~u— 


Then the series 


JL°- 


is absolutely convergent if t > 1, and is divergent or conditionally convergent if t < 1. If t = 1 the test fails. 


Since 







„ = (-l) n 1•3 ... (2n-l) 

u n 2-4 ... 2n 


U n+1 1-3 ... (2n-l)(2n+l) 2-4 ... 2n 

U 2-4-6 ... 2n(2n+2) * 1-3 ... (2n-l) 

n 

_ 2 n + 1 
2 n + 2 

Then 

- lim n ( i 2 n+l \ _ lim ( 1 A 

* n-»-® n \ x 2n+2 J n-*® n \ 2n + 2 J 

i.e., 

. _ lim n _ 1 
n-*-® 2n + 2 ~ 2 

Therefore, the series is not absolutely convergent. To determine if the series is conditionally convergent or divergent apply the 
alternating series test. Here, it is seen 

l°n ♦ d i l°„l 


since 


2 2-4 ' 

Then, for the series to converge, 

lim . 


n^-o 


U 


must be 0; that is, it must be shown that 


lim 1-3 ... (2n - 1) = 
n ->® 2-4 ... 2n 


( 1 ) 


To prove (1) let 

_ = 1-3 ... (2n ~ 1) 

n 2-4 ... 2n 


Then 


c < 2-4 ... 2n 

3-5 ... (2n-l)(2n+l) 

since 

1-3-5 ... (2n - 1) „ 2-4 ... 2n 

2-4 ... 2n 3-5 ... (2n + 1) 

follows from 

(1-3) (3-5)(5-7).. . (2n- l)(2n+ 1) 

<(2-2) (44) (6-6) . . . (2n) (2n) . 


But 


2-4 ... 2n _ 1 1 

... (2n + 1) C n 2n + 1 


3-5 



so that 


or C 


n 2n + 1 


/2n + 1 


n /2n + 1 

Therefore, since both conditions of the alternating series test are satisfied, and since Raabe’s test proved the series to be not 
absolutely convergent, the series is conditionally convergent. 


• PROBLEM 12- 

Determine for what values of m (where m is not zero or a positive integer) that the series 

, , mx , m(m - 1 ) 2. . m(m - 1) ... (m - n + 1) n . 

1 + 1! + 2 ! x +... + ^ x + ... 

will converge absolutely when | x | = 1 . 

Solution : To solve this problem, the following test, known as Gauss’s test, is applied to the series. 

Suppose that 

(1) 

, and diverges or converges conditionally if L< 

1 . 


n+l 

U 


where | C n | < P and q > 1 . Then the series U n is absolutely convergent if L> 1 


Since 

_ m(m - 1) ... (m - n + 1) n 
n nl x ’ 

one has for |x| =1 

U n+1 I _ m(m - 1) ... (m - n + 1)(m - n) 
I °n I (n + 1)! 

n! 

x m(m - 1) TT"! (m - n + 1) 

or 


U n+1 


m - n 

u 

n 


n + l 


Then for sufficiently large values of n, 
| m- n | = n- m 


and 







n+1 


n - m 
n + 1 


1 + 


Then by long division 



By substitution into (1) this gives 


L = m + 1, q 



For the series to be absolutely convergent, the test states the condition L> 1. Therefore the given series is absolutely 


convergent when | x | = 1 if and only if m + 1 > 1, (i.e., if and only if m > 0). 


SERIES OF FUNCTIONS 


• PROBLEM 12- 


Show that a convergent series of continuous functions may have a discontinuous sum. What condition is sufficient to ensure 
that the limit function of a series of continuous functions will be continuous? 


Solution : Let (f n ) be a sequence of functions defined on [a,b] and let the sequence of partial sums be 




nil £ » ,X1 

be the function that forms the limit of the sequence S (x) for each x e [a,b]. Then S n (x) is said to converge (point-wise) to 

l, £ n (x > 
n=l 

if, given 8 >0, there exists a positive integer N such that 

I l f.(x) - l f k (x)I < e 
1 i=l 1 k=l k 1 

for all n > N, for a given point x e [a,b]. 


(1 + x 2 ) n 


(x6 R; n = 0, 1, 2, ... ) 


and define 





f(x) = l f (X) = l -— 

n=0 n n=0 (1 + x 2 ) 1 


At x = 0, f (0) = ---- = 0 

n (1 + 0) n 

and thus 
f(0) = 0. 

However, at x ¥ 0 , f(x) = \ f (x) 

n=0 n 

» x 2 

= n=0 « l + x2 ' n 


- x 2 l " 

n=0 \1 + x 2 / 


The series in (1) is a geometric series of the form 

l y n 

k=0 


( 1 ) 


1 

1 - y • 

Thus (1) equals 


1 + x 2 


1 •» x 2 
1 + x 2 . 


= x 2 -±: (1 + x 2 ) 


Thus, the series defined by 

v2 


l 


n=0 (1 + x 2 )" 

yields a convergent series of continuous functions that has a discontinuous sum since 

0 (x = 0) 

1 + x 2 (x * 0) 


f (x) 


The above series shows that a sequence of continuous partial sums need not converge to a continuous function, although for 
each value of x the sequence converges. Similarly, it may be shown that the limit of a convergent series of differentiable 
functions need not be a differen-tiable function and that the limit function of a convergent series of integrable functions need not 
be integrable. 

A stronger mode of convergence called uniform convergence allows the limit processes outlined above to be interchanged. 

• PROBLEM 12- 


a) Define uniform convergence for a series of functions. 

b) Show 


k 














converges uniformly in the interval -a<x<a,ifO<a<l . 


Solution : a) By definition, the series 

is uniformly convergent to S(x) in the interval a < x < b if for each s > 0, an integer N independent of x, can be found such that 
|S(x) - S n (x)| < s for n > N 

in a < x < b (where S n (x) represents 

l U .(x)). 
k=l K ' 

b) For the series 


the nth partial sum is S n (x) = 1 + x + x 2 + ... + x n ' 1 

( 1 ) 

Multiplying each side by (1-x), equation (1) becomes 

(l-x)S(x) = (1 + x + x 2 + ... + x n_1 )(1 - x) 


(l-x)S n (x) = (1 - x") 
1 - x n 


S„(x) 


1 -x 

Therefore as n —> qo, in the interval 

-a < x < a (0 < a < 1), x n —> 0 
and the sum of the series 


l * 

k=0 






To show that the given series converges uniformly to — i— in the interval -a < x < a (if 0 < a < 1) find an N such that 

I S n (x) - S(x) | < 8 
for n > N for each 8 > 0. 

N ° W |x 1 ° 

|8<*> ’ s n (x) ! * 

But 

|x| n n 

- < -s- since |x| < a- 

|1 - x| - 1 - a 

Therefore, if s > 0, it is needed only to choose N 
so that 



|1 " *1 

We may choose for N any integer greater than 

log [e(1 ~ a)] 
log (1/a) 

To see this, note that 


n log a < log [e(l - a)] , 



but since 0 < a < 1 , log a < 0 and log a 
Hence, 


-n log 


© 


< log [e <1 - a)] 

(since 


iog (i). 

109 (;) 


n < log [e(l - a)] 
log (1/a) 

n > log [c(1 - a)] 
log (1/a) 

If N is chosen greater than (2) the condition 

^L< c 

will hold. 


Thus, because (2) does not depend on x, the series is uniformly convergent in the given interval. 


• PROBLEM 12- 

a) Show that 

r COS kX 
k=l k 2 

converges uniformly in the interval -oo < x < oo. 

b) Repeat for 

r cos kx 


Solution : One important test that can be applied to a large n u m b er of series to determine uniform convergence is the 
Weierstrass M-test. This test states: 

Ut l O k (x) 
k-1 K 

be a series of functions all defined in some interval a < x < b. If there is a convergent series of constants 


I 

k=l 


V 


such that | U k (x) | < M k for a < x < b and k = 1, 2,..., then the series 


i v x) 

k=l K 

converges absolutely for each x in the interval a < x < b and is uniformly convergent in this same interval. Note that if a series 
converges uniformly by this test, it also converges absolutely. However, not all uniformly convergent series are absolutely 
convergent. This shows that for some uniformly convergent series, the sequence M k required for the Weierstrass test cannot be 
found and therefore this test cannot be applied. 







a) n cos kx - 

k=l k 2 

Now , to apply the test, it is needed to find a series of constants such that 

l \ < 00 

k=l * 

and 

|U k (x)|<M k . 

For the given series choose M k = k' 2 . Then \ < 00 because of the fact that 


I — 

k=l k p 

is convergent for p > 1. 

Next, 

I cos kx I < _1_ 

1 k 2 I “ k 2 

because | cos kx| <1 for all values of x. Thus, since the conditions of the test are satisfied, 


cos kx 
k 2 


l 

k=l 


converges uniformly in the interval -oo < x < oo. 

b) To apply the test to the series 

* cos kx 
L k 

k=l 2 k 


choose = Jj_ 


Then using the root test, 

- 1 - < 
y~2 


ii: (*[X\ - ^ v 


V?) 

Therefore, the series 

l ^ 

k=0 2 K 

is covergent. Now 


I -p-l* ? 

because |cos kx | < 1 for all values of x. Thus, by the Weierstrass M-test, the series is uniformly convergent for -oo < x <oo. 


PROBLEM 12- 




Show that the series 

cos x . cos 3x . cos 5x , 

I + 3- + -5 + 

is convergent if x is not one of the values 0, ± n, ± 2n,... 

Solution : To determine if the series, rewritten as 

^ cos (2n-l)x 
n=l 2n-l 

is convergent, the following theorem (known as Dirichlet’s test) is used: 
Consider a series of the form 


a () b () - a, b| - a 2 b 2 ~ . • a n b n -ft.,^ 

( 1 ) 

which satisfies the following conditions: 

(i) the terms b n are positive, decreasing in value (i.e., b n+1 < b n ) and 


(ii) there is some constant M independent of n such that 
|a 0 + a i + ... +a n | < M for all values of n. 

Then the series (1) is convergent. 

Hence, to apply this theorem, take 

a 0 = 0, aj = cos x, a 2 = cos 3x, a 3 = cos 5x,..., 
a n = cos (2n-l)x n = 1, 2,. . . 
and 


b 0 = 1, bi 


b n = (2n - 1) 

Therefore, since 


1, b 2 
-1 


1 

5 , 


1 , 2 , ... 


3 5 ' n+1 - n 

Also, as n —» oo, b n —► 0 and condition (i) is satisfied. Now, all that remains is to show that condition (ii) is satisfied. To do 
this use the trigonometric identity 

2 cos A sin B = sin (A + B) - sin (A - B). 

Taking B = x and A successively equal to x, 3x, 5x,... yields 







2 cos x sin x = sin 2x - 0 

2 cos 3x sin x = sin 4x - sin 2x 

2 cos 5x sin x = sin 6x - sin 4x 

2 cos (2n-l)x sin x = sin [(2n-l)x + x] - sin[(2n-l)x - x] . 

Adding these results gives 
2 sin x(cos x + cos 3x + . . . + cos(2n-l)x) = 
sin [(2n - l)x + x ] 
which can be rewritten as 

cos x + cos 3x + ... + cos(2n-l)x = 2 sin" x ' 

Now if x is not one of the values 0, ± n, ±2n, ..., then sin x ^ 0 and since 

[sin 2nx| < 1 , 

| cos x + cos 3x + ... + cos (2n-l)x| <--- . 

21 sin x| 

Hence, condition (ii) of the theorem is satisfied with 

M = -±-. 

2 |sin x| 

Thus if 


X ^ 0 , ±71 , ±271 , . . . , 
the series is convergent. 


• PROBLEM 12- 


a) Show that the series 

l n -p sin (n9) (p > 0) 

n=l 

is convergent by Dirichlet’s test for convergence. 

b) Show that 

00 _ cos (x/n) 

l <-l) n -n- 

n=l 

converges by Abel’s test. 


Solution : a) Dirichlet’s test states: 
If 


nIo* n 

is a series whose partial sums 


l 

k=l 


form a bounded sequence, and if b n decreases to zero as n —> qo, then 









converges. 

To apply this theorem to the series 


£ n~ p sin n0 
n=l 

take a n = sin n0 and b n = n p . Then using the trigonometric identity 

-2 sin (a - B) sin (a + B) = cos a - cos B ( 1 ) 

let 

0 = a - p ; 2 k 0 = a + P 
( 2 ) 

Adding the two values in (2) gives 
0 ( 2 k+ 1 ) = 2 aor a = e (k + * 5 ). 

Then 

2 k0 = 0 (k + *5) + B or B = 6 (k - %)■ 

This yields 

-2 sin -^0 51 sin(k0) = 51 (cos [0(k + •£•)] - cos [0(k--^)]> 
k=l k*l 

2 sin^-0 51 sin(k0 ) = ^{gos[0 (k — - cos [0(k+-£)]} < 3 ) 

k=l k=l 

= cos + cos ^ + cos +.. . + cos (n-*s) 6 - cos 
- cos Ap - — - cos (n—*s) 0 - cos (n + *s)0 


= cos - cos (n + %)0 

Reapplying (1); with a = ^. 3 = (n + Ja)© 

Yields 


cos -=• - cos 


(n + * 5)6 = 2 sin((n + 1 ) sin (n -|^ • 


A = E sin k© 
n 1 


sin(^) sin ((n + 1 ) 


When 0 is not a multiple of 2 ji (in that case each a n = 0 and the series converges) 




since 


| sin (^y-) sin ((n + 1) -|^ | < 1 • 

Then A n is bounded independently of n for all 0 . Also, as n —ko b n = n" :p —> 0 since p > 0 . 

Therefore 

£ n p sin n0 
n=l 

is convergent by Dirichlet’s test, 
b) Abel’s test states: 

If 


n 


is convergent, and if b n is a bounded mono tonic sequence, then 


I a b n 

n=0 n n 


l (-D n 

n=l 


M 



Now the alternating series test states: Given a series EU n whose terms are alternately positive and negative, if | U n+1 | < | U n 
for all n and if U n —» 0 as n —*■ co , then the series is convergent. Therefore, the series 


I 

n-1 n 

is convergent because 


< — and 


lim 1 


I n +l| - |n| 

The sequence b n = cos (x/n) is monotone 


Thus, by Abel’s test, 


l <-l) n 


lM 


0 - 

and bounded for all x such that 


n=l 


n 


converges. 



OPERATIONS ON SERIES 


• PROBLEM 12- 

Let a n be the sequence 

(- 1 )"+! , 
a n n 

Then 

? (-» ntl 

nil n 

is the alternating harmonic series. Given that this series is convergent and that its sum is denoted by S, determine if the 
sums of the following sequences are convergent, and if so, find their sum in terms of S. 

a) 


b) The sequence formed by 

c 2j-l = 0, j = 1,2,... 
c 2j = bj , j = 1,2,... 

c) 

d n = a n + c n n= 1, 2 ,... 


Solution : a) It is given that the series 

n+1 


l 

n=l 


I *=*£ 

n=l 


is convergent to S. Therefore 


n^l b " 


l 

n=l 


3 l 


which converges to j . 
b) The series 

nil 

of the sequence formed by 

c 2 j-i = 0 , j = 1 , 2 ,..., c 2 j = bj , j = 1 , 2 ,. 


is not the same series as 

X b ,but since 

n=l n 







I c k = l b k 
k=l K k=l K 


m = 1, 2, ... 


2m+l m 

l c k = I b k 

k=l K k=l K 

the series 


m = 1, 2, ... (because c 


2j-l 


must also be convergent because as m —> oo, the series 

l b k 

k=l K 

converges to ^. Therefore, as m —> oo, 

2m 

k=l K 

converges to — so that the series 


Ji"- 

is convergent to f 


c) The last sequence is formed by taking 
d n = a n + c n n= 1, 2,. .. 

Then for j = 0, 1, 2,. . ., 


4 j+2 

a + c = ±4 1 _ 

a 4j+l c 4j+l 4j+l 


(4j+2 is always even) 


4 j+1 


1 

4 j+1 


d 4j+2 a 4 j+2 + C 4j + 2 a 4j+2 + b 2j+l 



2 j+2 


4 j+3 


4 j+2 


(-D 


2(2j+1) 


4 j+2 + 4 j + 2 


0 


d 4 j+3 " a 4j+3 + C 4j+3 


= _A_ + o = -1- 

4j+3 + U 4j+3 

d 4 j+4 = a 4j+4 + C 4j+4 = a 4j+4 + b 2j+2 

-1 1 = -1 
4j+4 " 2(2j+2) 2j+2 


Hence, the numbers in the range of the sequence given by 
{dn I n= 1, 2,. . . } 

include the reciprocals of all the odd positive integers, the negatives of the reciprocals of all the even positive integers, and the 
number zero repeated infinitely often. Therefore, forming a new series by dropping all the zero terms in this sequence, this new 
series is a rearrangement of the alternating harmonic series. This because, by definition, the series 


l 

n=l 


d 


n 


is a rearrangement of the series 


provided there exists a one-to-one function g of the positive integers onto the positive integers such that for 
n = 1, 2 ,..., d n = a g(n) ; 

and for every positive integer n there exists a positive integer m > n such that g(m) ^ m. 


I 

n=l 


(- 1 ) 


. = i _ I + I . I 
1 2 + 3 4 


1 _ 1 __ + 1 1 

4j+1 4j+2 4j+3 4j+T 


1 d n 
n=l n 


+ i_L_ 

4j+1 4j+3 2j+2 


1 

4J+5 


I d , " l 


l 

k=l 


1 + 
23 + 2 


k r 


n = 1, 2, 3 




this rearrangement of the alternating harmonic series must be convergent and its sum is 3 S/2. 


• PROBLEM 12- 


log (1 + x) = X - -J* + -j- x^ - 


2 0 - 1 -L 1 1,1,1 1,1, 1 1 . 

2 log 2 - 1 + 3 - 2 + 5 + 7 - 4 + 9 + n - 6 + ... 


Solution : To do this problem let x = 1 in equation (1). This yields 


log 2 = 1 - 

From which 


1 + 1_1 + 1_1 + 1 
2 + 3 4 + 5 6 + 7 


10 12 14 


(3) 


Thus in (3), zero terms may be inserted without affecting the value. Hence (3) becomes 


I !°g 2 


1 


0 + 


1 


Now, it is known that if s and t are the values of two convergent series (i.e., 
s = rj + r 2 + . . . + r n -(* *».. j: 
t^+^ + .-.t,,...), 

these two series may be combined by adding corresponding terms, and the result will be a new convergent series whose value 
is s + t. That is, 

s +1 = Uj + U 2 + . * * "t - U n + . . . 
where 

Uj = Tj + %, U 2 = r 2 + % t ..., U n = r n + tn,_ 

Applying this fact to the problem at hand lets us add (2) and (4) term by term Therefore, adding gives 
|log2 = l + 0+ j- | + |+ 0+ y- -| + |- ...• 

Then, the zero terms may be deleted without affecting the value. This yields 


2 log 2 = ••• 

which is exactly what was required to be proved. 

Note: a different value of the series was reached on rearrangement of the terms because the series is conditionally convergent. 
Also note that if a series is conditionally convergent, rearrangement of the terms may result in a divergent series. However, if a 
series is absolutely convergent with sum S, any rearrangement of terms will also be convergent with sum S. 


11^1 




PROBLEM 12- 



Solution: Using the fact that log a/b = log a - log b, we have 

log * + * = log (1 + x) - log (1 - x) (1) 

Now, given that 

log (1 + x) = x - ^x ! + jx 3 - | x" x s - ... , (2) 

if - 1 < x < 1 ;if x is replaced by -x, then 

, * 1 2 1 3 1 4 1 5 

log (1 - x) = -X - J x z - X 3 - J X* - ^ X 3 - ... , 


if -1 < x < 1 . (3) 

Then, remembering that two convergent series may be combined by adding (or subtracting) corresponding terms (and that 
the result will be a new convergent series), the two series may be combined by subtraction, which is valid if -1 < x < 1. This is 
because both series are convergent in this interval. Therefore, subtracting (3) from (2) yields 

log (1 + x) - log (1 - x) = 2x + 0 + | x 3 + 0 + | x 5 + ... 


log 


2x + 4 x 3 


log 


(if -1 < x < 1) . 


• PROBLEM 12- 


Find the series expansion of 



in powers of x. Is the series absolutely convergent? 


Solution : The solution of this problem uses the theorem; 


Suppose that each of the series 

IX,Iv n 


is absolutely convergent, with sums U and V respectively: 


U = Uq + u T + u 2 + ..., 












V = v 0 + v 1 +v 2 + . • • • 


Let 

W 0 = Uo v 0 , Wj = Uo Vi + Ui v 0 , 
and in general 

Wn = U 0 V n + U 1 ,V n . 1 + . . .UhVq 

Then the series Lw n is absolutely convergent, and its sum is UV: 

UV = w 0 + Wj + w 2 + .... 

Also, any infinite series which has as its terms the products u^Vj (i and j > 0) arranged in any order, each product occurring once 
and only once, is absolutely convergent, with sum UV 

We know that 

= 1 + x + x 2 + ... = l x n if |x| < 1 (1) 

1 x n=0 

and that 



if -1 < x < 1 

However, because log a = - log ^ , ( 2 ) can be a rewritten as 


- * £ 


I 

n=l 



n 


( 2 ) 


if -1 < x < 1 . (3) 

Since both of these series are absolutely convergent if |x| < 1, the aforesaid theorem can be applied. The coefficients in (1) are 

a n = 1 , n = 0, 1 , 2 ,... 

(i.e., a 0 = 1 , aj = 1 , a 2 = 1 ,...) 

Those in (2) are 

b , -0, b n =i , n-i, 2, ... 

(i.e., bi = 1, b 2 = \ , b =§,...). 

Consequently, 

a 0 bo = 0 and if n > 1 


a„ b„ + a, b n . 1 

Thus, by the theorem, 


+ a 


n 


b 0 


1 

n -1 


1 

2 


+ 1 . 


rhr 1o s Grh ;) - X C 1 - i + s) *" 

= X + (l + ±)* ! + (l + $ +}).* - ... . 

As the series for 

r-hr and l0 * r-hr 

are absolutely convergent for |x| < 1, by the theorem, so is the series for 



(i.e., it is absolutely convergent for | x | < 1). 


DIFFERENTIATION AND INTEGRATION OF SERIES 


• PROBLEM 12- 


Given that the series 

k _1 


r * 

l x “ T~ 

k=0 1 


for -1 < x < 1, determine the value of the differentiated series. 


Solution : The solution of this problem is facilitated by the use of the following theorem; 


A convergent series can be differentiated term by term, provided that the functions of the series have continuous derivatives 
and that the series of derivatives is uniformly convergent; that is if 


(i) 


dlL 


V< x > 

is continuous for a < x < b, 
(ii) the series 


I 


k=l 

converges for a < x < b to f(x) (i.e., 


I U R (x) = f(x) 


(iii) the series 


S U Mx> 
k = l K 


converges uniformly for a < x < b, 







then 


f'(x) = l U '(x) , a < x < b- 
k=l k 

(The derivatives at a and b are understood as right-handed and left-handed derivatives respectively). 
In this problem the functions of the series have continuous derivatives in -1 < x < 1. Since 



the derived series is 

l lex*’ 1 . (1) 

k=0 

To determine if (1) converges uniformly, apply the Weierstrass M-test. Hence, take 

M k = ka k " 1 , 

because 


|kx k “ 1 1 < ka k_l 
for |x| < a. 

Then, using the ratio test for 


lim 

a k+l 

lim 

(k+l)a k 

lim 

(k+1)a 

k-H» 

a k 

” k-»« 

. k-1 

k a 


k 


Therefore, the series 


I ka k_1 

k=0 

is convergent for | a | < 1 . 

Hence (1) is uniformly convergent because 

|U k (x)|<M k 

and 


l M. < co for -a < x < a , a<l. 
k=0 k 

Thus, since the conditions of the theorem (stated at the beginning of this problem) are satisfied, we have 


l V(x) = f'(x)» 

k=0 K 


which yields 



PROBLEM 12- 


for |x| < a, a < 1 . 


I kx " = d _ x)2 

k=0 u ** 


IfU k (x) = 

show that 

1 

for 0 £ x _< 1 

k 3 (1+kx 3 ) 


- 


d 

1 V x > 

= “3x 2 ? 1 

dx 

k=l K 

k_1 k 2 (1+kx 3 ) 2 


Solution : The theorem on differentiability of series states that if: 
1) U k (x) has continuous derivatives for a < x < b, 
k= 1,2 ,... 


2 ) 

l U. (x) = S(x) a < x < b 

k=l K 

3) 

I U. ' (x) converges uniformly in a < x< b 

k=l k 

Then 


l o. ' (x) =■ s' (x)or 
k=l K 


_d_ 

dx 


l 

k=l 


U k (x) 


l 

k=l 


d_ 

dx 


U k (x) 


for a < x < b 

In this problem the functions of the series have continuous derivatives for 0 < x< 1 . The series 

l - 3 1 3 

k=l k 3 (1+kx 3 ) 

converges (uniformly) to some value S (x). 

This is because 


1 

k 3 (1+kx 3 ) 

and 


— ( 0 < x < 1) 
k 3 


l 

k=l 


converges. 







Hence, by the Weierstrass M-testthe series converges (uniformly). 


Next, 


v (x) = ——— 

K k 2 (1+kx 3 ) 2 


l U ' (x) = l -————- 

k=l * k=l k 2 (1+kx 3 ) 2 


converges uniformly in 0 < x < 1. This is also shown by the Weierstrass M-test because 


7 -2— converges. 

k=l k 2 

Thus, the conditions of the theorem are satisfied and 


-d_ l - 1 _= y 1 ^ 

dx k=l k 3 (1+kx 3 ) k=l dx \k 3 (l+kx 3 )y 

= - 3x 2 l -1- 

k=l k 3 (1+kx 3 ) 2 


• PROBLEM 12- 

a) Show that y x k log x converges uniformly to 

k=0 

x for 0 < x < a (0 < a < 1) • 

b) Given that 



0+ 

using the results from (a). 


Solution : The partial sum of the series is 










n k 

S (x) = l x log x = log x + x log x + x 2 log x + ... 
n k=0 

+ x n log x 

which can be rewritten 

S n (x) = (log x) (1 + x + x 2 + . . . + x n ) . 

(1) 

Multiplying each side of equation (1) by (1-x) yields 

(1-x) S n (x) = (log x)(1-x)(1 + x + x 2 + ... + x n ) 

(1-x) S n (x) = (log x)(1 + x + x 2 + ... + x n - x - x 2 - x 3 
- ... - x n+1 ) 

s (x) = (log *>(1 - x n+1 ) 

S n ,x ' (1 - x) 

Then 

_ lim f . _ lim (log x)(1 - x n+1 ) 

S(x) " n-*-°° n X " n-*°° (1-x) 


S < X > " fftf 

for 0 <x<a; 0 <a<l. 


Now to show that the series converges uniformly to S(x), apply the Weierstrass M-test. Take 
M k = a k log a 
because 

| x k log x | < a k | log a | for |x| < a . 

Then using the ratio test for 

l a k |log a I , (2) 

k=0 1 


lim | a k+l 1 

lim 

k+1 . 1 

a loq a | 

k-*» a. 

k-t-oo 

k 

1 k | 

a log a | 


Therefore, the series (2) is convergent for |a| < 1. 

Hence, the series 

£ x k log x 
k=0 

is uniformly convergent for 0 <x<a; 0 <a<l . 

Also, at the point x = 1 the series has sum 0 and therefore is convergent here also. 





b) Since the series is uniformly convergent, term-by-term integration is justified. This is because of a theorem which states: A 
uniformly convergent series of continuous functions can be integrated term by term. That is, if 

U k ,(x) e c for a < x <b, n = 1, 2,... 
and if 

f (x) = l U. (x) 
k=l K 

uniformly in a < x < b then 

| f(x)dx = ^ J U k (x)dx 


f b rb |* b 

(x) dx +J U 2 (x)dx +... + J U k (x)dx +... 


Therefore, since log x _ \ x k log x , 

1 - x k=0 


(1-x) 


dx = l 


x log x dx . 


(3) 


Integrating by parts, letting u = log x; du = — 
and 


dv = x dx so that 


k+1 


transforms the right side of equation (3) into 


l 

k=0 


x k+1 

(1 °* x) hrr 


x k 

k + 1 ‘ 


( 4 ) 

Then noticing that x k+1 —> 0 faster than log x —> -qo as x —> 0, the left hand portion of (4) evaluated at the limits is seen to be 0. 
The integral is then evaluated and equals 


Therefore (3) can be rewritten as 

1 


k=0 (k+1) 2 


= - £ — (by substituting k = k+1) 

k=l k 2 



as was given. 
Hence, 






log x 
(1-x) 


dx 


0+ 


• PROBLEM 12- 


a) Show that 

l <-t> k 
k=0 

converges uniformly to — 1 ^ on any interval 
-r < t < r, for (0 < r < 1) . 

Then integrate the series to develop the series expansion of log (1 + x). (|x| < 1). 

b) Extend to the end point x = 1 by consideration of the series 

l 

k=l * 

to derive the series expansion for log 2. 


Solution : For the series 

l (“t) k , 

k=0 

the nth partial sum is 

S n (t) = 1 - t + t 2 -1 3 + t 4 -. . . + (-l) n t n . 

Multiplying each side by (1+t) gives 

(1 +1) S n (t) = (1 + t)(l -1 +1 2 -... + (-l) n t n ) 
(1+t) S n (t) =(1 -1 +1 2 - . . . + (-l) n t n )(t-1 2 +1 3 -1 4 + 
.. , + (-l) n t n+1 ) 

This yields 


c , 4. v _ 1 + t (if n is even) 

5 n m “ 1 + t 

c i ¥ \ = 1 ~ t n+1 (if n is odd) 
n'1+t 

Therefore, as n —» oo in the interval - r<t<rfor0<r< 1, t n+1 —»• 0 so that the sum of the series is 

s(d = 

To show that the series converges uniformly to S(t) in the interval -r < t < r(0 < r < 1), find anN such that |s(t) - S n (t) | < e for n 
> N for each a > 0. 

Hence 


It 


n+1 

_ and 


|1 + t| 


|S(t) - s n (t)| 







!i!_ <£^ sinC e|t|<r. 

U*t| • 1 + r 


Therefore, if s > 0 , it is needed only to choose N so that 


To do this, notice that 


r n+1 < s (1 + r) . 

Thus, (n + 1) log r < log [s(l + r)] . 


0 < r < 1, log r < 0 and log r = - log 

- (n + 1) log < log [e(l + r) ] 


log [e(l + r)] 
109 (r) 


log [ e (l + r) ] 


Therefore, if N is chosen greater than (1), the condition 


will hold. Hence because (1) depends in no way on t, the series is uniformly convergent in the given interval. 

Since the series is uniformly convergent for 
-r <t<r (0 <r < 1) , 

it can be integrated termwise between 0 and x, |x| < 1, to yield 

| ^-Jo '- 1,k | tk at 


log (1 + x) = l (-1) K 


Thus, for any x with Ixl < 1 


lo 9 (1 + x) - x - - ... ♦ (-l)"- 1 f +.... 

b) If x > 0, the series 


l (-D K 

k=l 


is an alternating series. Since 



x k+1 
k + 1 


and 


(0 < x < 1) 


JJj X = 0 (for M - 1] 

the series converges for 0 < x < 1 by the alternating series test. Now by the fact that the partial sums of an alternating series 
constantly approach the sum and alternatively lie above and below, so that the error at any stage does not exceed the next term, 
we may write 

I n k-1 x k I x n+ l 1 

| log d+x, - e ( -i) k 2j-| £ brr ± irVr 

for any x with 0 < x < 1 . The series is then uniformly convergent on the whole closed interval [0,1] so that term-by-term 
integration is valid for all x with 0 < x < 1 . Therefore, setting x = 1 yields 



• PROBLEM 12- 


Justify the equation 



r sin n0 

nil n 

= j (it-0) for 0 < 0 < 2tt 


given that 



r sin0 

= ^ r n sin (n0) 

n=l 

(1) 

l-2r cos0 + r 2 

if |r < 1 . 




Solution: Dividing through by r in equation (1) gives the new equation 


_ (sin6) _ 

(l-2r cos0 + r*} 


n=l 


Now, using the Weierstrass M-test for uniform convergence, take 
M n = r 11 ’ 1 
so that 

l M n - l r 11 " 1 < » for | r | < 1 
n =l n n=i 

and 

l^’ 1 sin (n0)| < ]r n_1 | since | sin n0 | < 1 
for all values of 0 . Therefore, the series 


\ r 11-1 sin n0 

n=l 

converges uniformly on the interval 0<r<cifc<l. 


Now, by a theorem on uniformly convergent series, a uniformly convergent series of continuous functions can be integrated 







term by term. 

Therefore, (2) can be integrated and becomes 


_ sine _ 

(l-2u cos0 + u 2 ) 


du = l 


n=l 


n-1 


sin n8 du ( 3 > 


But (l-2u cos0 + u 2 ) = (u - cos0) 2 + sin 2 0 , so that (3) becomes 

sine du 


(u - COS0) 

0 

if I r | < 1 
However, since 

a dx 
a 2 + x 2 

the integral 


dU _ _ r r 

+ sin 2 0 n=l n 


= Arc tan — 


(u - cos0) + sin 2 


™ (Hnzr 1 ) - ™ (^) 


( 4 ) 


((r-cose)/sine ) - (-cose/sine ) 
/r-cos0\ /-cos0h 
A Vsin0 ) \ sine ) 


( si 


since arctan x - arc tan y = arctan 




- )* 

and k = 0 since the integral is 0 when r is 0. 


Hence (4) becomes 

JL (t) •*» »• 

if |r|< 1 
Next, 


15 ) 


sin n0 



(|r| < 1) is uniformly convergent on the closed interval 0 < r < 1. This can be proven by Dirichlet’s test for uniform 
convergence, which states: If 

(i) 

N 

| l a n ( x )I £ k 

| n=0 n I 

for all N and all x in U 

(ii) 

b n (x) decreases as n increases, for all x in U 
and 

(iii) 

b n (x) —> 0 uniformly onUasn^oo, then 



converges uniformly on U. 

Here, 

N , -1 

| l sin n0 | < | sin -=■ 0 | 

n=l 1 

if 0 is not a multiple of 2n (because 

? nfl - sin(N6/2) sin ((N+l)6/2) 

n £ x Sin nB “ sin (6/2) 

where 0 is not a multiple of 27i) , is otherwise zero, and is therefore bounded uniformly in r. Next, 


.n 


r 


n 


is a decreasing function of n tending uniformly to zero as n —> oo since 



Therefore, the conditions for Dirichlet’s test are satisfied, thus proving the series to be uniformly convergent. Now we can 
let r —^ 1 termwise in equation (5) and since here limZ = E lim, the right side yields the series 

r sin n9 

nil n 

which is convergent by Dirichlet’s test. For the left, 0 must be restricted to the range 0 < 0 < 27c so as to avoid having 1 - r cos0 
= 0. Then the limit is 


lim 

r+1 


Arctan 



Note that 



because 0 < 0 < 2n . 


Thus 





1 iliS—2ii = 1 (lr _ e > if 0 < 8 < 2n 

n=l n 1 

by substitution into equation (5) in the limit case (as r —» 1) . 


ESTIMATES OF ERROR AND SUMS 

• PROBLEM 12- 

Evaluate the harmonic series of order 6 with an error less than 0.0001. 

Solution : For a convergent series with sum S, a function N(s) can be determined such that | S n - S | < s for n > N (i.e., the first N 
terms are sufficient to give the desired sum S with an error less than s). This can also be stated: 

Given S = S n + R n where R n is the remainder, an N(e) is then needed such that | R n | < e for n > N (s). 

Furthermore, a useful explicit upper estimate for R n can be found for certain convergent series. More precisely, a sequence 
K n converging to 0 can be found for which |RJ < k n (n > n, ). If the sequence K n is monotone decreasing, then N(s) can be 
chosen as the smallest integer n for which K n < s . That is, if N(s) is so chosen and n > N(s) , then 

l R nl - R n - K N(e) < £ • 

The solution to the problem requires the employment of the two following theorems: 

(i) For n > % , if | a n | b n and 


I b 
nil n 

converges, then 


K n is mono tonic decreasing and converges to 0. 

(ii) Given that the series 


converges by the integral test, with the function f(x) decreasing for x > c, then 

|R n l < J f<*> d * = K n 

n 

for n > C ; the sequence is monotone decreasing and converges to zero. 


R nl i ! b m - 
m=n+l 

for n > n, ; the sequence 


Given the harmonic series, with order p > 1, this yields 

0 < R n 

This result can now be used by Theorem (i) for any series whose convergence is established by comparison with a harmonic 
series of order p. 


I , ^ 

m=n+l nr 




v P-i 


(-P+1) 


(p-1) n 1 


P" 1 








Here p = 6, so that 


n = • , - p-i = -5 = u.z n . 

(p-l)n^ 5 n 

From this it follows that N(s) can be chosen as the smallest integer n such that K n < s, i.e., 


0.2n 5 < a or n 5 > 0.2s' 1 . 


Accordingly, to evaluate the harmonic series of order 6 with an error less than 0.0001, 5 terms are sufficient. The reason for 
this being, 


implies, when s = .0001 , 

0.2s' 1 < n 5 or .2(10,000) < n 5 or n 5 < 2,000 . 

The smallest integer satisfying this inequality is n = 5. Hence, 


• PROBLEM 12- 



Solution: To determine the value of the given series with an error less than that specified, the following theorem is needed: 


r < 1 for n > n. 


(i.e., the series Ea n converges by the ratio test), 


, , < |0n+1 i 

|R„I-— - \ ■ " 1 "i 


the sequence K n is monotonously decreasing and converges to 0. 


then r will be at least equal to L. 


For this problem 


Consequently, 







a n+l 


(n + 2) . n 2 n 

a n 


(n+1)2 n+1 (n + 1) 


n 2 + 2n 1 

n 2 + 2n + 1 2 

Then 


lim 

a n+l 

_ lim 

n 2 + 2n 1 

n->°° 

a 




n 


n 2 + 2n + 1 

lim 

1 1 ' 

+ 2/n 

1 l 1 

n-**> 

1 + 2/n • 1/n 

2*2 2 • 


(i.e., the series converges by the ratio test since l = -| < l). 


Hence, since it is needed that 


< r < 1 , r = j can be used. 

Accordingly, by the theorem 

| R | < = K 

n “ 1-r n 

I (n+2) I 

< (n+1) 2 n ~ > ‘ 1 l _ . 

n — _1 n 

2 



Thus, for an error less than .037, 5 terms are sufficient. This is because 

|R-| < 1 - 2 - ' 2| = .03645 < .037 

I 6 • 2 6 

That is 

R = - - — + -^— + . . . < - - — + - - — + — - - + 

5 6 - 2 ® 7 • 2 7 6 - 2 ® 6 - 2 7 6 - 2 ® 


R 


5 


< _L_ 

6 * 2 ® 


( 2 


1 + I 

2 4 


...) 


7 

6 - 2 ® 


( 2 ) . 


Since £ _L = 2 (geometric series), 

n=0 2 n 

R 5 < T§2 = °- 037 ' 


Finally, 


3 

2 • 2 2 


4 

3 • 2 3 


5 

4 - 2 “ 


6 

5 • 2 ! 


1 . 6573 - 



PROBLEM 12- 


Evaluate the series 

00 i 

v _ 1 _ 


n=2 (log n) 

with an error less than 0.06. 


Solution : For the solution to the given problem the following theorem is needed: 

If n/| a n | £ r < 1 for n > n 1? 

(i.e., the series Xa n converges by the root test), then 

n+l 

l R n l i = K n . f °r n > 

In addition, if 

lim 


VT^T 


R < 1 , 


then r will be at least equal to R. If 

l/fr+l) 1/(n+2) 


for n > n,, then 


l R nl 




1/(n+l) R n 


1 ~ l a n + l' 

Here, the sequences K n and K n * are both monotonously decreasing and converge to zero. 
To apply this theorem to the series, first note that 

= 155-K 

which is decreasing and less than 1 for n = 3, 4, . . . 

Then 

°/r^r - £ nh - 0 -»< i- 

However, for this problem 

lAn+1) l/(h+2) 

^ > ^ a n+l^ “ ^log (n+l) ^ ^ a n+2 ^ - ^log (n+2) ^ 

for n > n, ; then, using n = 5 yields 

I R n I 1 - 


- n *Wl) - ' l09 6 1 >6 - °- 06 = K n 

1 - |a n+1 | " log 6 







which gives the value of the series with an error less than 0.06 as 


l —1-=-i- 

n=2 (log n) n (log 2) 2 


(log 3 ) 3 (log 4 ) * 


(log 5 ) 5 


• PROBLEM 12 - 


For the series 

1 (-n ntl 

nil n 

show that 

a) - i<R <o,0<R_<4/-T < R-» < 0- 

2 1 2 3 4 3 

b) If 3 terms are used, use the theorem to find two values the sum is betweea 

c) How many terms are needed to compute the sum with an error less than 0.01 . 


Solution : a) The solution to the problem requires the following theorem; 

If the series 

a l “ ®2 + a 3 " a 4 + • • • = X ( _1 ) n+1 a n • a n > a n+l > 0 
n=l 

converges by the alternating series test, then 

0<|R n l<a„ + i=K n . 

Therefore, N(e) can be chosen as the smallest integer such that 

a n+l < a 

That is, when a series converges by the alternating series test, the error made in stopping at n terms is in absolute value less 
than the first term neglected. 

To apply this theorem to the given problem, first determine if the series converges by the alternating series test. Here 

a ., < a since w 4 , < 4 
n+1 — n n + l — n 

(i.e., ••• > 

and 

lim a = lim 1 _ « 
n-x» n n->® n 

Hence, the series converges by the alternating series test. Then, by the theorem 

0 < |Ri| < a 2 or 0 < |Ri| < \ 

0 < |r 2 | < a 3 or 0 < |R 2 | < -j 

0 < |r 3 | < a 4 or 0 < |R 3 | < j 

The above can be written more precisely as: 







- ^ < Rx < 0 since n = 2 


gives - ^ 


1 


0 < R 2 < j since n = 3 gives + 



0 since n = 4 gives 


1 

4 


b) The partial sums are 



If 3 terms are used, the sum is between 'L and | j a - 3 — 


6 6 " 4 12 


Since- 1 < r 3 < 0- 


c) To compute the sum with an error less than 0.01, one would need 100 terms, for the 101 st term: 1/101 is the first term less 
than 0.01. 


• PROBLEM 12 - 


Use integral estimates to find upper and lower bounds on n! [Hint: 

N 

log N! = \ log n]• 

n=l 


Solution : If f(x) is continuous and decreases as x increases on [n, n+1] , then f(n)> f(x) > f(n+l). Consequently, 

n+1 



f(x) dx > f(n+1) 


(1) 


n 

Thus for such f the partial sums of the series 


£ f(n) 


can be estimated and if f is positive, the problem of convergence of the series is replaced by that of the integral. If f is 
increasing with n, then this method can be used with the inequalities reversed for estimating finite sums 


l f (n). 


n=l 


For this problem, the following theorem is needed: 


If f(x) is a real-valued continuous function which decreases as x increases, for all x > n () - 1, then 



f(x) 


( 2 ) 


for all N > n . 


If f is continuous but increasing, then the inequalities are reversed. 


To prove this theorem add the inequalities from (1) 




-n+1 


f(n) > 


f (x) dx for n = n 0 , ... , N 


to yield the left inequality of (2). For the right side add the inequalities 


f(x)dx for n 0 £ n £ N. 


The case of increasing f follows by replacing f by -f in the above. 

To apply the theorem to the given problem first notice that log n increases with n. Therefore, the inequalities in (2) must be 
reversed. 


Hence. 

r N+l 


f N+1 n f N 

f(x) dx > l f(n) > f (x) 

n 0 n 0 -l 

for all N > rig . 

Here, Hq = 2 and f(n) = log n. This yields by (3) 


£ log n > log x dx. 
n=2 1 


Integration by parts then gives 

N 

l log n > N log N - N + 1 . 
n=2 

However, 


X log n = log N + £ log n £ log N + log x dx (5) 

n=2 n=2 


f 

N + 


log x dx > l log n by the left inequality 

n=2 


in (3) 

Solving the integral in (5) by parts gives 

N 

l log n < log N + N log N - N - 2 log 2 + 2 . 
n=2 

Then since log 1=0, this yields 

N 

N log N - N + 1 < l log n < N log N - N + log N 
n=l 

- 2 log 2 + 2 . 


Now 


N 

J log n = log 1 + log 2 + ... + log N 
n=l 

= log N! 

Thus 

N log N - N + 1 < log N! < N log N - N + log N 
- 2 log 2 + 2 . 

Writing all terms as powers of e: 

e log(N N ) e -N e f g log N1 ^ e log(N t, ) e -N e log N e -log 2^2 

or 

N N e" N e < N! < N N e~ N (N)(J)e 2 

or 

N N 1 2 
(N/e) e < N! < (N/e) ±Ne 
— — 4 

This is the required interval estimate for N! . 


CESARO SUMMABILITY 


• PROBLEM 12 - 


Show that the series l-l+l-l+l ... is summable (C, 1) to ± . 


Solution : There is a process of attaching a sum to a divergent series which is variously known as the method of arithmetic 
means, Cesaro 1-summability or (C, l)-summability. For this method set 


n 1 n 

S n " J, U k ' * k X 


n = 1, 2 , 


k=l “ 11 k=l 

Here, a n is the average of the first n partial sums, and is, accordingly, the following linear combination of the first n terms: 


b » = X 0it 

By definition the series 

l u k 

k=l k 

is summable (C, 1) to A if and only if 

lim 


U) 


(1) canalsobe written as 

A = I u k 

k=l K 


(c, iy- 


For the given Series: 

Sj = 1; S 2 = 0; S 3 = 1; S 4 = 0;... 





Consequently, letting 


n 

t n = l S. yields 
n k=l K 

tj = 1 j t2 = 1tj = 2; = 2;. . . . 

Therefore 

which is the sequence 

,12 13 1 

Af 2 ' 3 ' 2 ' 5 ' 2 ' •’ 

with the n th term being 

if n is even 

if n is odd 

Hence 

if n is even 

if n is odd 

Thus by (1) the sequence is summable (C, 1) to A. 

• PROBLEM 12 - 




Show that 

a) the series l+0-l + l+ 0- l + l+ 0- ...is summable (C, 1) to 1. 

b) the series 

l (~D k k 

k=l 

is not summable (C, 1) but is summable (C, 2). 

Solution : a) The specified series has the partial sums 
S, = 1 ; S 2 = 1; S 3 = 0; S 4 = 1, S 5 = 1, S 6 = 0, S 7 =l; 

S 8 = 1; S9 = 0;_ 

Therefore, letting 

n 

t - l S, yields 

k=l 

tj = 1, t2 = 2, = 2, t^ = 3, = 4, t 6 = 4, ty = 5, tg = 6, t^ = 6,.... 








From which 


_ _ gives the sequence 

n n 



Accordingly, (1) can be rewritten as 

2 n + 1 _ 2 n + 2 

3 n+l " 3 n + 1 ' a 3 n +2 3 n + 2 ' 


2 n + 2 
a 3 n +3 " 3 n + 3 

By definition, the series is summable (C, 1) to A if and only if 

lim a = A • 
n-*- 00 n 


For this problem, 

lim _ lim _ lim = lim 2 

n+<*> 3n+l n-*« 3n+2 n-** 00 3n-f 3 n-+°° n 3 

Consequently, the series is summable (C, 1) to ^ . 
b) The series 

l (-l) k k = -1 + 2 - 3 + 4 - 5 + 6 ... (2) 

k=l 


has the partial sums: 

Sr = -1, S 2 = 1, S 3 = -2 , S 4 = 2, S 5 = -3, S 6 = 3,.... 

n 

Letting t = l S, 

n k=l K 


yields 

t, = -1, t 2 = 0, t 3 = -2, t 4 = 0, ^ = -3, % = 0, 
... or t 2n 4 = -n, t^ = 0 n = 1,2,.... 

Letting 



furnishes the following sequence 



or similarly written as 


°2n = 0 

from which 

lim 

n-*-“ CT 2n 


°2n-l 


-n 

2 n-l 


0 


lim 

°2n-l 


n = 1, 2, ... 


1 

2 


This shows the series is not summable (C, 1) due to the different values in the two limits. Hence a more powerful method of 
summation is needed. This second method states: 




I t k 

k=l K 


l u k 

k=l K 


(C, 2 ) 


(i.e., the series is s u mmahle (C, 2) to A). Therefore letting 

n 

c n = l fc k 

n k=l K 

yields the sequence 

C n : -1,-1, -3, -3, -6, -6,... 
or, 


for n= 1,3, 5, 7,... 
and 

c . ¥ (h *) 

n 2 

for n = 2, 4, 6,8,.... 

Hence, 

n 

l 


lim ; __ _ 

n(n+l) u k n^ 00 n(n+l) 

(for n odd) 

_ Rn+l) + il . . 

lim L 4 _2j_ _ lim [ n + 1 + 2\ 

Nm- 

•iiiiii 


~(n+1) ( (n+1) . 

2 V 2 + 


lim 


(for n odd) 


and 


n-*- 00 n(n+l) 


(for n even) 


_/nf_+_2n\ ( 2\ 

= lim V 4 / _ lim y + n) _ 1 

n ~ n* + n ' 4 (l + i) ' 4 ‘ 

Thus by (3) the series (2) is summable (C, 2) to _ i . 



INFINITE PRODUCTS 


Prove that the infinite product: 

a) 



converges and has the value 2, 

b) 



diverges. 


Solution : An infinite product is a product of the form 


n (i + u. ) = (i + u.) (l + u_) (i + u.) ... 

k«i K 1 z J 


where U k ^ -1 for k= 1, 2, 3,... ).To determine if an infinite product converges or diverges, let 

n 


n (i + u t >, 

k=i * 


then if there exists a num b er P ^ 0 such that 



the infinite product, given by 


JI U + U v ) 
k=l K 

converges to P. An infinite product that does not converge is said to diverge. 

We note that theorems on infinite products often depend upon theorems for infinite series. 

a) 



Then 


lim p _ lim 2 n 

n-*°° n n^-® n + 1 

Therefore 


• PROBLEM 12 - 







converges to 2. 

b) 



diverges. 


• PROBLEM 12- 


Prove that the infinite product 


n (i + u.) 

k=l K 

(where U k > 0), converges if 


£ U, converges. 

k=l * 


Solution : Writing the Taylor formula for f(x) = e x with remainder after n terms gives, 

2 „n n+1 e 


n+1 


R = 


where 

0 < e < 1 and p 
is the error term 

Therefore 1 + x < e x for x > 0 and consequently, 


n (n+1)! 


P n = i! (1 + U k ) = (1 + Uj^Ml + U 2 )(l + u 3 ) ... 


U + D n ) < 


e Un 


which can be rewritten 








I U k = U 1 + U 2 

k=l K 1 z 


converges. Then P n is a bounded sequence that is also monotonically increasing. Thus since a bounded monotonic sequence has 
a limit, P n has a limit and is therefore convergent. This is the required result. 



CHAPTER 13 


POWER SERIES 


Since the use of power series to represent functions is a technique applied in many branches of Mathematics, it is a topic 
that needs to be covered and understood by all students of Advanced Calculus. Therefore, in this chapter, through the 
problems solved, some of the more important concepts concerning the study of power series are covered. 

Before proceeding, however, one must define what is meant by a power series. By definition, a power series in powers 
of (x-c) is a series of the form 

Jo a " ( *' C>n ' a 0 + a l ( *- o) + ••• + a n ,x - c ' n + •••' 

However, letting c = 0, we obtain a power series in powers of x, which we write as: 

l a x 11 = a n + a,x + a~x 2 + ... a x n + .... 

n=0 n 0 12 

Of importance in the study of power series is the notion of radius of convergence (we will denote this value by R). That 
is, in general, a power series converges for |x| < R, diverges for |x| > R and may or may not converge for |x| = R. Note that in 
some cases we may have R = 0 or R = oo. If R = 0, the series converges only for x = 0 and if R = oo the series converges for 
all values x. 


Certain theorems on power series, such as Abel’s Limit Theorem are covered as well as operations with power series. 
For example, under certain conditions a power series can be integrated or differentiated term by term and two power series 
can be added, subtracted, divided, or multiplied to yield a third power series for each value of x common to their intervals of 
convergence. 


Finally, some frequently used power series and their intervals of convergence are: 

. x 3 . x s , , n»n-l x 2n * 

sin x = x - 3 P + 3 P - ...+ <-!) (2n-T) 7 + 


- oo < X < °° 

X 2 x“ 

COSX=l-yj-+Jj--. 
. -1 X 3 . X s 

tan x = x - -y + -jr- 


... +(- 1 ) 



. . . - OO < X < <*> 

.. - 1 < x <1 


1 + X + - 


< X < «• 


INTERVAL OF CONVERGENCE 


• PROBLEM 13 


a) Define the general form, radius of convergence, and interval of convergence of a power series. 

b) Given the power series Ea n x n , show that the series converges, if given that: 

(0 


R = 1/L where L = 


lim 


exists and |x| < R or 






(") R = 1/a where a = sup n/j a n | and |x| < R. 


Solution : By definition the general form of a power series in powers of x - Xq , where x 0 is fixed and x is variable, is 

l a (x-x 0 ) n = a 0 + ai(x-x 0 ) + a 2 (x-x 0 ) 2 + ... 
n=0 n 

+ a n (x-x 0 ) n + ... . (1) 

However, in the study of power series it is convenient to look at a series of the form, 

a 0 + aix + a 2 x 2 + ... = J a x n ; 

n=0 n 

this is a power series inx (i.e., Xq = 0). The reason for this is that equation (1) can be reduced to the above form by the 
substitution t = x - a. 

Furthermore, in general a power series converges absolutely for |x| < R and diverges for |x| > R, where the constant R is 
called the radius of convergence of the series. However the series may or may not converge at the end points x = ±R. That is, 
it may converge at both, at just one, or at neither. In addition, the interval of convergence of the series is the interval -R < x < 
R, with the possible inclusion of the endpoints. 

b) For the power series £a n x n if we are given that 



where 

T _ lim I a n+l I 
n-*-« I a n I 

exists, for this case let U n = a n x n . Then 


lim 1 

1 Un+1 1 = lim 1 

a n+l 1 

n-* 00 | 

U n |“ n-*-» | 

a n 1 


However, by the ratio test, the series XU n converges absolutely if 

lim U n+1 . 

n-H» u \ v 

l n I 

and diverges if 

lim I U n+1 I . 
n+°° U 

n 

Consequently, for convergence 

ii ,x| 

L I XI - R < 1 

Therefore, the power series converges absolutely if |x| < R, diverges if |x| > R. Also if L = 0 we have R = oo, and if L = co then 
R = 0. 


(ii) For this case, again let U n = a^ 11 . Then 












which is the divergent harmonic series. For x = -1 we have the alternating series, 


V (-1) n 

nil n 



where 


1 i-D n+1 | 

< I 1 ’ 1 '* 1 

n+1 

1 n 

and 


iim (-l) n 

0 

n+°° n 


Hence this series is 

convergent. Thus, R = 1 and the series converges absolutely for 

b) 


V (2n) 1 
n=l (n!) 2 

n = -2i_ x + -lL_ x 2 + . 6J„ x 3 + ... 

(I) 2 (2I) 2 (3!) 2 


a = and U = 

n (n!) 2 n (n!) 2 


lim 

U n+1 

lim 

(2n+2)! n+1 

(n!) 2 

n-*- 00 

U n 

n->-“ 

[(n+1)!] 2 x 

(2n)!x n 


_ lim 

(x| (2n+2)(2n+l) . 4 , x , 



n-*^° 


(n+1) 2 


Therefore r = 

i since we ’ 

4 

want 4 x < 1 . 


c) 





I 

(3n) ! 

x n = 3Ix+ 

6* x 2 + _il_ x a 

+ ... • 

n=l 

(nl) 2 


(2!) 2 (31) 2 



a = --— and U = - - Ll - 

n (n!) 2 n (n!) 2 


lim 

U n+1 

lim 

( 3 n+ 3 )I x n+1 

(n!) 2 

n->°° 

u 

n 

n-»-oo 

C(n+1)!] 2 

( 3 n)! x n 


lim ( 3 n+ 3 )( 3 n+ 2 )( 3 n+l) 
n ^“ (n+1) 2 


Therefore, the series does not converge for any value of 
x except x = 0. This means that 


= 0 (i.eR = 


• PROBLEM 13 


Considering all possibilities, find the radius of convergence of the series 




I iEiU x " 

(n !)<3 

where p is a positive integer and q > 0. 


Solution : To find R for the given series, three cases must be considered. They are the cases (i) p = q, (ii) p > q, (iii) p < q . 
However, for each case we will need the ratio test. Hence, in general, 


lim 

U n+1 

lim 

(pn+p)1 x n+1 

(n! ) q 

rr+«> 

U n 

n+‘°° 

[ (n+1) i 

(pn)!x n 


_ i i lim (pn+p) (pn+p - 1) ... (pn+p - (p-1)) 

n ~° (n+l) q 

. . , lim P<n*»pf"*l - g) ••• p("+1 - ^ 

(n+1) 1 ^ 

Now since there are p number of terms in the numerator(this because i has, after cancellations, x terms in the 

n! 

numerator), we have 


-r 1 - w p p 




Case (1): Assume p = q, then 


lim n+1 


1*1 P P 


(n+1) n+1 - ■ 


(n+1)* 

(n+1) ( n+1 ~ j) 

(n+1) (n+1) 


since 


1*1 


lim (n+1) lim 
n-*-“ (n+1) n-*-“ 


fr 1 - k) 

(n+1) 


lim 

n-p“ 


(2) 


lim 

n-+a> 


(ai 


a 2 . a 3 


lim 
n-+» a 1 


lim = 

n+oo V 


Therefore, 


lim 

n-+°° 


1*1 


P 


P 


since each limit in (2) equals 1. Consequently, the series converges if |x| < p' p therefore R = p ' p . 
Case (ii): Assume p > q, then from (1), 




. . (n+1) n+1 - - ... n 


= | | p lim jn+1) n+1 - - 

' ' P < n+1 > (n+i) 


= IvI n p 1 im ( n+ D 1 i® ( n+1 ~ p) 
* I P n-*® (n+1) n-*-® (n+1) 


Now the first q limits each equal 1, however, the last limit 


(„ + l -i) ... ( n 
n-~ v P j \ P J 


Case (iii): Assume p < q, then from (3), 


= | x | p P lim (n +1 ) [ n+1 ~ .pj 
11 p n-*-® (n+1) (n+1) 


|x| p P • 0=0 


Therefore, for this case R = oo . 


Summarizing, we have 


• PROBLEM 13 


n-1 






have the same radius of convergence. 


f(x) = l a x n = ao + ai x + a 2 x 2 + a 3 x 3 + . .. (1) 

n=0 n 

f' (x) = £ na x n_1 = ai + 2a 2 x + 3a a x 2 + 4a 4 x 3 + ... . (2) 

n=0 n 

Let R and R' denote the radius of convergence of (1) and (2), respectively. Suppose |x| < R, and choose x 0 so that 

|x| < |x 0 | < R . 

Then (1) is convergent with x = x 0 and consequently a n x 0 n —> 0 as n —► oo, since for a convergent series 

nlo 

we have 

lim u = 0 

n -*-°o u n 

Therefore a number A > 0 may be chosen such that 

| a n x °" |± A 

for all n. Then 

n. x "’ 1 = — „ a x "- 1 .A , „■ (*-) , " 1 

n xo n n Xo n \ x# / 

Therefore 


n_1 l ^ A n-1 


r = - < 1 

|x 0 I 


n =0 |x 0 | 

s convergent since 


lim 1 

U n+i 1 

iim 1 

(n+l)r n 1 

lim 1 

n+1 1 

here 

U n 1 

n-»-oo 1 

nr"" 1 1 


n | 




1*0 I 


Thus, by (3), the series 


which is the series (2), is also convergent. Hence, (2) converges if |x| < R. It follows that the radius of convergence of (2) 
is not less than that of (1). That is R' > R and if R = go this means that R' = oo . 


Now we assume that R' > R and we choose x so that R < |x| < R'. Then for this x, the series (2) is absolutely convergent, 
but the series (1) is divergent. Now 


|a n xn | = |n V'"" 1 ! I ^ I < Inajx"" 1 ! 

as soon as n > |x|. Hence, this shows that the series (1) must be convergent by the comparison test. However this is a 
contradiction. Therefore r ' }> r and since we have already shown that R' > R (i. e mf r • ^ r), this means that R' = R. 

This completes the proof. 

• PROBLEM 13 


Find the radius of convergence of the power series 

I — 

n=l n 2 

Then determine if the convergence is uniform for -R < x < R . 


Solution : Here the ratio gives 


lim n+1 

n-*» U 


lim 


1*1 


(n+1) 2 


|x|, 


so that R = 1. That is, the series converges absolutely for -1 < x < 1 and diverges for |x| > 1. Note we could have also found 
this result by the relation, 

R = I where * = sup n/\a~\ 


where a = — which yields 


n/|l/n 2 | 


"A 


n 


2/n n-*< 

1_ 


1110 sup p (2A01og n 


sup(2/n)log n 


therefore, 

1 


so that as before R = 1. For x = ±1 the series converges by comparison with the harmonic series of order 2, that is 







(± 1 ) 


Hence the series converges for -1 < x < 1. To determine if the convergence is uniform in this interval, we need the 
Weierstrass M-test for uniform convergence. That is, we must find a convergent series of constants 


for all x in-1 < x< 1 if we are to determine that 


is uniformly convergent in this interval. 
Since -1 < x < 1 we have 


for all x in the range. 


Therefore since 


converges, this shows the given power series converges uniformly on - 1 < x< 1 . 


Prove Abel’s theorem which states: 


converges at R, then it converges uniformly on the closed interval 0 < x < R. (A like conclusion holds for -R < x < 0 if the 
series converges at x = -R). 


Solution : Suppose s is any positive number. To show that the series is uniformly convergent for 0 < x < R it is necessary 
and sufficient to show that to each s > 0 there corresponds some integer N independent of x such that 

| £ n<*> - s 

n i 

whenever N < n, N < m; where f (x) = J a . x J . 

j=o - 1 

Therefore we need to show that there is some integer N such that 
l a m x" , + a mH x m+l +a m4 ,x m -P|<s (1) 
if N < m, 0 < p and 0 < x < R. Now set 


m+k 


m+k 


and V. 


m+k 







that is 


v . - (I) - * (I) 


m+1 

m+1 


- r p 


Notice that in 0 < x < R we have 
V 0 > V T > ... > V p > 0 and V 0 < 1 . 

Then (1) can be written 

-s<U 0 Vo + U 1 V 1 + ...+U p V p <8 (2) 

To show (1) (since the series is convergent when x = R), N can be chosen so that 
- e < a m R m + iWi R m+1 + ... + JWp R”^ < e 
if N < m and 0 < p . 


However, to proceed further we need the following lemma: 

If m< S k < M, k= 0,1, 2, p, (3) 

where 

s k = u 0 + u 1 + ...+u k 

and if 

V 0 > Vj > ... > V p > 0 ; (4) 

then mY 0 < U 0 V 0 + Uj V T + ... + U p V p < MV 0 . 


Therefore, for the proof of the theorem, since condition (4) is satisfied by the Vs and (3) is satisfied with m = -s and M = 8, we 
have, by the lemma, 

- 8V 0 < U 0 V 0 + Uj V T + ... + U 2 V 2 + ... + UpVp < sV 0 . 

However, since V 0 < 1, we have sV 0 < s and -e < - sV 0 so that 
-8<U 0 V 0 + U 1 V 1 + ...+U p Vp<8 

which is precisely inequality (2). This completes the proof for 0 < x < R. The case of convergence at x = -R is reduced to 
the first case by considering g(x) = f(-x) at x = R . 

• PROBLEM 13 


Prove Abel’s limit theorem which states: 
If 


r n 

l ax 
n=0 n 

converges at x = Xq, where x 0 may be an interior point or an endpoint of the interval of convergence, then 


lim 

X*X0 


• 1 1 

n=0 n J n=0 


lim a x 1 
x+xo a n x 


' ^ a n X 

n=0 


If Xq is a left hand endpoint it is proper to use x —*■ Xq + and for a problem hand endpoint x —*■ Xq" . 


Solution : To simplify the proof assume the power series to be 







I *„* n 

n=0 

with the endpoint of its interval of convergence at x = 1, so that the series surely converges for 0 < x < 1 . Now we need to 
show that 


A n=0 n=0 n=0 

However, from the previous problem we know that 


i 

n=0 


is uniformly convergent for 0 < x < 1 since it is convergent at x = 1. In addition, by another theorem, if the functions 
{U n (x)},n = 0, 1,2,3, ... 
are continuous in [a,b] and if 


S V*> 

n=o 


converges uniformly to the sum S(x) in [a,b], then S(x) is continuous in [a,b]. 
To apply this theorem to the proof of the given problem let 


S (x) = l a x n . 
n=0 


Then this means that S(x) is continuous at x = 1, since S(x) is the uniform limit of continuous functions in [0,1]. 
Therefore 

lim 


x--l- 


S (x) = S (1) • 


That is 

lim 

X -*T“ ” x-^1 


lim 


- I a x n = S (1) = l a = l ,-c.A 
nio n n=0 " nio n 


This completes the proof since extensions to other power series are easily made. 

OPERATIONS ON POWER SERIES 


• PROBLEM 13 


a) Using power series, show that 


ST 


" dx 


b) Then show that sin a cos b + cos a sin b = sin (a+b) and 
cos a cos b - sin a sin b = cos (a+b). 


Solution : The power series expansion for sin x and cos x are for all values x 

sin x = x - *i + x? 


7! 


( 1 ) 


2! 4! 6! 


COS X = 1 


+ ... 


( 2 ) 







Since, by theorem, a power series can be differentiated term-by-term in any interval lying entirely within its radius of 
convergence, we have by (1) and (2), for all values x 


d(cos x) _ -2x 4x 3 6x 5 

dx 21 4! "5! 


b) Using the result from part (a) we have 
{ sin x cos (h-x) + cos x sin (h-x) }' 
= cos x cos (h-x) + sin x sin (h-x) 

- sin x sin (h-x) - cos x cos (h-x) 


Thus sin x cos (h-x) + cos x sin (h-x) is constant and this constant equals the value sin h (this was found by letting x = 0). 
Hence 

sin x cos (h-x) + cos x sin (h-x) = sin h. 

Now replacing x by a and h by a+b yields 
sin a cos b + cos a sin b = sin(a+b). 

From which differentiation with respect to a yields 
cos a cos b - sin a sin b = cos (a+b). 

Note that from this result we obtain 
cos 2 x - sin 2 x = cos 2x. 


Show that the series representation 

X X ^ X ^ 

e * = 1 + x + x + x + . 


s valid for all values of x. 


Solution: To do this problem we make use of Taylor’s formula. That is if 
f' (x), f' (x),. . . , ^ (x) 

exist and are continuous in the interval a < x < b and if f" +l ^ (x) exists in the interval a < x < b, then 


f (x) = f (a) + f ’ (a) (x-a) 


. f in> (a) (x-a) n p 
+ iU + R n 

where R n is the remainder and which is written in the Lagrange form as 

_ , n+1 

R n ~ (n+1) ! * 1 








where a < % < x. Note that as n changes,^ also changes in general. In addition if for all x and t, in [a,b] we have 

lim R = 0, 

n 

then (1) can be written in the form 

f(x) = f(a) + f' (a) (x-a) + (x-a) 2 

f (a) (x-a) 3 (2) 

+ 3J +... • 

Note that (2) is called the Taylor series or expansion of f (x). 

For the given problem we have f (x) = e x , so that f ^ (x) = e x for all orders a Now taking a = 0 in (1) we have 


f (x) = f (0) + f ' (0) x + 


f"(0)x 2 
2! 


F (n) 


(0) x 


which yields upon substitution of f (x) = e x , 


e = 1 + x + 


_ f (n+1) (g) n+1 _ e C n+1 

n “ (n+1)! (n+1)! 

where 

0 <£,<x. 

Now we must prove that 

lim R = 0, 

n-*-°° n 

so that we will have the Taylor expansion for e x . However, 

- |xj < q < |x| and 0 < e^ < el x l ; 

hence 

1 , 1 Ixl "* 1 

Tsnn— • 


n+1 


l R nl - |7Hfm 

Thus by (3) to prove 

0 ? 


lim R 
n+» n 

it is sufficient to prove that 

lim |x| n = Q 
n-oo nl 

To do this choose an integer N such that N > 2 |x|. Then if n > N, 

1 x | n I x 1 N J xj n ' N 

n! 


N! 


(N+1)(N+2)...n 


- \*\1 A*L\ (\A\ 

N! \N +lj \N+2 J ‘ • \ n J 
|xi M / N \ (_«\ _L_ < W2 / 1 \ n - N 

N! \N+1/ \ N+2 / W 2 n_N “ N1 W 


Therefore 



Now keeping N fixed we have 


Therefore by (4) 

lim |x| n = 0 . 


This means that the series representation 


is valid for all values of x. 


• PROBLEM 13- 


Derive the series expansion 


1 x 3 . 1 3 x 5 , 1•3•5 x 7 


232 45 2-4-6 7 


Solution : To derive the given series for sin 1 x we need the following theorem; 
Let f be a function defined by 


f(x) = 1 a x n 

n=0 n 


where R ^ 0 for the power series. Then f is continuous in the open interval of convergence of the series. Moreover, if a and 
b are points of this interval, 


f(x)dx = l 


That is, the integral of the function is equal to the series obtained by integrating the original power series term by term, i.e., 


f (x) dx = l 
a n=0 


To apply this theorem we start with the fact that 


Now (2) is valid if |x| < 1; however the integral is improper if x = ±1 since the integrand becomes infinite at t = ±1. Now by the 
binomial theorem, 


(l+x) r = 1 + rx + + r(r-l) ... (r-n+1) x » 

2 j n! 


when |x| < 1, and where r is any real number. 


We replace x by -t 2 and let r = _ A. to yield 














or 





x * x ^ 

f(x) = x _ + . 

b) From(l) we have, 

.. + (-1) n_1 

_x!L + 

n-n! + 

(1) 


n\ - f 1 1 - e~ t/2 at 

1 1 

+ i ( 

3 

l\ . 


f U> ) 0 t dt 

2 2-2! 

3-3! ^ 

2) 


which approximately equals 1.13 . 




• PROBLEM 13- 

a) Prove that 





_1 V 3 V s 

tan x = x - Aj- + -y 

X 7 

-¥ + 




where the series is uniformly convergent in -1 < x 
d) Prove that 

< 1 . 



4 1 3 5 7 






Solution : By the geometric series 


which converges to if l r l < 1 (it diverges for r > 1) we have, with r = -x 2 and a = 1, 


= 1 - x 2 + X 1 * - X 6 


Therefore by (1), 


(1 - x + x - x + ...)dx 


since, if ZY n (x) converges uniformly to the sum S(x) in [a,b] and if V n (x), n = 1, 2, 3, ..., are continuous in [a,b] then 


S(x)dx = l V (x) dx 

n=l la n 


Now, at x = 1, we have on the problem of (2). the series 


However, this series is a convergent alternate series. Similarly, for x = -1 we also have a convergent alternate series. 
Therefore by Abel’s Theorem we know that the interval of uniform convergence includes the endpoints x = ±l. Hence, the 
series is uniformly convergent for -1 < x < 1 and in this interval 


b) From part (a), using (3) we have, 








7 


+ ... ) 


lim 

x+1' 


lim 

x+l~ 


(x 5 - + “c" 


which means, since tan = 1, that 

4 


This is the desired result. 


• PROBLEM 13- 


I Find a power series in x for: ! 

a) 

tanx 


b) 

sin x 
sin 2 x 

(x + 0 ) 


Solution: To find the power series of the given functions, we need the following theorem; 

Given the two power series 

l a n x n = a 0 + a lX + a 2 x 2 + ... + a n x n + ... 
n=o 

and 

J 0 b n x " ’ b * + hi 11 + b “ x! + ••• + V" + 

where b 0 7 ^ 0, and where both of the series are convergent in some interval | x| < R, let f be a function defined by 

a 0 + x + a 2 x 2 + ... + a x n + ... 

f(x) = -2—-• 

bn + b,x + b,x 2 + . .. + b x + ... 
u 1 *■ n 

Then for sufficiently small values of x the function f can be represented by the power series 
f (x) = c 0 + CjX + C 2 x 2 +• + C X n + ..., 


where the coefficients c 0 , c |5 c 2 , ..., c n ,... 

are found by long division or equivalently by solving the following relations successively for each q. (i = 0 to 00): 


bo c 0 = a 0 
b 0 Ci + bi c 0 ” a j 

b » c n + bl c n-l + ••' + b n c « = a n 

a) To find the power series expansion of tan x we need the Taylor’s series for sin x and cos x. That is 



and 


COS X 

Then, 


1 


*1 

2! 


x 4 

4! 


sin x 
cos x 


tan x 







Therefore, by the theorem we can find the power series expansion of tan x by dividing the numerator by the denominator on 
the problem side of (1). Hence, using long division we have 



Thus 


tan x - x + i x s + ^ x* + ... 


b) Since 

Sin X = X - yj- + jry - ... 

we have 

sin (2x) = 2x - * - .. 




so that 


sin x 
sin 2x 




Now multiplying the numerator and denominator on the problem side of (2) by 1/x yields 


sin x 
sin 2x 



Now by long division 



25 

120 




Thus, for x ^ 0, 

sin x _ 1 
sin (2x) 2 


• PROBLEM 13- 


Starting from the power series expansion for tan ~'x find the power series expansion for tan x. That is, derive the series 
expansion by a different method from the one used in the previous problem 


Solution : We are given that 


tan x = x 


• V - ¥ +...+ <-!>“ 


2n-l 


for -1 < x < 1 and are asked to derive the power series expansion for tan x. To do this we need the following theorem; 

If given the power series 

y = f(x) = X c n x " /■ with °b “ 0 
n=0 


and if 

| x | < Rq and c T ^ 0, 


then there is an inverse function 

X - 9<y) = b n y n 

where | y| < R 1? Rj > 0 . 


In addition, the coefficients b n are determined from the identity 


*1 b " 
n=l 


Vex 

mil m 


For the given problem, we have 


y = tan’ 1 x = x- 3 " + - 5 - f + • • * + (“U 

Therefore 

x = tan y = J b y 11 = J b (x - 

n=l n n= 1 n J 3 


or 

x = b x (x - 3- + ... ) + b* <x - ^ + ...) 2 + 

v3 3 

+ b 3 (x - -j- + ... ) + ... , 

or 

x = b x x + b 2 x 2 + x 3 ( - y bj + b 3 ) + ... 
Hence bx = 1, b 2 = 0, b 3 - bj = 0 , ..., 

Thus 

x = tan y = y + Xr- + . . .• 


PROBLEM 13- 





1 Show that 



f 1 / 

(i.-t) dt =. f i + i + i + . 

.. + 4 + 


0 Vl 2 2 2 3 2 

n 2 J 


Solution : We first observe that the integral is improper at t = 1, but not at t = 0, since, by L’Hospital’s rule, we have the 
integrand approaching the finite limit -1 as t —» 0 . 

Now to show that the integral is equal to the given series, we need to start from Taylor’s formula with remainder for 

log (1+x) = x - -|-x 2 + jx 3 - ... + {- 1 ) n - 1 ±x n + R n+1 

if 1 > x > -1 and where 


lxl n 


if 0 < x < 1 


if -1 < x < 0 


( 1 ) 


However (1) shows that R n _, —> 0 as n —» oo when x is limited as indicated. Therefore 

1 1 


( 2 ) 


Now letting x = -t in (2) yields 

log (1-t) = -t - \ 

Dividing by t gives, 


7 f - ... 


I *2 

3 


t * 2 

Note that the series diverges at t = 1. However, we can still integrate from 0 to x. This yields, 


fog <i-t> dt = 

o t 


i-i-h-i 1 ' 

n to 


- — x 2 - — X 3 - 
2 2 3 2 


(3) 


However, this series converges when x = 1. That is, the series 


_L 

3 2 


) 


2 Z 3 Z 

which we know to be convergent. Therefore, as a special case of (3) we have, 


I — * 

n=l n 2 


log (1 -t) flt 


— + — + — + ••• + — + ... \ 
Vl 2 2 2 3 2 n 2 J 


• PROBLEM 13- 


Let the functions J 0 (x), J, (x) be defined as follows: 








J 0 (x) = 1- 




(2\r2 q 


-... + (-l) n - 


(n!) 2 


(1) 


Ji(x) 


2 L 1!2!2 


■ (-1)" 


-)! 2 2n + '] ' 


,!2!2^ n!(n + l)!2‘ r 

Show that J 0 (x), J T (x) are defined for all values of x and that J 0 '(x) = -J, (x). 


Solution : Before proceeding we make note that J 0 (x) is called the Bessel function of order zero of first kind, that J, (x) is 
called the Bessel function of order one of first kind, and that these functions arise in many kinds of physical problems. 

Now to show that J 0 (x), J](x) are defined for all values of x, apply the ratio test to each fiinctioa Hence for J 0 (x), (setting 
U n = (- l) n x 2n / (n!) 2 2 2n ) 


lim 

n-*°° 


U n+1 

_ lim 

<-l) n+1 x 2n+2 

(n!) 2 2 2n 

U n 

n-*oo 

[ (n+1) ! ] 2 2 2n+2 

x 2n (-l) n 

, 2 | lim 

• n-*oo 

1 

= 0 . 


4(n+1) 2 



Therefore J 0 (x) is convergent for all values x. Similarly for J ](x), we have, 
(setting U n = (-1) n x 2n / (n! (n+1) ! 2 n )) 


lim 

U n+1 

_ lim 

n +1 2n+2 
(-1) n ^x 

n! (n+1)12 n 

n-K*> 

1 °n 

n-»-oo 

(n+1) ! (n+2)!2 n+1 

' (-l) n x 2n 


x 2 lim 


1 


= 0 


2 n-*-» (n+1) (n+2) 

so that J](x) is convergent for all values of x. 

Now to show that J 0 '( x ) = -Ji(x) we need to write the series J 0 (x) and J ] (x) in the forms 

J 0 (x) = I (-1)" — X - 2n - 6 - 

n=0 n!n!2^ n 


Ji (x) = l (-l) n -2----- 

n=0 n!(n+1)!2 n+1 

Now by theorem, the power series 

f (x) = a 0 + ajx + a 2 x 2 + a 3 x 3 + ... 

can be differentiated term by term over any interval lying entirely within the interval of convergence; thus 
f' (x) = a 1 + 2a 2 x + 3a 3 x 2 + ... . 

Therefore, 

2n-l oo _ „2n-l 


J 0 '(x) - l (-1) n 

n=l n!n!2 


2n 


l (-!)"■ 


n=l (n-1)!n!2 2n_1 

Notice that in ther series for J 0 (x) the term with n = 0 is a constant, so that the series for J 0 '( x ) begins with the term for which n 
= 1. Now writing n + 1 in place of n in the last summation means the new index n will go from 0 to oo . Consequently we 
have 






,2n+l 


Jo’(x) = l (-l) n 
n=0 


n! (n+1) ! 2‘ 
2n+l 


,2n+l 


I (~D n 

n=0 n! (n+1) 12 


2n+l ~ " Jl(x) 


since 

(-l) n+1 = -(-l) n . 

This is the desired result. 


• PROBLEM 13- 



Solution: To find the sum of the given power series, we first need to determine its interval of convergence. By the ratio test, 
if U n = n 2 (x+3) n 


lim 

U n+1 

_ lim 

(n+1) 2 (x+3) n+1 

n -*-» 

U n 

n+°° 

n 2 (x+3) n 


lim n 2 + 2n+l 


= |x + 3| . 

Therefore, the series converges for |x + 3| < 1 (i.e., -4 < x < -2) and diverges for | x + 3 | > 1 . 
Now to proceed further, we consider the geometric series 


l x n , 
n=0 


which converges if |x| < 1. That is R = 1 and 


l x 1 

n=0 


n _ 1 

(1-x) 


where |x| < 1 . By differentiating this series, which we can do since a power series can be differentiated term by term over 
any interval lying entirely within the interval of convergence, we obtain 


l 


nx n_1 = 1 

n=l (1-x) 2 -1 < 3 

Differentiating again yields 

,2 „,„ n-2 _ 2 

(1-x) 3 


l (n 2 - n)x n 
n=2 


l n x 11-2 - l nx 1 
n=2 n-2 


(1-x) 3 ■ 

Multiplying each side of (2) by x 2 gives 

2 n r „ n 2x 2 


I n 2 x n - £ nx n 

n=2 n=2 (1-x) 3 







2x 2 

(l-x) : 


J n 2 x n - £ nx 11 + x : 

n=2 n=l 


which by (1) means 

^ n 2 x n - x _ 2x 2 

n=l (1-x) 2 (1-x) 3 

Hence 


V n 2 x n = + -S- 

n=l (1-x) 1 <l-x) ! 


Then substituting x by x+3 we obtain 


l n 2 (x + 3 ) n = i(x ± 3)l + _(x ± 3)_ 
n=l (-x-2) 3 (-x-2) 2 


-1 < x + 3 < 1 


„2 . ,n _ _ x z + 7x + 12 


I (x+3) n 
n=l (x+2) 3 


-4 < x < -2. 


• PROBLEM 13- 


Using Power series, show that 


io, 2 = i - | + U i * ••• 


Solution : Starting with the fact that 

+ i li + 

2J + 3 , + ... 


we have 

e x —>■ oo as x —> oo and 


Therefore e x increases from 0 to cc as x increases from - co to oo . Now by the implicit function theorem we know that x = e y 
defines y as a continuous, differentiable function of x, increasing from - co to co as x increases from 0 to oo . 

This means y = log x if and only if x = e y . In addition 


d(log x )_ 1 
dx x 


and so for x > -1 we have 


log (1 + x) 


l (-1) n t n dt 
0 n=0 


if | x| < 1. This because, for 


l (-1) n t n 

n=0 


we have 

S n = 1 -t + t 2 -t 3 + ... +(-l) n t n 







ts n = t-t 2 + t 3 —1 4 +... +(-l) n t n+1 

Adding yields 

s n + ts n = 1 +(-l) n t n+1 


or 

c _ i + (-py 1 * 1 

n 1 + t 

and 

lim = 1 

m-°° n 1 + t 

for 111 < 1 . 

Thus, 

x 2 x 3 

log (1+x) = x- T + ~T ~ *** 

for | x | < 1 . 


Abel’s limit theorem states that if 

Jo a " 

converges, then 

l a n 

n=0 n 

converges uniformly on [-r,l] if 0 < r < 1 .In particular 

lim 00 _ lim _ “ 

x—>1 l a x n = l x->l a x = l a 

x<l n=0 n=0 x<l n=0 

Therefore, since 


(- 1) 11 


log (1+x) = l 

n=l 1 

and since the alternating series 

i-i)"- 1 


nil - 

converges, we have 

X lin oo / t % n-1 °° / i \ ri 

*-i I * - l 

x <1 n=l n n=l n 

Thus, 

log 2 = I = 1 - 1 ♦ 

n=l 


• PROBLEM 13- 


By the use of power series, show that for x, y e R; 

a) 

e x e y = e x+y 


b) 






8in x cos x = -=■ sin 2x- 


Solution : a) The power series expansion for e x , where x is any real number is 

lim 


l + x+ 4r + T7 + .--= llm l £r • 

21 3T n-*-» k £ 0 k! 


U) 


Now by theorem, given the two power series 

I a x n , I b x n , 

n=0 n n=0 n 

the two series can be multiplied to obtain 

l c x n 
n=0 n 

where 

c n = a 0 b n + a, b n .j + a 2 b n _ 2 ... + a n b 0 ; 
the result being valid for each x within the common interval of convergence. 

Therefore, by (1) 


x y llm P ? ** 

n + “ k! k! 


, 3T (k-j)l 


lim rip kl 1 k- 

n- k i 0 in- T 0 ji(k-j)i x y 

However, since the binomial theorem states that 


r m! _r,_m-r _ ,_ , , m 

r!(m-r)! a b = {a + b) ’ 


(2) becomes 

eV . lim M (x+y) * . . x+ y 

k=0 

That is e x e y = e x+y , this is the desired result, 
b) Since 


Sin X = X- yj-+gj - ... = 

and 

cosx=l-|l + |l- ... 

for all real x, we have 


(2k+l) ! 


_ lim r (-l)^c 


l 

k=0 





lim r (-!)>< 
n-» v £ n (2k+l) ! 


k 2k+l n . ,.k 2k 

x v (-D x 

k+1)! k £ 0 (2k)! 


. Iim ? £ <-l)V3 {-i) k -ix 2k+1 - 2 i 


lim y (-i) k x 2k+1 y —> _ - _ 

k £ 0 X jio (2j) !(2k+l-2j) ! 


lim ? (-l) k x 2k+1 1 2k r X 

n +“ k io (2k+1)! 2 |_ iio 

2k + X (2k+l)1 ( _ 1} i] 

.i 0 i!(2k+l-i)! 1 A| 

_ lim " (-l) k x 2k+1 if,,. 

■ — Jo <2k +1 ). 2[« 1+I 


(2k+l) 1 
i!(2k+l-i) ! 


2k ^ (2k+l) ■ 

.| 0 i!(2k+l-i)! 


2k y X (2k-H) 1 i = (1 . 1) 2k+l 

i 4 0 i!(2k+l-i)! ' U U 11 


by the binomial theorem. 


sin x cos x = ~ lim ? (-l) k x 2k+1 0 2k+l 
sin x cos x 2 n^» ^ (2k+l)! 


sin x cos x - \ £ j o = \ 

This is the desired result. 


PROBLEM 13- 







e = 1 - x 2 

for - co < x < oo . 
Therefore 

1 -x2 2 
1 - e = x z 

which means that 


27 “ 3l + 47 “ 


47 + 


1 - e 


-x 2 


1 - " ^7 


2! T 3! " 4! 

Now this series converges for all x and in addition converges uniformly for 0 < x <1 . 
This because 

.n+1 2n-2 


1 - 


■ii 


(- 1 ) 1 


and since 


1 , 

1 11 

s| 

1/ 

Ic 


for 0 < x< 1, 
from the fact that 


l _L 

nil n! 


converges, it follows that the series (1) converges uniformly for 0 < x < 1 by the Weierstrass M-test. Integrating both the sides 
of (1) fromO to 1 gives 


3-2! T 5-3! 


3 *^2 ! + 5-3! 


1 

7-4! 


= 1 - 0.166666 + 0.033333 - 0.005952 + ... 
* 0.8607 


• PROBLEM 13- 


I T~— = 1 (a + a + ... + a ) x 1 

1-X n £ 0 ° 


n (1) 


Then use the result to find the function represented by the following series: 




J x (° + 1 . 1 + 1 . ... + l) x n 







Solution : Starting from the problem side of equation (1) it follows that 


l (a 0 + ai 
n=0 


)x n = l (a 0 x n + a x x n + ... + a 
n n=0 n 


= a 0 + a 0 x + a 3 x + a„x' + a x x' + a 2 x* 
+ a 0 x 9 + a x x 3 + a 2 x 3 + a 3 x 3 + ... 


I (a 

n=0 


... + ajx“ 


= a Q (l + x + x 2 + x 3 + ...) + ajlx + x z + x 

+ a 2 (x 2 + x 3 + x 4 + ...) + a 3 (x 3 + x 4 + x 

+ . .. 

Now multiplying (2) by (1-x) gives 

(1-x) l (ao + ... + a )x n = 
n=0 n 

(1-x)^ao(1 + x + x 2 + ...) + a x (x + x 2 + x 3 + ...) 

+ a 2 (x 2 + x 3 + x 4 + ...) 

+ a 3 (x 3 + x 4 + x 5 + ...) + ... ] - [a 0 (x + x 2 + x 3 + . 
+ a 2 (x 2 + x 3 + x 4 + ...) + a 2 (x 3 + x 4 + x 5 + ...) + . 
= a o 

This means that 

(1-x) l (a 0 + a 2 + ... + a n )x n = £ a n x n 


I ., n - I (a 0 + aj + ... + a lx 11 

n=0 1 n=0 


L 1 + n ♦ - ♦ 


n=0 

For this series 


11 

Therefore by equation (1), 


l 1 

n=0 


. A. + + A. 11 . r . _1_ „ _1_ y 2L. 

1! n V Jo n! 1 " x Jo nI 



However, 


y *_ = e x , 

A nl ’ 
n=0 

so the function represented by the series is 

x 

e 

1 - x 


b) 


l 

n=l 


1 


By (1) this series equals 

i (-i » n+1 £ 

nil n 

Since 


1 

1-x 


log (1+x) = l (-1) ' L 
n=l 

this means that the function represented by the series is 

log (1+x) 

1 - x 



CHAPTER 14 


FOURIER SERIES 


The subject of Fourier series has many and varied applications in mathematics and physics, but finds its most important 
applications in areas where periodic functions are widely used, especially in electrical circuits and electromagnetic waves. A 
function f is said to be periodic with period T if f(x+T) = f(x) for all x. An example is the alternating voltage supplied by an 
electrical wall socket in which case x represents time. 

The fundamental question in Fourier series, as in power series, is “when can a function be represented by its Fourier 
series?” The Fourier series of a function with period 2c (and also a function defined only on an interval of length 2c) is an 
i nf inite trigonometric sum of the form 

■o + 

Since each term in the sum has period 2c, so will any function it represents, provided it is convergent. The association between 
f and this series will be seen to lie in the evaluation of the coefficients and with these coefficients defined in terms of f, the 
problem will be to find when this series adequately represents f. 

Three types of convergence will be discussed: Point-wise Convergence, Uniform Convergence and Convergence in the 
Mean. Each has its own advantages in the determination of when a function’s Fourier series adequately represents it. For 
instance, the Uniform Convergence Theorem has the advantage that if certain conditions are satisfied, then the Fourier series of 
f will converge to f at each point where f is defined. However, these conditions on f are very stringent. On the other hand, f s 
Fourier series will be found to converge in the mean for all but the most pathological of functions. However, this is a statistical 
type of convergence in that it might not be possible to say that the Fourier series of f at x 0 converges to f(x 0 ) for any x 0 ! Finally, 
Pointwise Convergence will be seen to be somewhere in between the other two both in adequacy of representation and 
stringency of conditions on f. However, Convergence in the Mean is the most widely used for physical applications. 

DEFINITIONS AND EXAMPLES 


• PROBLEM 14 

Consider the infinite trigonometric series 
a °° 

-£■ + l (a cos nx + b sin nx) and assume that it converges uniformly for all x e (-n, n) . It can then be 
n=l n n 

considered as a function f of x with period 2n, i.e. 
f (x) = + Z (cos nx + fc^sin nx) 

Determine the values of a n , b n in terms of f(x). 


Solution : It is this computation which leads to the definition of the Fourier Series of a given function f(x). First multiply 

both sides of (1) by cos mx where m is a positive integer which we will vary later. This yields 
a 0 ° 

f(x)cos mx = cos mx + £ a cos nx cos mx 

2 n=l n 


+ £ b sin nx cos mx. (2) 

n=l n 

The next step is to integrate both sides of equation (2) from -n to n. In order to integrate the two series on the right term by 




term these two series would have to be uniformly convergent, but since this exercise is intended only to motivate a definition, 
we will simply assume that term-wise integration is valid. Thus, (2) becomes 


f(x)cos mxdx = 


cos mxdx + Z a 


cos nx cos mxdx 


l [b 
n=l 


sin nx cos mxdx 


This rather formidable expression yields useful information if one recalls the trigonometric identities 


1 

2 

cos nx cos mx = i cos(n+m)x + i cos(n-m)x 
sin nx cos mx = i sin(n+m)x + i sin(n-m)x. 


( 4 ) 


( 5 ) 


( 6 ) 


Using these three identities, the following equations may be verified by carrying out the integrations: 


sin nx cos mxdx » 


cos nx cos mxdx = 


sin nx sin mxdx = 


(for all n,m>0) 


(if n fi m) 
(if n * m) 


(if n * m) 
(if n = m) 


( 9 ) 


For instance, using the identity (4) in the integral of equation (9) yields 
“ir fir 

;in mx dx = - cos(n-m)xdx - ^ cos(n+m)xdx. (10) 
J -It “IT 

If n ^ m, then 

cos(n-m)xdx : 

r 

and if n = m, then 

cos(n-n)xdx = 


sin(n-m)x 

n-m 


Also, 


s (n+m) xdx = si ^ +m)x | 


0 (for all n,m>0) . 


Using these results in (10) yields the result quoted in (9) and the other formulas are established in a similar fashion. These 
formulas are called the orthogonality properties of sin and cos. 

Returning to the series in (3), it is seen that all terms in the second sum are zero (by equation (7)) and that for any m, only 
one term in the first sum is nonzero by equation (8). That is, for m> 0, 
















cos mxdx = 0 


-TI 

so that (3) gives 

’ TT 

f(x)cos mxdx = a ir (m>0) . (11) 

m 

. -it 

The coefficients b n are treated similarly, that is the expansion (1) is multiplied by sin mx and integrated. Again the 
orthogonality properties (7)- (9) are employed to yield 

’ TT 

f(x)sin mxdx = b it. (12) 

m 

-it 

Finally, to obtain a 0 , simply integrate the expansion (1) as it stands from -n to n. This results in 

IT 

f(x)dx = a tt. (13) 

o 

-TT 

The results of equations (11), (12), (13) maybe summarized as 

TT 

f(x)cos nxdx (n^O) (14) 

-TT 
TT 

f(x)sin nxdx (n>0). (15) 

-TT 

Thus, it has been proved that if a function f is repre-sentable by a uniformly convergent trigonometric series then that series 
must have the coefficients of equations (14) and (15). 

• PROBLEM 14 


Let f(x) be a real valued function of one variable, f:R—>R, with a period 27t(i.e. f(x+27i) = f(x) for all x£R). Define the 
Fourier Series of f. 



Solution : In the previous problem it was determined that if a function f was represented by a uniformly convergent 
trigonometric series then the coefficients in that series must have certain values related to f(x). Now, motivated by that 
discovery, the desired definition is made as follows: The series 
a 00 

+ £ (^n cos nx + i^sin nx) 

n=l 

where the coefficients are given by 


y* FOURIER SERIES OF f 



PERIODIC EXTENSION OF A FUNCTION 
DEFINED BETWEEN-irAND tt. 


Fig. T 











1 


f(x)cos nxdx 


(n>0) 


( 1 ) 


— IT 
’ IT 

fc> n = - f(x)sin nxdx (n>0) (2) 

-it 

is called the Fourier Series of f(x) and we write 
a °° 

f (x) ~ + E (a cos nx + b sin nx) (31 

2 n=l n n 

to indicate this association. Note that there is no equality sign in (3) since the series there is not necessarily convergent to 
f(x) at any point. Questions of convergence will be discussed later and it will be found that a large class of functions are 
representable by their Fourier series. For now, the Fourier series’ of functions will be calculated without regard to their 
convergence and the symbol ~ will be used. 


It is important to note that since f has period 2n, the coefficients in equations (1) and (2) may just as easily be evaluated as 


a+2ir 

a n = - f(x)cos nxdx, b fi 

a 


1 

i 


a+2-n 

f(x)sin nxdx 


(4) 


for any a such that the interval (a, a+27c) is in the domain of definition of f. It may be that f is defined only in (a, a+2-rc ) for 
some a in which case (4) and not (1) and (2) must be used. Of course if f is defined only on (-n,ri), then (4) may be used with a 
= -7i. In either case, (3) will represent the periodic extension of f on the whole real axis. That is, it will be discussed later that 
under very “loose” conditions, the series in (3) will converge to 


Aim f (x) 
x ' x o 


Him f(x) 

x+x” 

o 


at x 0 in its domain of definition, say [a,a+27i], (If these limits are equal, the 


series converges to f(x 0 )). But then by the periodicity of (3), at all points x 0 +2n7i, the series will converge to L 0 and will thus 


have the same graph between a+2nn and a+2(n+l)7r as f does in [a,a+2-7i] . This is illustrated in the Figure. 


• PROBLEM 14 


Let f(x) be a real valued function of one variable, f:R—>R, with a period 2c (i.e. f(x+2c) = f(x) for all x£R). Define the 
Fourier series of f. 


y* FOURIER SERIES OF f 



-t 0 w 

PERIODIC EXTENSION OF A FUNCTION 

DEFINED BETWEEN-c AND c. Fig. 1 


Solution : Consider the trigonometric series 


f (x) 


E fa cos — 
n=l \ n 

it converges uni 

-f + ? (a c 

2 n=l V 


“) 


and assume that it converges uniformly for all x£R. Then it represents a function of x, i.e. 
Trnx 


b sin IS*) 
n c J 












and by procedures analogous to those used in a previous problem of this chapter, it can be shown that 

f(x)sin^^dx. (2) 

These relations will be proven now. To find the b n , multiply each term of (1) by sin (forx/c) dx and integrate from -c to c. Thus 
(1) becomes 



f (x) sin dx 
-c 




This is valid if a series converges uniformly. We have assumed that this is so in the given problem To evaluate (3) we note that 
the set of functions 

{sin x, cos x, sin 2x, cos 2x,..., sin kx, cos kx ...} 
is an orthogonal set. This means that for any two members of the set, 



sin mx cos mxdx = 0, 


sin mx sin nxdx = 0 


cos mx cos nxdx = 0 


[sin mx] 2 dx 0, 


(m / n) , 


[cos mx] 2 dx / 0. 

Using (4) to (7), (3) is reduced to 


dx = b. 


sin 


2 kTTX 


dx 


(9) 


From (3) we determine b k in the following manner. First we evaluate 
. 2 kTTX 


dx 


-c 


Now (10) is not zero. Using the trigonometric identities cited in this chapter’s first problem, it will equal the number c. Then 
(9) may be rewritten as 


b k ■ s 


Thus the coefficients b n in (1) are 


dx, n= 1,2,3,... 


We now find the coefficient a n of the cosine terms in 

(1). Therefore, multiplying (1) by cos and integrating ffom-c to c, 


( 11 ) 


( 12 ) 











5H* Hv = i 


+ E 
n=l 


_ nTTx . kTTX , 

cos —— sin —- dx 


Using facts (4) - (8), and k ^ 0, 

rntx 


_ , V 11 II A. 

f(x) cos —— dx = a 


I- fj 1 


Solving for a n , 


1 

a n c 


where 


- /v I1IIA j 

f (x) cos —— dx 


*^ 2 


[ COS 2g*J dx 

Finally, we must determine a 0 . From (1), we have 


J £<x)dx - i a o 


dx + E 
n=l 


sin —— dx 


^ |^-cos = 0, for n> 1. Thus (14) is reduced t( 


(13) 


(14) 


f(x)dx 





















and hence a Q 


1 

c 


c 

f (x)dx. 
-c 


Z fa 

n-ll" 


s in with a 0 , a n ar| d b n given by (2). Thus, the coefficients of (1) 


Thus f( x ) ~ ^ 

have been found for the case in which the series there represents some function and converges uniformly to it. 


As was done for functions of period n, the series (1) will be used to motivate the definition of the Fourier series of any 
function f(x) of period 2c. Thus, this series is defined as the series in (1) with coefficients given in (2) but we write 


f (x) 


^ + Z fa cos IS* + b sin 12*1 

2 n-1 l n c n C J 


(15) 


since it is not known in general whether this series is convergent to f(x) at any point. It should be noted that the limits of 
integration in (2) may be a and a+2c where a is any number such that (a,a+2c) is contained within the domain of definition of f. 
If f is defined only for some interval (a,a+2c) with some specific (a), then these limits must be used, i.e. 


a+2c 

f (x) cos (^Jdx, 
a 

a+2c 

' 5 E(x)sin ( ! V 1 ) ax - 

a 


( 16 ) 


Of course iff is defined only on (-c,c) then (16) is used with a = -c. 


When the phenomena of a particular problem are periodic in time with period T, then the variable x is usually replaced by 
t, and the following substitutions are usually made: 

, ._ b 

I_>£2L = oj, a = /a 2 + b 2 , 0 = arctan -2 (n>0) . (17) 

c T n v n n n 

The series (15) then becomes 
a 50 

f(t) ~ -£■ + Z A cos(nut - 0 ). (18) 

2 n n 


In any case, always remember that a Fourier series can only be associated with a periodic function. In addition, in a case 
where the function f is only defined on a certain interval (a,a+2c), (16) rather than (12) and (13) must be used. Then (15) 
represents the “periodic extension” of f to the whole real axis. That is, it will be discussed later that except for some very 
pathological functions, the series in (15) will converge to 


L 

o 


f(x) + 


£im f(x) 
x-»x~ 


in its domain of definition, say [a,a+2c] (if these limits are equal the series 


converges to f(x 0 )). But then by the periodicity of (15), at all points x 0 + 2nc, the series will converge to L 0 and will thus have 
the same graph between a+2nc and a+2(n+l)c as f does in [a,a+2c]. This is illustrated in the Figure. In most applications in this 
book the most general equations, (15) and (2) will be used even if 2c = 27i, for then these equations will be reduced to those of 
the previous problem Therefore, equations (15) and (2) should be committed to memory. 


• PROBLEM 14 


Find the Fourier series of the function f(x) = e x , -7C < x < n. 


Solution : The given function is defined on the familiar interval (-n,n). A good habit to acquire is to recall the most general 
definition of a Fourier series of a function and then use the particular values given in the problem in this definition. Thus, recall 










that the Fourier series of a function f(x) which is periodic of period 2c and defined on some domain D of the real numbers, f 
:D—»R, is given by 


f (x) 



( 1 ) 


where the coefficients are given by 


a 


n 


1 

c 


b 


n 


1 

c 


a+2c 


a+2c 


f (x) cos^jj^dx 

f<x)sin(22s)dx , 


( 2 ) 


(3) 


where a is any number such that the interval (a,a+2c) is contained in D. In the case at hand, f(x) = e x , x£ (-n , 7i) is only defined 
on an interval of length 2ji. Hence, (1) represents the periodic extension of f over the whole real axis. (Note that f is not 
periodic within that interval so 27c is the only period that can be assigned any meaning here.) Therefore, in equations (l)-(3) the 
substitutions to be made for this particular function are 


c = 7t; a = -7t; f(X) = e x . 


Using (4), the coefficients become 



(4) 


2 

— sinh it. 

IT 


e cos nx dx 


1 f x (cos nx + nsin nxj] 

* r ^ j 


— = (-D“ - 

(n 2 +l)iT (n 2 + l)ir 


e sin nx dx 


1 f x (sin nx - ncos nxj) 

U -1 -J 


(n 2 +l) tt 


(-l) n 2n sinh tt 

(n 2 +l) tt 

Substituting these values back into the Fourier expression, (1), with the substitutions of (3) gives 















+ t fa < 
n=ll n 


cos nx + b sin nx) 


inh tt + * f(-l) n 2 sinh tt 

77 n=lL(n 2 +l)Tv 


(-1) 2n sinh tt 


5i2*LJL i + 2 s |W| 

17 ( n=l ^n 2 + l 


(cos nx - n sin nx) 


Recall that the symbol ~ is used in (5) since no determination of the convergence of the series to the function has yet been 
made. This will be done later and it will be shown that ~ may be replaced by =. 


• PROBLEM 14 


Determine the Fourier series of the function 


X, 0 < X < IT 

f(x) =• 

(1) 


0, TT < X < 2ir 


Solution: Recall the most general definition of the Fourier series of a function f. That is, the Fourier series of a periodic 
function f of period 2c defined on the interval D is given by 


x) ~ -f * [ a n cos ( I !r) + b n sin ( I i 5 )] 

L ) dx 


f ( 

where 


1 

a = - 
n c 


b= - 


f(x)cos 


f(x)sin (^~j dx , 


( 2 ) 


(3) 


(4) 


where a is any number such that the interval (a,a+2c) is contained in D. In the case at hand, the function in (1) is defined only 
on the interval (0,2 tc) and is not periodic within this interval so 2c7i = 2 ti and (2) represents the periodic extension of f. 
Therefore, in equations (2)-(4) the substitutions 


2c = 2 tt, a = 0, f (x) = 


0, x€(tt,2tt) 


are made. For a^ n > 0, this results in 











f(x)cos nx dx = 


x cos nx dx 


1 x . , cos nxl 

! » l" S1 „ “ + 


n 2 n (cos nir - 1 ) . 

For n = 2,4,6,... cos ror = 1 and hence a n = 0, and for n= 1,3,5,... cos mi = -1 and a n = 
b n , the same substitutions are made yielding 
2tt 


f(x)sin nx dx 


_ _ i 

1 sin nx _ x cos nx 
n 2 n 

L « J ( 


x sin nx dx 


-TT COS nTT 


for all n = 1,2,3,... 
, ..n +1 


Finally, 


f(x)dx = ± 

So far, the following results have been obtained: 

a = •=■ 
o 2 

a = —— , n = 1,3,5... 


n rr 


. n+1 


1,2,3,... . 


To make a n valid for all n, we ensure that n is odd by replacing n by (2n-l). Finally, we obtain 


, n = 1,2,3,... . 


( 2 n-l) 2 tt 

Now, referring back to the Fourier expression, 

a ” 

f (x)- y + cos nx + sin nx) 

and substituting back their respective values, 


f(x) - 4 + £ 


n=l ( 2 n-l) 2 u 


cos( 2 n-l)x + 


= odd. Similarly, to evaluate 


or 




2 . , cos3x 

— (cos X + - 

* 3 2 


cos5x 

5 2 


...) + sinx 


sin2x sin3x 
2 + 3 

Again, the symbol is to be read “has the Fourier series” since convergence questions have not been dealt with yet. It is 
easy to see that this series is convergent by the Weierstrass M-test and Dirichlet’s test, but rather than dealing with the 
convergence of each Fourier series by such tests, a more powerful general method will be developed later. At that time all 
convergence questions about previous problems will be answered. 

• PROBLEM 14 


Determine the Fourier series of the function given by 


f(x) = x 2 , x6(-it,tt) 
f(x+2Tr) = f(x), all x 


( 1 ) 


AA 


FOURIER SERIES OF f(x) 


A A. 


Solution : The most general definition of the Fourier series of a function f which is periodic with period 2c and defined on the 
interval D is given by 


£ <*» ~ T + n £ x [v 03 ^) + vH 1 


=)] 


where 


f(x)cos ——) dx 


f (x) sin^ipj dx 


( 2 ) 


(3) 


(4) 


Here, a is any num b er such that (a,a+2c) £ d . For the function in (1), D is the whole real axis, 2c = 2n and since any a can 
be used, the most convenient is a = -n. Then 


1 



x 2 dx 


-Tt 


ill 

3 


1 

if 


ir 

x 2 cos nxdx 

-TT 


Integrating (6) by parts twice gives 


(5) 


(6) 







r 2 

7T 

— sin nx] 

_ _2_ 

l n J 

nn 

0 


I-tt irn 


4 2 C \ 

— [cos rnr] - - sin nx 

n 2 irn 5 ^ ' 


Finally, 


x 2 sin nxdx. 


Note that the integrand, F(x) = x 2 sin nx, is an odd function of x, that is 
F(-x) =(-x) 2 sin (-nx) = x 2 sin nx=-F(x). Thus 
0 


b = 


x z sin nxdx + 


1 


x 2 sin nxdx 


y 2 sin nydy + - x 2 


sin nxdx = 0 


where the change of variables x = -y was made in the first integral of (8). Using these values of a n and b n in (2) gives 


f(x) ~ + Z (-l) n /-A cos nx. (9) 

3 n-l UV 

The graph of this series is shown in the Figure. Note that even if f had been defined only on (- 71 , 71 ), it would have the same 
Fourier series (9) and this series would have the same graph. Thus, the series would represent a periodic extension of the 
values of x 2 in the interval (~n,n) if it converged (it does by the Weierstrass M-test, but convergence questions will be handled 
more generally later on in this chapter). 

• PROBLEM 14 


Determine the Fourier series of the function given by 


f -1 X G(-H r 0 ) 


f(x) = < 

( 1 ) 

1^1 X 6 I 0 .IT] 



Solution : This is the familiar square wave used in electronics (see Figure 1). First notice that this function is discontinuous at 
0 but it will still have a Fourier series since the Fourier coefficients can be determined for any integrable function. The Fourier 
series of a function with period 2c defined on a domain D is given by 



f (x) 


( 2 ) 









Fig. 1 


FOURIER SERIES OF f 


Fig. 2 


f (x)cos(——)dx 


(™) a 


f (x) sin^^pjdx. 


Here a is any num b er such that the interval (a,a+2c) is in D. But since f is only defined on (-n,n) , c = 2n and a is -n by 
necessity. Thus, the Fourier coefficients are 

0 

. -i i — 1 


(-l)dx + i (+l)dx =-1+1=0 
rr ' 0 


_ 1 
a n rr 


-cos nxdx + 


■u 

1 

TT 

n 


cos nxdx =0+0=0. 


(sin nx)dx. 


(-sin nx)dx= — [1 - cos mr] = — j sin nxdx- 


nir (n = odd) , 


Thus, 


And so the Fourier series reads 


(n = even) 


f (x) ~ J Z 

n=odd 




It can be proven by Dirichlet’s test that this series converges for all x, but convergence questions will be attended to later. It is 
particularly interesting to note that at x = 0 the series does not converge to f(x), and this will also be examined later. For now, 
note that the series in (4) represents a periodic extension of the values of f in the interval (-n,n) as graphed in Figure 2. Thus, 
(4) is a representation of the square wave used in electronics. 

• PROBLEM 14 


Find the Fourier series of the function f(x) = | x|,-7t <x<n. 



Solution : The Fourier series of a function f with period 2c (or defined only on the interval 2c) is given by 



Here a is any number such that (a,a+2c) is contained within the domain of definition of f. In the case at hand, 2c = 27c, and a = - 
n by necessity. 

In solving the given problem we make use of the notions of odd functions and even functions. A function f(x), is said to be 
even if f(-x) = f(x). Some examples of even functions are y = cos x, y = x 2 , and y = |x|. One characteristic of such functions is 
that they are symmetric with respect to the y - axis. 

A function f(x) is called odd if f(-x) = -f(x). Examples of odd functions are y = sin x, y = x, y = x 3 . We note further that the 
product of two even functions is itself an even function while the product of an odd with an even function is an odd function. 
Finally, if f(x) is even on the interval -A < x < A, then 

[A [A 

f(x)dx = 2 f (x) dx> 

-A ; 0 

and if f(x) is odd ovEr the same interval, 

[ A 

I f (x) dx = 0- 
i -A 

In the given problem, f(x) = |x| is an even function. The evaluation of the Fourier coefficients is now shown to be 
considerably simplified. First, consider 







1 


dx 


|x| cos 

for -7i < x < 71 and a = -c. Since | x | = x for 0 < x < 7t.,this may be written as 


2 

a n = c 


dx- 


Next, since sin x is odd, the coefficients 

f c 

1 


b = £ | f(x)sin — dx, (n = 1,2,3, . . .) 

n c J c 


are all equal to zero. Hence we need consider only the a n in the series (a). 
Now, 


2 

a n 7i 


x cos _ dx = 


x cos nx dx 


Integrating by parts, 


2 I cos nx . x sin nx| 

-~J,„ 

_ 2 fcos mT-l ~l _ 2 f (-1) n -l l 

" * l n* J ' 71 l n* J 


(since cos n n = -1 for odd n and 1 for even n) . 


2 f 


f— 

, n odd 1 

”[ 

. n * J- 

lo 

, n evenj 


n = 1,2,3,. 


The above integration and evaluation is not valid for n = 0. To find a 0 


| I f(x)cos(0) ™ dx = \ j f(x)dx = 2 | x dx 


Thus, the required series is 


£ _ 4 j, cos nx _ _ _ _ 

2 71 n=l n 2 2 11 n=l (2n-l) 2 


That is, 


f ^ tt i. j; cos (2n-l 
2 17 n=l (2n-l) 2 


is the Fourier series of f. The graph of this series is shown in the Figure and it can be seen that the triangular waveform there 
represents a periodic extension of the values of |x| in the interval [- 71 , 71 ]. 


• PROBLEM 14 


Find the Fourier series for the sawtooth waveform shown in Fig. 1. 












L 


f(t) 

^-*-t Fig. 1 

Solution : We note that this waveform repeats every 3 seconds. Thus the period x = 3s and since w w . 

Aperiodic function has a Fourier series in the form 

f (t) ~ a + E (a cos nuj t + b sin nui t) (1) 

o , n on o 

n=l 

where a 0 is the average value of the function f(t) and is defined as 
’t 

a Q = j f(t)dt. (2) 

. 0 

f(t) represents one period of the entire periodic function, thus f(t) = t; 0 < t < 3. 

Substituting Ihese values yields: 





The coefficients b n and a n are defined as 

2 f T 

b = - f(t)sin naj t dt 
n x o 

J 0 


f(t)cos nu t dt. 


Hence, 


b n " I 


(3) 

(4) 


w 


■(¥> - 




r i 

9 


~ sin n2ir — ^ cos n2*iT 


b = - sin n2ir - — cos n2ir. 

n _ 2 o_ 2 n:r 

n 2 tt 

The sine term is zero for all n since any multiple of 2n in the sine term is zero. 
Hence 


M 


1,2,3. 


since the cos term is 1 for any multiple of 271. 

3 

t cos naj t dt 
o 

0 

L n2it 


iffl 

2 f 9 

*“ 5 


t 

n2TT 

3 


cos n2n - - cos 0 

4ir 2 n 2 4ir 2 J 

But cos n27T = cos 0 for all n; therefore, a n = 0 for all n. 
The Fourier representation of this waveform is written 


f(t) ~ 


" i 

n=l 


2tt 


f(t) ~ | | (sin ^ t + i sin ~ t + | sin ^ t + ...). 

CONVERGENCE QUESTIONS 

• PROBLEM 14- 


Define the following properties of a real valued function f of a real variable: 

(a) The “limit from the right” of f at x,, 

(b) The “limit from the left” of f at Xq 

(c) f is piecewise continuous on (a,b). 

(d) The right and left hand derivatives of f at x C) . 


auDinrervais 

//w 


Fig. 1 


Solution : The limit from the right of f (x) as x approaches x 0 is denoted by 







L. 


< 1 > 


f(x +) = Him f (x) = Him f (x + h) = 

° x^x + h-*-0 ° 

° h >0 

This definition may be stated in words as follows: the limit from the right of f (x) as x approaches x 0 is L if for any positive 
number s, there exists a positive number 8 such that for all x satisfying x 0 < x < x C) + 8 one has 

|f(x)-L|<£. 

That is, for x sufficiently close to x 0 (and greater than x 0 ), f (x) is as close to L as desired. This definition is especially 
important when f is only defined for x > x X) or when f is discontinuous at x 0 . 

(b) The limit from the left of f (x) as x approaches x 0 is denoted by 

f(x -) = Him f(x) = Him f(x - h) = L. (2) 

° x+x - h -0 ° 

° h >0 

This equation means that the required limit is L if for any positive s there exists a positive 8 such that for all x satisfying x 0 - 8 
< x < x 0 one has 

|f(x)-L[<e. 

That is, for x sufficiently close to x^ (and less than xj, f (x) is as close to Las desired. 


(c) A function in a closed interval is called piecewise continuous if the interval can be split up into a finite number of 
subintervals such that in each subinterval (see Fig. 1) the two following conditions hold: 

i) f (x) is continuous at every interior point 

ii) f (x) possesses (finite) limits at the left and right hand ends. 

Condition (ii) means that f (x C) -) and f (x 0 +) exist for all i = 1,2,.. ,,n, and also that f (a+) and f (b-) exist. 


(d) If f (x 0 +) exists at a point x 0 , then f is said to have a right hand derivative at x 0 if 

f (x +t) - f(x +) 

f' (x ) = Him------— 

+ ° t -0 fc 
t>0 

exists. Similarly, the left hand derivative of f at x^ is the limit 

f(x +t) - f(x -) 


f' (x ) = Him 
- ° t-0 

t<0 


• PROBLEM 14- 


State the most general Pointwise Convergence Theorem for Fourier series (i.e. the one with the weakest premises). Discuss 
its meaning. 



Fig. 1 







Solution : Suppose that f is periodic of period 2c and is piecewise continuous on the real axis. Then the Pointwise 
Convergence Theorem states that if the right and left hand derivatives of f at some point x 0 exist then the Fourier series of f 


converges to 

1 (f(x +) + f(x -)} at x .Insymbols, 

2 o o o 


i {f(x +) + f(x -)} 


°° f Amx \ 
a + E la cost-— 

° n=l \ n V c ) 

/unx V\ 

+ b n Sin (-^jJ- 


( 1 ) 


Note that if f (x 0 +) = f (x 0 -) = f (x 0 ) (that is, if f is continuous at x c ), then 


f(x 0 ) = ^a 0 + £ |a n cos^p-j + b n sin^jp-j j, 

i.e. the Fourier series of f converges to f (x 0 ) at x 0 .Note that equation (2) is valid on any interval where f is continuous if we 
replace Xq by x. However, if the interval includes discontinuities then “=“ must be replaced by Hence, equation (2) may be 
used at points of continuity of f and equation (1) at points of discontinuity. Thus, a function like that graphed in Figure 1 has a 
convergent Fourier series for all x and this series converges to f except at x = 0 where it converges to the average value of f 
(0+) and f (0-), namely i (4+2) = 3- 

Note that if the function is defined only on the interval (a,a+2c) for some real a, then the conclusion still holds at all points 
in the domain of definition of f and the Fourier series is the periodic extension of f on the rest of the real axis. In particular, at 
points a+2nc, the Fourier series will converge to * { f ( a ) + f ( a+2 c ) }• 

Finally, this theorem is called the “Pointwise” convergence theorem to distinguish it from other theorems dealing with 
stricter convergence such as uniform convergence and convergence in the mean. The convergence is pointwise in the sense that 
if the sum of the series is g(x) and the partial sums are denoted by S n (x), then if given an s > 0 there exists a K such that for all 
n> K, 

||S n (x)-g(x)||<8 

if x is also specified. That is, the error s resulting from approximating g by S n can only be made arbitrarily small for each 
individual x. The importance of this restriction will be seen later. In any case, the theorem proved here is sufficient for 
virtually any function with any physical significance and hence almost any application. 

• PROBLEM 14- 


State the most general Uniform Convergence Theorem for Fourier series (i.e. the one with the weakest premises). Discuss 
its meaning. 


Solution : Let f be continuous on an interval (a,b) with period 2c and suppose that f' is piecewise continuous on (a,b). Then 
the Uniform Convergence Theorem states that the Fourier series for f converges uniformly to f on (a,b). 

Note that if the function is defined only on the interval (a,a+2c) for some real a, then the conclusion still holds at all points 
in the domain of definition of f and the Fourier series is the periodic extension of f on the rest of the real axis. In this case the 
series will converge uniformly in any interval (a+2nc, a+2(n+l)c) but not at the endpoints where f is not even defined. 

The importance of uniform convergence arises from the manipulations that can be performed when it exists. It can be 
proved that if a series of functions £f n con verges uniformly to f and all of the f n are Riemann integrable and differentiable then 

r b co [ b 


fdx 


n=l 


f (x)dx 


( 1 ) 





and 


f' (x) * Z f' (x). (2) 

n=l n 

That is, interchange of summation with integration and differentiation is valid on any interval where the series is uniformly 
convergent. This is useful in determining the Fourier series of f (x) if the series for f (x) is known. 


Finally, in most cases of physical application, especially those in electrical engineering, the functions dealt with are only 
piecewise continuous so that the theorem stated here is only valid on intervals of continuity and the Pointwise Convergence 
Theorem is of more practical use. 

• PROBLEM 14- 


The Fourier series for f (x) = |x| -n<x<n and f (x+2ti) = f (x) is 

1-1 £ cos ( 2 n-l) x j 

2 * n=l ( 2 n-l ) 2 

Without computing any Fourier coefficients, find the Fourier series for 


g (x) 


-1 -TT < X < 0 

1 + 1 0 £ X < IT 

and g (x+2n) = g(x). 


Solution : The function f may be written as 
-x if -7i < x < 0 
f (x) = f (x+27t) = f (x). 

xif 0 < x< 7i 


In the intervals (-71,0) and (0,7i), f is continuous and f(x) = -1 and +1 respectively, so that f is piecewise continuous in each 
interval (in fact it is continuous). Therefore, by the Uniform Convergence Theorem the Fourier series of f converges to f 
uniformly in these intervals and termwise differentiation is therefore valid, i.e., 


£'(*>= X f 'n 
n=l 


where f n is the n th term in the Fourier expansion. But note 


g (x) = 


d cos( 2 n-l)x 




( 2 n-l) 2 


that on (-7i, 0) U (0, n ), f(x) = g(x) so that 

x€(-tt,0) 

x6(0,it) 


or 


g(x) = £ Z - i oW 2 r~ 1)X ' x€(-ir,0)u(0,ir). ( 2 ) 

* n=l 2n_1 

At the point 0 (and hence at all points 0 + 2nrr = 2roi) the Piecewise Convergence Theorem states that the Fourier series must 
converge to 

i (g (0+) + g (0-)) = i (1 - 1) = 0 

and the series of (2) satisfies this. The same condition must hold at all points (2n+l)7i, that is the Fourier series of g must 
converge to 

\ (g [ ( 2 n+l) ir+] + g [ ( 2 n+l) it-] ) = i (1-1) = 0 

and again (2) satisfies this condition. Thus, the series in (2) is the Fourier series of g and the equality sign is valid for all 







points such that x ^ mi. 

• PROBLEM 14- 


Define convergence in the mean and discuss its connection with ordinary convergence and with the concept of mean 
squared deviation (or variance) used in statistics. 



Solution : A sequence of functions {f n (x)} is said to converge in the mean to a function f (x) on an interval (a,b) if 

f b 

Him [f(x) - f (x)] 2 dx = 0. (1) 

n-*® J n 

a 

Recall that ordinary convergence requires that, for 

f:R*R, Um || f (x) - f (x) || = 0 

n 

where ||g(x) || = absolute value of g(x) for real valued g and if g is a vector function, 

II9 <x) || = || g i (x) , g 2 (x) . ,g m (x) || = 

= v/gi + gl + 7.. + . (2) 

The function on the num b er or vector g(x) defined in (2) is an example of a norm on a vector space and the expression in 
equation (1) is simply another example of a norm on the vector space of these functions, i.e. 

f lg (x) ] 2 dx = || g (x) || 2 (3) 

•* a 

and 11*112 is called the mean square norm Thus (1) may be written as 

Him || f (x) - f (x) || 2 = 0 (4) 

n-*-“ n 

and (4) is now the condition for {f n (x)} to converge in the mean to f (x). In the case of Fourier series, f n is replaced by the 
partial sum 

a n 

g (x) = -2- + Z a cos kx + b, sin kx (5) 

n ^ k=l k k 

and it is said that the Fourier series for f (x) converges to f in the mean if 

fb 


Him 


[f (x) - g (x) ] 2 dx = 0. 


( 6 ) 













Finally, the concept of variance is approached as follows. Suppose a set of n measurements, y b y 2 , .. .,y n are made to try to 
determine a value for the fixed quantity y. Then the best estimate of y is taken to be the mean of this set of measurements 


<y> 


1 

n 


n 

Z 

i=l 


(7) 


and the precision of this estimate is usually described by the mean square deviation, 

a 2 H i I [y - <y>] 2 (8) 

n i=l 1 

which is simply the average value of the quantities [y. - <y>] 2 - Now suppose that there is a theoretical relationship in which 
the value of y depends on another measurable quantity, x (e.g. y might be the voltage across a resistor, R, and x might be the 
current through R in which case y = Rx). Then 

y = y(x) (9) 


is the theoretical relationship and each measurement y. is accompanied by a measurement of x, namely x r . Then to test how 
well the data fits (9), one would form the mean square deviation 


[y. - y(X )] 2 


( 10 ) 


(see Figure). If the measurements y. were taken at equal intervals Ax, then Ax*n = L where L= x n -x,, is the length of interval. In 
this case 


D = i Z [y. - y(x.)] 2 Ax 
L i=0 1 1 

As n now increases the sum approaches an integral. It seems logical then to measure the extent of fit of two functions y(x) and y 
(x) by the integral 

D = i I [y (x) - y (x) 1 2 dx (11) 

' a 

or if the functions are f (x) and g n (x) 


D 

n 


1 

L 


b 

tf(x) -g n (x)] 2 dx. 


( 12 ) 


a 

Thus from (6) we see that convergence in the mean of a Fourier Series £g n to f is equivalent to 

Jlim D = 0 
n-- n 


where D n is defined in (12). 


• PROBLEM 14- 

A piecewise continuous function f (x) is to be approximated in the interval (-n,n) by a trigonometric polynomial of the form 

A n 

g n {x) = ~T + k E 1 A k cos >“ + B k sin kx ' (1) 

where A k ,, B k ,, A 0 are undetermined. Prove that the total square deviation 

D n = I [f(x) " g n (x)12dx (2) 

} -7T 

is minimized by choosing A 0 , A k ., B k to be the Fourier coefficients of f, a k , b k , a 0 . 



Solution : Straightforward calculation leads to 


tf(x) - g (x)] 2 dx 


[f(x)] 2 dx - 2 f(x)g (x)dx 


[g (x)] 2 dx. 


Now, 


f(x)g n (x)dx = | a! f(x)dx + E f(x)cos kxdx 


+ E B v | f(x)sin kxdx. 
k=l 

Also, the orthogonality relations for sin kx and cos kx give 

r n 

[g (x)] 2 dx = 

n 1-1 ’ k=l 


dx 


E A.B.cos ix sin jx| 
if j 13 


E A.B.cos ix sin jx 

i,j-l 1 3 


= [AiB 2 cos x sin 2x + AjBjCos x sin 3x + ... 


cos mx sin nxdx = 0 (m^n, m,n integers ) 


the integral of the sum reduces to zero also. Hence, 



[g(x)] 2 dx 


n 

"" 

f” 

r i 

E 

k=l 

V 

cos 2 kxdx + B k 2 

sin 2 kxdx 


- 

-71 

-Tf ^ 


= k£(a£ + b£). Thus [g n (x)] 2 dx 

k=l * —7T 

*{" * A °’ + Ji ‘V + V>) • 

Thus, using (5) and (7) in (4): 


1 

r 

JA 2 IT 

f” ) 

D „= 1 

1 f(x)] 2 dx + 

-IT 

X*"** \ 

f(x)dx 


k=l 


E (ttA 2 - 2A f(x)cos kxdx 


k=l 


E (irB, 2 - 2B 


f(x)sin kxdx > . (8) 

This whole expression is minimized if each {•} is minimized. For instance the quantity 

r 

5 k = irA k 2 ” 2A k f(x)cos kxdx (k = l,2,...,n) 

J -tt 

has an extremum if 


dA,_ 


2 uA. - 2 f(x)cos kxdx = 0 


A k = j-j | f(x)cos kxdx = (k=l,...,n) 


In this fashion we also obtain 






5 k 


(10) 


Thus (9), (10) and (11) are statements of the fact that we have proven the Fourier coefficients of f(x) to be those coefficients 
which minimize the total square deviation of equation (2). 


• PROBLEM 14- 


a) Use the concept of convergence in the mean to define another way in which the Fourier series of a function f can be 
said to satisfactorily represent f (x). 

b) In this connection, state and prove Parseval’s equality. 

c) For what general class of functions does the Fourier series converge in the mean to its function? 


Solution : (a) The Fourier series of a function f with period 2c may be considered to be an accurate representation of f on the 
interval (a,a+2c) if the total square deviation approaches zero 
Aim D = 0 


(1) 


where 


fa+2c 

D = [f (x) - g(x)] 2 dx 


and g n (x) is the n th partial sum of the Fourier series 


g (x) 


a nf 


(3) 


As discussed earlier, if (1) holds it is said that the Fourier series of f converges in the mean to f. 


(b) It was shown in the previous problem that the trigonometric polynomial g n which minimized the expression (2) (the mean 
square deviation) was the one with Fourier coefficients and that in this case (for f with period 2n) 


| [fun’dx - [j a o * + + V 1 ] • 


Now if the Fourier series for f converges in the mean to f, then by definition 


Aim [D ] . =0 

n~ n min 


so that from (4) 


+ I (a. 2 + b 2 ) = 


[f (x)] 2 dx. 


(5) 


This is known as Parseval’s equality and is useful in the summation of series. 


(c) It can be proven that if f is defined on the interval (a,a+2c) and is piecewise continuous there, then the Fourier series of f 
converges in the mean to f. This requirement is less stringent than that imposed upon f in order that it be pointwise convergent 
and, of course, much less stringent than the uniform convergence conditions. 

This is so because the integral in (2) exists even if the integrand has a countably infinite number of discontinuities and its value 
is unaltered by any change in the functional values at these points. Thus, mean convergence is a statistical convergence and it 










uniformly to f on any such interval, (iii) f is piecewise continuous on R so the Fourier series of f converges in the mean to f on 
any interval in R. 

(d) (i) Pointwise convergence for all x£R; (ii) Uniform convergence in any interval (im, (n+1) n) ; (iii) convergence in the 
mean on any interval in R. 

(e) (i) Pointwise convergence on (~n,n); (ii) Uniform convergence on (-n,n); (iii) Convergence in the mean on(-7i,7r) 

(f) (i) Pointwise convergence on R; (ii) Uniform convergence on any interval (3n,3(n+l)); (iii) Convergence in the mean on any 
interval. 

FURTHER REPRESENTATIONS 


• PROBLEM 14- 


(a) Suppose a function is defined on (-c,+c). Find the Fourier coefficients of f for the case where f is even and also for 
the case where f is odd. 

(b) Motivated by (a), define the Fourier sine and cosine series of a function defined on an interval (0,c) and interpret 
each graphically. 


Solution : (a) The Fourier coefficients of f are given by 




FOURIER COSINE SERIES FOR f(x) 


FOURIER SINE SERIES FOR f(x) 


\\^r\\X\\y 


c 

1 

c 


f (x) cos - dx 


f(x)sin —— dx. 


( 2 ) 


Now if f (x) is even, i.e. f (-x) = f (x), then f (x ) cos is even since it is the product of even functions, and f (x ) sin is 

odd since it is the product of an even function and an odd functioa Furthermore, 

f 0, if g is odd N 

g(x)dx = J i (3) 

I 2 g(x)dx, if g is even j 


This can be seen in the following way. If g is odd, then 







g(x)dx = g(x)dx + g(x)dx 


g(x)dx + g(x)dx. 


Now, changing the variable of integration in the first integral of (4) does not change its value so we make the substitution x = -y 
to yield 


g (x) dx = - g(-y)d(-y) + g(x)dx 


g(-y)dy + g(x)dx 


g(y)dy + g(x)dx 


g(x)dx + g(x)dx = 0 


where the fact that g(-y) = -g(y) was used in the third step. Similarly, if g is even then 


g(x)dx = g(x)dx + g(x)dx 


g (x) dx + g (x) dx 


g(-y)d(-y) + g(x)dx 


g(-y)dy + g(x)dx 


g (y) dy + g(x)dx 


= 2 g(x)dx. 


Using the result of (3) in (1) and (2) gives 


b = o if f i s even (5) 


■c 

a n = °' b n = i f (x) sin iff is odd. (6) 

n 


(b) Let f (x) be defined on an interval (0,c). Then the Fourier cosine series of f (x) is defined by 



f(x) c ° + z a cos(ap) 
^ n=l n \ c ' 




From the above discussion it is seen that (7) reproduces the function 

g(x) = ( f(x) (0 < x < c) 

< f(-x) (-c < x < 0) (9) 

|f(x+2c) = f(x) all x . 

which may be called the symmetric periodic extension of f (x). Similarly, the Fourier sine series of f is defined by 


f (x) 




( 10 ) 


b = 


f(x)sin 




dx. 


The series in (10) will reproduce the antisymmetric periodic extension of f 
g (x) = C f (x) (0 < x < c) 

-f(-x) (— c < x < 0) . (12) 

f(x+2c) = f(x) all x 

The three different trigonometric series for a given function are represented in the Figure. 


Finally, note that both the pointwise convergence theorem and the convergence in the mean theorem apply to these series 
with the same premises (except that the interval is now restricted to (0,c) rather than (a,a+2c)). This is because the functions of 
(9) and (12) will have the same general characteristics (piecewise continuity, right and left hand derivatives at each point) as 
their generating function, f. Hence even at x = 0, if f has a right hand derivative then g will have both right and left hand 
derivatives and the pointwise convergence conditions may be applied directly to g. 

• PROBLEM 14- 


Find the Fourier full-range series for the function 

fix) id 

in the interval (-L,L). Also find f s Fourier cosine and sine series in the interval (0,L) and graph all three series. 





Solution : In each case the problem is just a matter of computing the coefficients. Thus, the full range series is given by 








( 2 ) 


f (x) ~ g(x) = ^ + E a cos 2H + b sin 

2 n=l n L n L 

where g(x) is used to represent the Fourier series of f and the coefficients are given by 



since the integrand of the first integral is odd. Thus, 



= 0 . 

Finally, 



since the integrand of the second integral is odd. Then, letting u = HI* , du = ^ dxwe find 



Applying integration by parts 



2 (mr) 


= ---("-{mrcos nir - (-nircos(-nir) ) 1 

2 (nir) 2 ^ 

+ {sin(mr) - sin(-nn)}} 

-2mrcos nn _ -cos mr _ (-1) 

2 (mr) 2 niT nir • 

Thus from (2), the Fourier full range series for f is 

n+l 


g (x) 


+ L 


(-l) n 


n=l 




The Fourier cosine series for f is given by 
f(x)~ c g 2 

where the coefficients are given by 
2 

a o " L 


92 (x) ' ^ + n l x a n cos (nr) 


[ '<*>**-E f [A + |] 

-1 fe + 1] 

*o ] o L J 

(la 

| f(x)COS dX 

f L / \ f 

L J 

£ «. (ap) ax * i 

° os (¥K 

■*0 J 

0 ' ' 

_ mrx anc [ integrate by parts so that 

rmr 

( nlT L 

——— cos u du + | 

J 0 2 (nn ) 2 L 

— cos u du 

} 0 


5? [sin u| p 


[u sin u] 

P- 

rmr 

sin u du 

1 

1° 

0 


1 

(mr) 2 


= —-— (cos mr - cos 0) = cos nTr -- _ 

(nn) 2 (nir) 2 

Therefore, from (4), the Fourier cosine series for f is 

/ \ 3 2 7 1 „ „ mrx 

g 2 < x) = 4 - — E — cos — * 

4 ir 2 n=l,3,5 n 2 

Finally, the Fourier sine series for f is given by 

f(x> s gi (x) = b n sin (frr) 

where the coefficient b n is given by 


(6) 















b„ - | J^fOO.in (BIS) dx 

"i f A sin (t 5 ) 3 * * i f 5 ^“(t*) 3 *- 

•'0 J 0 

Now let u = SiM and integrate by parts to find 

( nn 

u sin u du + — 

0 


(-cos uj d 


[cos nn - cos 0] 


—-—f-nncos nn + (sin nn - sin 0)1 
(nn) 2 L J 


Therefore, from (6), the Fourier sine series for f is 


gi (x) 


E i sinfe*)] - if I i sinfe) 

n=l,3,5 n \ L ' * n=2,4,6,.. n V L / 


(V) 


All three series are graphed in the figure. 


• PROBLEM 14- 


Find the Fourier sine series of f (x) = x 2 over the interval (0,1). 


Solution : The Fourier sine series of a function defined on an interval (0,c) is given by 



We now turn to the given problem Here f (x) = x 2 , and c = 1. Thus we obtain the Fourier series 


where 


Z b sin mrx 
n-1 n 


( 3 ) 










x 2 sin nTrx dx- 


We must evaluate the b n . Using integration by parts, we obtain 

[1 

b = 2 x 2 sin nrex dx 
n 

Jo 



Substituting (4) for b in (3), the required Fourier sine series over 0 < x < 1 is 

n+1 


“ f (-D n+i _ 2(i^ui)^n sin 
n=l l n7r n 3 n 3 J 


• PROBLEM 14- 


Find the Fourier sine series for the function defined by 
f (x) = 0 0 < x < ji/2 

f (x) = 1 id 2 < x < n. 


Solution : The Fourier sine series of a function defined on 0 < x < L 

f(x)~ E b sin ^ (n=l,2,...) (1) 

s n-1 n L 

where 


f(n) sin nx dx. 


(2) 


Recall that the Fourier sine series is equivalent to finding the Fourier trigonometric series of an odd function, i.e., a 
function such that f (-x) = -f (x). 


In the given problem, since f (x) = 0 for 0 < x < tc/ 2 we need find its series development only for the interval nil <x<_ji. 
Taking L = n , 


n w Jn/2 


sin nx dx = - — I cos nx 


> ■— jcos ^ - cos nnj = ^ja>s ^ + (-l) n+1 j. 


Substituting (3) into (1), 

















In the given problem, f (x) = x; hence (2) may be rewritten 


The problem at hand is the evaluation of the coefficients a n . We first find a n for n ± 0. The integral in (3) may be evaluated 
using integration by parts. Thus, 


a = if-S- : 
n c nn 


(<-i> n -r) 


-2s- [l - <-l) n ] 
(nit) 2 


We now find the coefficient a 0 separately. 


x cos ■ „ ■ dx = : 


Thus the Fourier cosine series over the interval 0 < x < c for the function f (x) = x i: 


£(*)- !.• - 1 1-1-11 COS 

C 2 n 2 n=l n 2 C 


E(x) ~ i c - — Z cost(2k+l)nx/c] 
c 5 TT 2 k=0 (2k+l) 2 


since when n is even, 1 - (-l) n = 0. 


• PROBLEM 14- 


Show that the Fourier series for f (x), where f is periodic with period 2L, given by 



can be written in complex form as 



Solution : Recall that Euler’s theorem states that 
e ly = cos y + i sin y (3) 

so that e _iy = cos(-y) + i sin (-y) = cos y - i sin y. Therefore, 







i(n7rx/L) -i (nnx/L) 


i (mrx/L) 


-i (rnrx/L) 


“ T* -S [•* 

“f-n (- 1 

(sing these results in i 

.-‘W] 


(nirx/L) _ g -i (nirx/L) 
Using these results in (1) yields 


. £ [,‘W. 


Now define coefficients c n as follows 


If? " 


3 a o 


(n>0) 
(n<0) 
(n=0) 


Then (4) may be written as 

oo i 

f(x) ~ £ c e 


mrx 

L 


and this is the desired complex form of the Fourier series of f. Recall that the Fourier coefficients a n and b n are defined by 


n L 

and 


f (x)cos|^j dx 

b „ - E \A £( «»* i ”( !! E £ ) to 

where a is any number such that (a,a+2L) is in the domain of definition of f. Hence, for n>0 


=n * l < V ib n> " " 1 Sin ( S ^)] 

! !a+2L -l (2£S) 

-E J a f(x,e ' '*• ■ 

For n<0, 

a -n = l [ a f (x)cos^x)dx = J | a f(x)cos^)dx 




b -„ " E {” +JI '* t ’ t,,1 "^T S )*‘ ‘ T },* 2Lf ( “ >,in ( S I S ) dlt 

so that 

c n = 5 (a -n + ib -n J = A f a ^ (x > [ cos ( ! ^) “ 1 sin (^)] d 


= Jr f(*)e 


. w d 


Note that this shows c = i< a -ib ) ,n<0)- Finally, for n= 0 


„ fo . _L | a 


. t a+2L 

H f(X)< 


<^)a 


One thus has the concise statement 


‘(tt) 


1 f a+2L 

and C = 57 - f (x) 


-iff) 

s \ L ' dx (7) 


which is the required complex form of the Fourier series for f. It is very important to note that although (7) has a complex form, 
if f (x) is real valued so is the series. How could it be otherwise if we have only used identities relating real num b ers to 
imaginary num b ers ((3a),(3b),(5))? If the complex form is used in a problem it may not be obvious how to convert the final 
answer from complex to real form in order to make numerical approximations. In such a case the relations in (5) must be used 
to find a n and b n in terms of c n . Even so, in complicated problems the simplicity of manipulations with the complex form make 
it convenient to carry it along until the end and then convert back to the real form using (5). 


• PROBLEM 14- 


Represent the function 


f(x) = f0 -TT < X < 0 

(1) 

o < X < IT 


by a complex Fourier series. 



Solution: The complex form of the Fourier series of f is given by 


f(x) ~ n = I c n e 

where 

a+2L -i- 


inux 

L 


( 2 ) 


where f is periodic with period 2L and a is any num b er such that (a,a+2L) is in the domain of definition of f. In the case at 
hand, L=n and a must be -n because of the definition in (1). Hence 


and 







4 -inir 


-inx, 1-e 


0 (n = even) 

nk <" ■ ° dd > 

Using these results in (2) gives 

1 inx 


f(x) ~ i + 7£ n J_ m • < 4 > 

n=odd 

Since it is just a different notation, the complex Fourier series of f given in (4) has the same properties as the ordinary Fourier 
series, i.e. it represents the periodic extension of f into the whole real axis. 

• PROBLEM 14- 


Find the exponential Fourier series of the periodic waveform from the graph shown below. 



Solution : This is a typical example of the way Fourier series are used to represent functions in electrical engineering. The 
function to be represented here is v(t) = the voltage at a certain point in a circuit at time t, where v is periodic in time with 
period x = 2 ^ = 1- The complex form of the Fourier series of such a function is given by 


i(^) ! fa+T 

n e ^ ' c n = t l a v(t)e ' Jd 

ke the limits of i 
frrical applicath 


V(t) - 


It is convenient to define u . ±JL, take the limits of integration from 0 to x and let j stand for the number whose square is -1, 
(i.e. j = i). This is convenient in electrical applications since i is usually used for current. In this case (1) becomes 


v<t) ~" ” V s 

where 

v(t) = 1 -1,18 (2,x) 
v(t+x) = v(t) all t . 

First evaluate c 0 by 

c o ■ T j, v<t)<it 

(note that this maybe interpreted as the average value of the voltage v over the interval (0,x)). This gives 

1 


■ i \l (l-t)dt -[h-i] 


and evaluating yields 













X _ 1 
2 " 2 


since x = 1 second. 

Similarly, evaluate equation c n , n ^ 0: 


dt. 


but 


Lax. e ax 

J e dx = “ 


e dx « 

and, using integration by parts, 

f ax, xe ax e ax . 

j xe dx = —- - 

a 

Using these results in the integrals above yields 


,-jnu>t te”^ nut e - ina»t 

W " Mnw) + (_ jnu )t 


=» ' k [t 

so that 

H = 1 fe~ jn “ T -e 
'n T l (-jnw) 




-0 


(-jnw) 


3 -j na » T - e Q ] 

(-jnu) 2 J 


(4) 


We would seek ways to simplify equation (4) before proceeding further. One way is recalling that 
uj = rad/s- 

Since x = 1 in this instance, from the graph. 

(0 = 2n rad/s. (5) 

Substituting equation (5) into equation (4), 

j 2lrn _l e "j 2 ™ ^"D 2 ™. 


°»=(S 


( 6 ) 


2„n) (-j2»n) ( _ j2 „ n) 2 _ 

A further simplification may be made by evaluating the exponential quantity with the use of Euler’s equation, 

e^ = cos x + j sinx, (7) 

e -j 27 in = cos (_2 un ) + j sin (-27m) = +1 (8) 


since the cosine or sine of ±27r or any whole-number multiple thereof is +1 or zero, respectively. Now, substituting equation 
(8) into equation (6), 











„ _ f 1-1 1 . 1-1 1 „ 

'n [(-jZTrn) (-jZTin) ( _ j2im) 2 J 


'n j2irn' 


( 9 ) 


A further step in simplification can be made by recalling that 


f = -i - 0 - 3 = e ’ 2 


which can be proven with equation (7). Substituting equation (10) into equation (9), 


c n = 2irn e < X1 > 

Finally, substitute equations (3), (5) and (11) into equation (2): 


1 


v(t> = I + I (^)e 

n=-« 


“3o 


2 j 2 irnt. 


This can be rewritten as 


i*i j(2irnt-a) 
v(t) = \ + £ (^-)e 2 volts 


since e“ e° = e c 


2 n-‘- 2 ™ 

,b _ „a+b 


• PROBLEM 14- 


Convert the Fourier series 


f(t| * k= L i+js 


1_ „jkt 


to trigonometric form. (In(l) we have usedj 2 = -1 instead ofi 2 = -1 as is frequently done in electrical engineering.) 



Solution : We know that the Fourier series is 


+ E (a cos noi t + b sin nu> t) 
n=l n on o 


E c e J o 


jnu) t 


(1) 












, = 2 (a n - jb „> 


and u) = — where T is the period of the functionf (i.e. f (t+T) = f (t)). The expression on the left in Eq.(l) is known as the 
trigonometric form of the Fourier series. We must convert 


he Fourier series. We must convert 


+ CO 

f(t) = z e 3 kt to trigonometric form 


Making use of Eq.(2) we have 


1_1 a 1 

1+jk 2 n 2 3 n 


which can be written in polar form as 


1 1 

j tan" 1 k ” 5 n ’ 5 ]D n where k- = tanO. 


VlW 7 e 3 tan " k 


1 e -j tan -1 k _ 1 e j tan -1 (-k) _ 1_ 

Vl+k 2 Vl+k z 2 


1 [cos (tan -1 (-k) ) + j sin (tan" 1 (-k) ) ] [cos(tan J (-k)) + j sin(tan 1 (-k))] . 
VT+k 7 


fhe figure shows some convenient identities. Thus i 


compute c = 1+k 2 . Hence 


if 0 = tan ^-k), then tan 0 = -k = thus we may 

b 


may let b = 1, a = -k and 


ds (tan -1 (-k)) = - 1 -- ; sin (tan” 1 (—k) ) = ——— 
vT+k 7 \/l +k 2 


a - i jb = —-j —£— 

n 2 n 1+k 2 1+k 2 


— ; -S = c = 1 ; b 
, 2 ^o n 


instituting into Eq.(l) yields 


(t) = 1 + 2 Z 22 sJct_j L J S _sin_kt 
k=l 1+k 2 


P PLICATIONS 


• PROBLEM 14- 


Find the Fourier series for the waveform shown in the Figure. What is this series if the origin is shifted to O'? (See figure) 




C*in t 


%b- 

Solution : This is an example of the way Fourier series are used to represent functions in electrical engineering. It is 
interesting to note that this waveform is called a full-wave rectified wave and is a primitive form of the voltage output of say 
the rectifier which is attached between a battery which is being recharged and a wall socket. The function to be represented 
here is v(t) = the voltage at a certain point in a circuit at time t where v is periodic in time with period x = n . The Fourier 
series of such a function is given by 


v(t) 

where 


~ i + E fa cos 22l 
2 n-1L n T 


n2ut 

T 


v(t)cos^^jr^dt 


b n - \ [ T v(t)sin^^dt . (3) 

It is convenient to define y = iZ = 2 and take the limits of integration from 0 to x = n. In this case, (1) , (2) and (3) become 
a °° 

v(t)- £■ + E (a cos 2nt + b sin 2nt) (4) 

2 n=l n n 

2 f" 

a = — v(t)cos 2nt dt (5) 

n u j 0 

v(t)sin 2nt dt. (6) 


Now the function v(t) is given by 
v(t) = sin(t) 0< t < 7i 
v(t+7i) = v(t) all t 
so that from (5) and (6) 


0 




sin t sin 2nt dt 


* i;5 


1 sin(l-2n)t| 1 sin(l 2n)t| 


a = — sin t cos 2nt dt- 


Again, vising trigonometric identities, this integral is equivalent to 


i sin(l+2n)t + i sin(l-2n)t dt 


* 7 [- ik c °s(2n + l)u - 

- *[- ik c ° 3 0 - 

“ n ’ " [l-4n 2 ] 

The expression for v(t) is, thus, or since 


v<t) ~ - 1 + I —-— cos 2nt I or since 

l n=l l-4n 2 J 


Now if the origin is shifted to 0' as indicated, the time functions are shifted a quarter period. The maximum value of f (t) wil 
now occur at ^ which is A less than the original peak Hence each term in the series must be shifted a like amount, and 

v(t) ~ | [1 - | cos(2t + J) - ^ cos(4t + J) - ...] 


The electrical circuit shown in the Figure is driven by a variable electromotive force E(t) which is periodic (but not 
necessarily sinusoidal) in time. The response of the system is the current I(t) and is known from electromagnetic theory to 
satisfy 

. g§ 

dt 2 dt C dt 

Find I(t) in terms of R, L. C and E(t). 


(1) 







Solution : The solution of a differential equation such as (1) is the sum of a transient term (the general solution to the 

homogeneous equation L ^ + R ^ I = 0) a steady state term (a particular solution of (1)). The solution of the 

dt 2 C 


homogeneous equation is straightforward, does not require Fourier methods, and dies out rapidly with time. Therefore, 
assuming that enough time has elapsed so that steady state conditions prevail, (1) will be solved and the solution will give I(t) 
quite accurately. 

Now, under steady state conditions the function I(t) is also periodic with the same period T as for E(t). Let us assume that 
E(t) and I(t) possess Fourier expansions given in complex form by 


E(t) 


inwt 


I(t) 


incut 


( 2 ) 


E C e A 

n=-« “ n=-°° n 

where w _ ^.Furthermore, let us assume that the series may be differentiated the necessary number of times (these 
assumptions will be discussed later). Then 


dE _ 
dt 

E 

n=-oo 

_ xnut 
inuE e 
n 

(3) 

dl = 

dt 

E 

n=-°° 

inuC e im,t 
n 

(4) 

d 2 I = 

E 

e inut . 

(5) 

dt 2 

n=- 

“ 



Now substitute (2), (3), (4), and (5) into (1) and note that the coefficients with the same exponential e mcot may be equated due to 


the fact that the set {e m(0t } n is orthogonal over f 1L) Recall that orthogonality of complex functions is defined by 


J f n (x) f m (x)dx = 0 forlorn That is 


incut -imwt 


n^m 


so to prove that we may equate the coefficients of e mcot , multiply through the 


2 

equation 


L £ l-«V)c n e‘“ 


2 > 




= £ (6) 

n=-oo 

by c' inf,)t and integrate from to "L Then all terms with m^n will vanish and all coefficients of e mcot will be multiplied by 2L. 
Thus, the equality will be proven. Hence, equating like terms in (6) gives 

(-n 2 u) 2 L + inwR + i)C = inojE • 
n n 


Therefore 










(w 2 - n 2 u 2 ) + 2anwi 


(7) 


where w 2 = is called thenatural frequency of the circuit and 2 a = 5. is called the attenuation factor of the circuit. Thus 
the problem is solved for a given E(t) since (2) gives the Fourier expansion of I(t) where c n are given in terms of the Fourier 
coefficients ofE(t) which may be computed. I.e., 


i (ny) 


C 


(to 2 — n 2 oi 2 ) + 2anwi 

° ”2 
Once the c n are computed the series in (2) may be converted into a real Fourier series 
a 00 

I (t) = + E fa cos nut + b sin nut) (9) 

2 n=lL n n J 


by recalling the relations 


c 

n 


n*0 

n*0 


A few terms of (9) may then be used to make good approximations of I at any time t. 


Finally, the validity of term by term differentiation was assumed valid. But this procedure has only been shown to be valid 
for uniformly convergent series so far and this is a fairly stringent requirement. However, as will be discussed in the chapter 
on transform methods, this procedure can be shown to be valid for a wide range of functions, including almost any physically 
significant function, by using the theory of distributions. In any case, when solving such problems it is usually best to assume 
such procedures valid and then justify them later after the solution has been developed. 

• PROBLEM 14- 


A beam supported at each of its ends is shown in the Figure. It is uniformly loaded by a load q per unit length and the 
deflection of the beamy(x) is sought. If we choose the direction of the y-axis as downward as indicated in the Figure, the 
function y(x) is known to satisfy the equation 

= gY <3 ( x ) (1) 

dx 4 

where q(x) is the load per unit length at point x (q = constant in our case) and JL is the rigidity of the beam (also constant). 
Find y(x). 


Solution : Note that since the function y(x) must vanish at x = 0 and x = L, it may be conveniently expanded into a Fourier sine 
series 



y(x) 


z 

n=l 




(3) 


Assuming the validity of the fourfold term-by-term differentiation, (3) yields 







( 4 ) 



(This is a reasonable assumption since on physical grounds one would expect y(x) to be “infinitely smooth” in which case each 
of the series for y^ n) (x) would converge uniformly, justifying term-by-term differentiations,) Also expand q(x) = q into the 
Fourier sine series 


where 


(5) 



(n=odd) 

(n=even) 


( 6 ) 


Substitute both series, (4) and (5), into (1) and note that due to the orthogonality of the set of functions {sin 2^}°° we 

L n=l 

may equate the coefficients of terms with the same a Le. since 



we may multiply through the resulting equation 

1(f)' *>„*«(=?) IT n? 

n=odd 

by S i n (111) and integrate from 0 to L. Then all terms with nfyn will vanish while the coefficients of the n th terms will be 
multiplied by k • When this is done, we find 


L f nn 
2 


1 j_ 4^ 

2 El nn ' 


so that 

y (x) 


f*3£l . 


/ EItt 5 n 5 
0 


l 


4qL 4 

EIn 


-f I -LsinSfSl. 

5 (_n=l, 3,5,... n 5 L J 


(9) 


A practical advantage of (5) is the rapid convergence of the series due to the fifth power ofninthe denominator, for instance, 
at x = k (maximum deflection) the second term in the series represents only = . 0 0412 or -4% of the first term. Thus, the 
first term may be used for calculations with about 99% accuracy. 

Finally, since the series for q(x) (and, therefore, for ^—^) is not uniformly convergent, the validity of the procedure remains 

dx M 

in doubt. However it is easily justified by the theory of distributions which will be discussed in the section on integral 
transforms. 



PROBLEM 14- 


1 Else Parseval’s equality and the results of previous problems concerned with calculation of Fourier coefficients of | 

particular functions to find 


(a) Z 

1 

1 + ± + ± + ... 

n=l 

(2n-l) 2 

3 2 5 2 

(b) Z 

1 

l + ^ + -i- + ... 

n=l 

(2n-l) ** 

3 4 5 4 


Solution: Recall that Parseval’s equality holds for any periodic function f with period 2c whose Fourier series converges in 
the mean to f. Since all piecewise continuous functions have convergent Fourier series, Parseval’s equality holds for all such 
functions and is written 


hi' 


a+2c 


[f(x)] 2 dx 


+ Z (a. 2 + b 2 ) 


where a 0 , a k ,, b k . are the Fourier coefficients of f and a is any number such that (a,a+2c) is in the domain of definition of f. 
(a) Earlier it was found that the Fourier series of the piecewise continuous function 


-1 
+1 

f (x+27i) = f (x) all x. 


-TT < X < 0 
0 < x < ir 


c if,!dx - ” c ( - i, ’ ax+ • i; 


(1) 2 dx 


so that Parseval’s equality gives 


a 2 no /*- n 

a 00 a 2 

-5- + l a. 2 + b. 2 = Z 

2 n=l k k n=l 


n=l (2n-l) 2 3 2 5 2 

(b) Earlier it was found that the Fourier series of the piecewise continuous function 

f (x) = |x| -71 < X 71 < 







Now 


cos(2n-l)x 


[f] 2 dx = - x 2 dx = — — 


1 x J * 2 IT 2 


n 3 pc 3 


so that Parseval’s equality gives 

41- 4- ~1 f-^—] ! 

3 2 n=l [jr(2n-l) 2 J 


4 + ^ £ 

2 tt 2 = 


IT 2 n=l (2n-l)“ 


n=l (2n-l) 4 



CHAPTER 15 


COMPLEX VARIABLES 


COMPLEX NUMBERS 


• PROBLEM 15 


Put the following complex numbers into the form 


z = x + ly: 

(a) ; 




(C) 


(1-i) (2—i) (3 — i) 


Solution : In each of these three problems, the key step will be to “real-ize the denominator.” This procedure can be 
generalized as follows: 


zi xi + iyi xi + iyi /x 2 - iy 2 \ 
z ~2 “ x 2 + iy 2 ” x 2 + iy 2 x 2 - iy 2 j 


x 2 xi + i(-i)yiy 2 + iyix 2 - ixj.y 2 


xl - (i • i) y1 + ix 2 y 2 - ix 2 y 2 
xix 2 + yiy 2 + i(yix 2 - Xiy 2 ) 


x| + yi 

Xix 2 + yiYa i(yix 2 - Xiy 2 ) 


z 2 x| + y§ 

where we have defined the real numbers 


xl + yi 


xix 2 + yiy 2 


yix 2 - x 2 y 2 


x 2 + y 2 xi + yi 

The answer is now in the desired form. 


Note that if z = x + iy, then z = x - iy 
is the complex conjugate of z and that 

y 2 = (/x 5 + y 2 ) 2 = | z| 2 


Z Z = X 

where | z j = /x 2 + y 2 is the modulus of z. 
Then our method simply says to do the following: 


z 2 z 2 \z 


ZiZ 2 

M 7 







This formula is less cum b ersome than (1) 
We now employ these results. 


(a) - 


1 + 3i -1 + 3i (2 + i\ -2 + 3 • i • i + 6i - i 

2 - i “ 2 - i ^2+ij ~2*2-i-i-2i+2i 


-5 + 5i 


= -1 


and this is the desired form 

(b) 1 + 2i 2 - i _ 1 + 21 / 3 + 4i \ 2 - i /-5x\ 

3 - 4i 5i 3 - 4i 1 3 + 4ij + 5i ^-5i/ 

_ 3 + 8i 2 + 6i + 4j -lOi + 5i 2 
3 2 + 4 2 5 2 


_ -5 + lOi , -5 - lOi 
25 + 25 

_ ~5 - 5 + lOi - 10i _ -10 
25 “ 25 

_ zl 

5 


(c) 


(1-i) (2—i) (3-i) 


(2 + (-i) 2 - i - 2i) (3-i) 

5 __5 

<l-3i)(3-i) 


3 + 3i 2 


5 _ 5 ( 10i\ _ 50i 

-lOi -lOi \ioi) - 10 2 


li 

2 

• PROBLEM 15 


Find a polar representation of Zq = 1 + i and graph this point in the complex plane. 


Solution : To plot a point, z = x + iy, in the complex plane, we simply associate the horizontal Cartesian axis with the real 

part x, of z, and the vertical axis with the imaginary part y. This is illustrated below in Figure 1. From that figure we can see 
that a set of polar coordinates 


Im z=y 



Fig. 1 
























may also be associated with z, with the identification 


x * r cos0 , y = r sin9 , r = /x 2 + y 2 = |z| 


(1) 


where |z| is called the modulus of z. Note that r = | z | > 0 for all complex num b ers z. Evidently then, 
z = x + iy = r cos0 + ir sin0 = r(cos0 + i sin0). (2) 

Note that 0 can take on an infinite number of values, 

0j + 2n7i, n= ... -2, -1, 0, 1,2, ... 

The smallest positive value of 0 will be used in this problem. Note also that tan 0 = y/x. Now, for 

2 q = 1 +i,by(l), r = | z | = /i 2 + l 2 = /2 and t an0 = y = 1. This implies that 0 = t an _1 l = J + 2mr- 
We will use that 0 for which n = 0 so that from (2), 



(3) 


This is shown graphically in Figure 2. 


Im x =y 



Fig. 2 


• PROBLEM 15 


Find all of the nth roots of 1. That is, find the values of z which satisfy the equation 
z n = l,z^0. 


Solution : First recall that if a complex number z is represented in polar form by z = |z| (cos0 + i sin0), then we may identify 
the expression cos0 + i sin0 with e 10 . (This is Euler’s identity.) That is z= | z e 10 . Note that the relations 


e iei e i0 2 = £1(01+02) 


( 1 ) 


and 


e ie1 _ i(ei-e 2 ) 

i ft , e 


(2) 


19 2 


e' 


each of which may be proved from the definition, 
e 10 = cos0 + i sin0, 

are ample justification of the manipulative features of this notation. It can also be proved by using induction on (1) that 

( e i0)n =e M ( n + 0)±1)±2? ...) 


so that 


( 3 ) 








(COS0 + i sin0) n = cos n0 + i sin n0, (n = 0, ±1, ...) (4) 

This is called De Moivre’s Theorem and will be used in this problem Now, to find z such that 
z n = 1, 

we write z = re 10 and look for r and 0 such that (re 10 ) n = 1, or 

r n e ine =1 . e 121 ™, (k=0,±l,±2, ...), ( n = 0, ±1, ±2, ...) (5) 

since 1=1* (cos 2k 7C + i sin2k7i). Therefore, the nth roots of 1 are those num b ers satisfying 
r n = 1 

and n0 = 2k n. Hence, r = 1 (since r = |z| >0) and 

e.iM 

for any integer k, and 

f—^ 

z = e i V n ' (k = 0, ±1, ±2, ...) (6) 

are nth roots of 1. However, because of the periodicity of cosine and sine, and therefore of e 10 , we know that 
e ie = e ice+2n7i) (n = 0, ±1,...) 
so that for k > n, say k = n + j (where j > 0). We have 



and we may terminate (6) at k = n-1 to get n distinct roots of 1, namely 

J&) 

z = e (k = 0,1,2, n-1) 

or 

z = cosf^j + i sin^^j (k = 0,1,2, ..., n-1)- 

COMPLEX FUNCTIONS AND DIFFERENTIATION 

• PROBLEM 15 


Show that f [z) = "z is nowhere differentiable using the definition of differentiability, (^ is the complex conjugate of z.) 


Solution : The definition of the derivative of a complex function, f (z), is 

d _ lim f(z + Az) - f(z) ,,, 

di f(z) = Az-*-0 - ~z - (1) 

It is easily proved that if such a limit exists, it is unique. Therefore, if we can show that the limit in equation (1) has different 
values for different ways in which Az approaches zero, we will have shown that this limit is not unique and therefore does not 
exist, 

Write z = x+iy. The z = x - iyandforf( z ) = z , (1) becomes 






d — _ lira 2 + Az - z 
dz " Az-*0 Az 


lira 
= Ax<-0 
Ay+O 


x + iy + Ax + iAy - x + iy 

Ax + iAy 


= Ax T 0 x - iy + Ax - iAy - (x - iy) 
Ax + iAy 


lim 
= Ax-*-0 
Ay+O 


Ax - iAy 

Ax + iAy 


(2) 


Now we may choose to approach the point z along the line for which Ay = 0 (parallel to the x-axis). Then from (2) we have 


d - _ lim Ax _ lim 
dz z Ax-»-0 Ax Ax-*-0 


(3) 


But if we choose the line for which Ax = 0 (parallel to the y-axis) then 

d - _ lim -iAy = lim , 
dz Ay-»-0 iAy Ay+0 


(4) 


From equations (3) and (4) we see that the limit depends on the way in which we let Az approach 0, and this is true for any z 
we choose. We conclude that since a limit must be unique, this limit does not exist for any z. That is, f ( z ) = is nowhere 
differentiable. 


• PROBLEM 15 


The function f (z) = z 2 = x 2 - y 2 + i2xy = u(x,y) + iv(x,y) can be shown to be differentiable for all z with 

£ (z2) = 2Z ' 

Prove that this function satisfies the Cauchy-Riemann Theorem for all z. 


Solution : The theorem in question states that a function which is differentiable at a point z = x + iy satisfies the Cauchy- 
Riemann equations at this point and that 


f' (z) 


3u(x,y) i3v(x,y) 
3x + 3x 


The Cauchy-Riemann equations are 

3u(x,y) 3v(x,y) 3u(x,y) -3v(x,y) 

~35 3y and ~5y = 35 


(1) 


(2) 


In the case at hand, u(x,y) = x 2 - y 2 and v(x,y) = 2xy. Therefore, we have 


3u 
3x ' 


3u 
3y ' 


-2y 


3v . 
3x 


3y ' 


(3) 


We see immediately from this that 


9u 

3x 


3v 

3y 


= . 3u _ -3v 
and 3^ = -3F 


so that the Cauchy-Riemann conditions hold. Also from equations (3) and (1) we have 

f,(z) = lx + = 2x + i2 y = 2z ’ 

which is the result deduced from the definition of a derivative. Therefore, we have verified the theorem for 
















f (z) = z 2 for any z. 


PROBLEM 15 


Prove that the function f ( z ) = i is differentiable for all z except z=0 by using the Cauchy-Riemann equations. Also find f 
z 

'(z). 


Solution : We use here the theorem which states that for f (z) = u(x,y) + iv(x,y), if u and v have continuous first partial 
derivatives at a point z = x + iy and satisfy the Cauchy-Riemann equations at (x,y), then f (z) is differen-tiable at z = x + iy. The 
Cauchy-Riemann equations are 


3u 3v 
3x = 3y 


and 


3u _ -3v 
3y ” 3x ’ 


In order to use this theorem for f ( z ) = —, 

z 

we must first write — as u(x,y) + iv(x,y). That is, 
we must solve the equation 


( 1 ) 


x + iy 

for u and v. This is easily accomplished by writing 

x - iy ) . x- iy 


x + iy x + iy l x - iy 


1 _ x -iy 

x + iy - x z + y 2 x * + y * 

We see from (3) and (2) that 

u(x,y) = --- , v(x,y) = -^- 

x 2 + y 2 x 2 + y 2 

from which it follows that 

3u _ y 2 - x 2 _ iy 


and 


3u _ -2xy _ -3v 
a * ’ <*’ + y>>* ' 


( 2 ) 


(3) 


(4) 


(5) 


Thus f (z) = u + iv satisfies the Cauchy-Riemann equations by virtue of (4) and (5). Also note that the partial derivatives 
calculated in (4) and (5) are continuous except for x 2 + y 2 = |z| = 0, or z = 0. We have therefore satisfied the conditions of 
the theorem and thereby have proven that 

df (z) = d (1/z) 
dz dz 

exists for all z ^ 0. 


To find f(z), recall that if the conditions of the above theorem are met, 


f' (z) 


3u i3v 
9x 9x 


In our case, this implies that for z ^ 0, 















Now note that 


-1 


• y 2 + 2ixy 
- x 2 + 2ixy 


--- 

(x 2 - y 2 ) + i(2xy) 


* . Z-i: 7 . 2 . ix y\ 

y 2 - 2ixy ) 


2ixy 


(x 2 - y 2 ) 2 + 4x 2 y 2 (x 2 + y 2 ) 2 (x 2 + y 2 ) 2 

Equating ( 6 ) and (7) we see that 


— , z # O' 


• PROBLEM 15 



Solution : This problem demonstrates the importance of the continuity conditions in the theorem which states that if a 
function, f (z) = u(x,y) + iv(x,y) satisfies the Cauchy-Riemann equations at a point z, and if the first partial derivatives, u*, Uy, 
v x , v y , are continuous then f' (z) exists. Notice that if we prove what the problem asks, we will have shown rather circuitously 
that by virtue of the theorem, not all of the first partial derivatives are continuous at z = 0 . 


Now, applying the definition for a partial derivative of a real valued function yields 

u (0,0) = 


_ lim 
x+0 

_ lim 

u(x,0) - u(0,0) 

lim 

x-+0 

lim 

(x 3 /x 2 ) 

‘ 0 - 1 

(i) 

X 

(-y 3 /y 2 ) 

" 0 - -1 

x - 0 

u(0 ,y) - u(0,0) 

= y-0 

y - 0 

y+0 

y 


\ &) 

_ lim 

v(x,0) - v(0,0) 

lim 

(x 3 /x 2 ) 

- 0 - 1 

/ 

x+0 

x - 0 

x-*-0 

x - 

0 1 

\ 

_ lim 

v (0 ,y) - v (0,0) 

lim 

(v 3 /y 2 ) 

- 0 _ 1 


= y+0 

y - 0 

y-*-0 

y 


(4 ) 


The Cauchy-Rieman conditions are 14 = v y and Uy = -v x and it is clear from the above equations, (1) - (4), that these conditions 
are satisfied in this case for z = x + iy = 0 . 

To show that f' (z) does not exist at z = 0, first compute the limit of the difference quotient along two different paths of 
approach to the origin. Then since different results will be obtained along the two different paths and since if a limit exists it 
must be unique, we will have shown that this limit does not exist. Thus, along the line y = x, observe that z = x + ix and 


f (01 


lira f(z) - f(0) = lira 
z+0 z - 0 x+0 


Approaching z = 0 along the line y = 0 (the x axis) note that z = x and 

f' (0) 


. lim f(z) - f (0) 
z-<-0 z - 0 


lim 

x-*-0 


Equations (5) and ( 6 ) show that two different paths of approach to 0 give two distinct results for f (0). Therefore, f'(0) does 
not exist. 
























PROBLEM 15 


Find the harmonic conjugates of the function 
u(x,y) = y 3 - 3x 2 y. 


Solution : A function (h(x,y)) is harmonic in a domain (an open connected subset of the complex plane) D of the xy-plane if 
throughout D it satisfies Laplace’s Equation, 

hxx (Xy) + V (x,y) = 0 ( 1 ) 

where the second partials, h xx (x,y) and hyy (x,y) are continuous on D. If in addition to being harmonic, two functions u and v 
satisfy the Cauchy-Riemann equations 

u*= v y and Uy = -v x ( 2 ) 

inD, the v(x,y) is said to be a harmonic conjugate ofu(x,y). These definitions involving only real valued functions have 
importance in complex analysis due to a theorem which states that a necessary and sufficient condition for a function f (z) = 
u(x,y) + iv(x,y) to be analytic in D is that v be a harmonic conjugate of u in D. 

To find a harmonic conjugate of u(x,y) = y 3 - 3x 2 y first note that it is easily checked that u is itself harmonic. Now in view 
of the definition, if v is a harmonic conjugate of u it must satisfy equation (2). In particular it is needed that 

u x (x,y) = - 6 xy = v y (x,y). (3) 

Holding x fixed and integrating both sides of the second equality in (3) with respect to y, yields 
v(x,y) = -3xy 2 + <f) (x) (4) 

where (|) (x) is an unknown function of integration. Differentiating (4) with respect to x gives 
v x (x,y) = -3y 2 + (J)' (x) (5) 

and in view of the second of equations ( 2 ) we must have u (x,y) = 3y 2 - (J)‘(x) or 
3y 2 - 3x 2 = 3y 2 - (J)'(x) ( 6 ) 

if v is to be a harmonic conjugate of u. This implies that (J)' (x) = 3x 2 or (|) (x) = x 3 + c where c is any arbitrary real number. 
Using this result in (4), the following form for v is obtained: 

v(x,y) = x 3 - 3xy 2 + c. (7) 

It is easily proven by using the definition that two harmonic conjugates of a function u(x,y) can differ at most by a constant. 
Therefore, equation (7) gives all possible harmonic conjugates of u. The corresponding analytic function is 

f (z) = y 3 - 3x 2 y + i(x 3 - 3xy 2 + c) 


or 

f (x) = iCz 3 + c). 


• PROBLEM 15 


Find the real and imaginary parts of sin z for complex z. That is, write sin z in the form Re(sin z) + i Im(sin z). 


Solution : The sin function for complex numbers is defined as 


From this definition, it follows that if z = x + iy, then 

i(x+iy) _ -i(x+iy) 


(1) 








or, 


ix i 2 v -ix -i 2 y 
e e 1 - e e * 

2l 


Recall that e K = cos x + i sin x so that (2) becomes 

e -y 

sin z = (cos x + i sin x) -j-t- 

Collecting like terms of sin and cos, yields 


- (cos x - i sin x) tt- 


sin z = i sin 


( e -y + e y^ . ( e -y _ e y) 

V 2i j + cos x [ —21 —) • 


Recalling that i = -i (to prove this, multiply each side by i to obtain an identity) we may write (3) as 

. 1 e y + e _Y e y - e' y 

sin z = sin x -2- + i cos x -— 

so that 


sin z = sin x cosh y + i cos x sinh y, (4) 

since by definition sinh z _ e z - e 2 and co=h z = e Z + e Z . Equation 14) displays sin z in the desired form so that 
we have found that 

Re(sin z) = sin x cosh y, Im(sin z) = cos x sinh y. 

• PROBLEM 15- 

Determine whether the following equation is true for all complex z: 
log e z = z. 



Solution : The logarithm of a complex number, w = re 10 , is defined by 

log w = Log r + i0 (1) 

where r = |w|, the modulus or absolute value of w, Log denotes the natural logarithm of a positive real number and 0 = arg w is 
an argument of w. Recall that 0 is any angle that w makes with the positive real axis when w is interpreted as a directed line 
segment from the origin as in Figure 1. In that figure, each of 0 l5 0 2 and 0 3 is a possible value of 0. We can see that all values of 
0 can be written as 

0=0 + 2 n 7 i (n = 0 , ± 1 , ± 2 , ...) ( 2 ) 

where 0 is called the principle value of arg z and is denoted 0 = Arg z (Note that equation (2) would also be. true if 0 were any 
particular value of 0, not necessarily the principle value.) Arg z = 0 is the unique value of 0 such that - k < 0 < n. We can now 
write ( 1 ) as 

log w = Logr + i(0 + 2 n 7 t) (n = 0, ±1, ±2, ...) 


( 3 ) 













( 4 ) 


Now, for z=x + iy, e z = e ^ x+iy) = e x e ly so that 
log e z = Log | e z | + i arg e z 

= Log |e z | |e^ | + i arg e x e ^ 

Since e ly = cosy + i siny, |e iy | = (cosy + i siny| = 1, (4) becomes 
= Log e x + i (y + 2n n) 

= x + iy + i2n n. 

Therefore, 

log e z = z + i2n n (n = 0, ±1, ±2,...) 
and we conclude that log e z = z is not true in general. 

• PROBLEM 15- 

Determine the values of log (1-i) and specify the principal value. 


Solution : Recall the definition of the logarithm of a if complex number, z = re 10 , namely 
log z = Log r + i0 (1) 

where r = |z|, Log represents the natural logarithm of a real positive number and 0 = arg z is any angle that z makes with the 
positive real axis when z is interpreted as a directed line segment from the origin. We may also write 
logz = Logr + i(0 + 2n7i) (n = 0, ±1, ±2, ...) (2) 

where 0 is the principal value of arg z, that is, -n < 0 < n. The value of log z with n = 0 in equation (2) is called the principal 
value. 

Now for Zq =Xq + iyo =1- i, we have 

r = | zj = /xo 2 + yo 2 = /l 2 + l 2 = /2 and 0 = -ji/ 4 
so that 

z, = re 1 ' 0 * 2 "” = /2 + 2n ’J 

so that by (2) 

log z 0 = Log /2 + i^-^ + 2n ^j n = 0, ±1, ±2, ... 

or 

log (1-i) = | Log 2 - ^ + 2mri n = 0, ±1, ±2, ... 

We see from this that the principal value of log (1-i), written Log (1-i), is 

Log (1-i) = -| Log 2 - i- 


• PROBLEM 15- 


Define branches for the multiple-valued complex function of z, z 1/n . Also determine the branch point and the principal 
branch of this function, (n is a positive integer.) 


Solution : For any real number n, we have the relation 


exp 


n 1o * j 


,1/n 


z # 0 


( 1 ) 








( 2 ) 


where the complex logarithm is given by 

logz = Logr + i(0 + 2k71), k= 0 ±1, ±2, ... 

In this equation, r = |z|, Log represents the natural logarithm of a positive real number, and 0 is the principal value of the 
argument of z. That is, if z = re 10 , then 0 is that value of 0 which satisfies - n < 0 < n. Using the definition (2), this yields 

z 1/n = ^ exp , k = o,l,2.n-1, z # 0, (3) 

where we may terminate the values of k at n-1 due to the periodicity of the exponential function. That is 

exp i(e+2U+n)n) = exp ^i(0+2kir) + 2nui j 

= exp ^il®±2k70j exp (i2irJ 

= exp (iimJSlij . 

Perusal of equation (3) shows that there are n distinct values of z 1/n corresponding to the n values of k. We say that z 1/n is a 
multiple-valued function of z. 

Branches of a multiple-valued function f (z) are defined as single-valued functions F k (z) which are analytic in some 
domain at each point z of which the value F k (z) is one of the values f (z). It is clear that the simplest way to define n branches 
of f (z) = z 1/n , z ^ 0 is to let 

F k (z) = exp i<e±2JS2Li ,4) 

(r > 0, -ir < 0 <tt, k = 0,1,2, n-1). 

The principal branch of z 1/n is the analytic function obtained from equation (1) by using the principal branch of log z (i.e., the 
branch for which k = 0 in (4)). Thus, 


F 0 (z) = 'v / r I 


(5) 


is the principal branch. Actually, in this case, 0 is not exactly the principal value of arg z since - n < 0 < n. This is because 
none of the functions F k (z) are analytic on the ray 0 = n since not one is even continuous there. Hence, by the definition of a 
branch, no branch can contain any point on this ray. 

Finally, the branch point of a multiple-valued function is defined as that point common to all possible branch cuts, a branch 
cut being a line of singular points introduced in defining branches of the function. It is obvious that all possible branch cuts in 
the case of f (z) = z 1/n must pass through the origin, so that z = 0 is the only branch point of f (z). 

SERIES 


• PROBLEM 15- 


Justify the definition e K =cos x + i sin x by the formal manipulation of the real power series expansions of these functions. 


Solution : The word formal is used in the statement of the problem to indicate that j_ - /zy may be treated as if it was a real 
number with the property (i) 2 = -1, and obtain the result desired. Thus, we needn’t yet introduce the concept of a complex 
infinite series and in fact will be helping to motivate such a concept with this example. 

The real valued Taylor series expansion of e y is given by 










.2 j+1 


e Y = £ lZl_ so that 

k=0 kJ 

if y = ix, this will yield 

k 


I 

k=0 


(ix) 

k! 


V (ix) J , r (ix) _J * 

i=o + .i 0 1W 


l 

j=0 


,.l,j 2j » (-1) J x 


(i) 


Now recall that the two Taylor series expansions on the right in equation (1) are those of cos x and sin x, so that 
we deduce 


e K = cos x + i sin x. (2) 

Note that since (e lx ) n = e' nx , we instantly obtain from (2) that 
(cos x + i sin x) n = cos nx + i sin nx. (3) 

Equation (3) is called de Moivre’s theorem 

• PROBLEM 15- 

Expand the function f (z) = — in a complex Taylor series about the point Zp = 2. What is the largest circle centered at 
z 2 

Zq in the interior of which this expansion is valid? 


Solution : Taylor’s theorem for a complex function f states that if f is analytic everywhere inside a circle C 0 centered at Zp 
and with radius r 0 (i.e., C 0 consists of all points z such that |z - Zq| = r 0 ), then at each point z in the domain bounded by C 0 we 
have 


f (z) 


* f (n) (Zo) (Z-Z 0 ) n 

l -z-j- = f (Z o) + f'(z 0 )(z-Zo) 

n=0 n! 


f'^zp) (z Zq y 
2! 


f (n) (zo)(z-z 0 ) n 

+ ... + -777- + ••• • (D 

That is, the power series in (1) converges to f (z) for all z such that |z - Zq| < r 0 . It is also proven that the largest circle centered 
at Zp within which this series, called the Taylor series for f, converges to f is the one whose radius is the distance from Zp to the 
nearest singular point of f. (A singular point of f is a point at which f is not analytic.) Therefore, we can immediately answer 
the second part of the question since the only singular point of 


f (z) 


is z = 0 Hence, if our circle is centered at Zp = 2, the largest possible radius of convergence is 2. 

Consequently, we wish to expand f ( z ) = — in the domain D = {z: |z-2| < 2}. Now to calculate the Taylor series we 

z 2 

differentiate f n times to obtain 


f (n),_> _ (-l) n (n+l) 1 
z n+2 


(n * 0,1,2, ...) 


( 2 ) 


Therefore 












£ <n) (21 


(n = 0,1,2, 


(3) 


. (-1) (n-fl)! 

.n+2 


Using this result in equation (1) with 
Z 0 = 2 we obtain 


_1_ _ Y (-1) n (n+l)!(z-2) n 
z 2 n=0 2 n+2 n! 


Note that 

(z-2) n = 1 (z-2) n _ 1 (z-2\ n 
2 n+ 2 4 2 n 4 \ 2 ) 


(n+1) I = (n+lfr(n-l) ... 1 = , 

n! n(n-1) ... 1 

so that (4) becomes 

T ‘7 Jo ( - 1 > n (n+l) ^"validfor 

|z-2| < 2 (i.e., for z £D) 

• PROBLEM 15- 


Obtain series expansions of the function 

f(z) = (z-1) {z-2) 

about the point Zq = 0 in the regions |z| < 1,1 < |z] < 2, |z| > 2. 


Solution : The function f has singular points, or points at which it is not analytic, at z, = 1, z 2 =2. Taylor’s theorem tells us that 

f has a valid Taylor series expansion about Zq = 0 within the circle |z| = 1 since it is analytic there. Hence 

m *(n) . . 

00 f (z o) n 

f(z) = l - — t - (Z-Zo) I z I < 1* 

n=0 n * 

It is convenient, however, to use partial fractions to write 

-1 _ 1 l _ 1 l l 

f(z) - (z-l)(z-2) " z^T " z^2 2 1=772 " T=z • (1) 

For |z| < 1, we have |z /2 | < 1 and note that these are the conditions under which each of the terms in (1) can be represented by 
a geometric series. Hence, since 

1^5 - I w", <M < 1) . 

1 w n=0 



or 

f(z) = l (2 -n_1 - 1) z n (|z| < 1) . (2) 

n=0 

Since the Taylor coefficients are unique this must be the Taylor expansion for f (z) in the region |z| < 1 and as a by-product of 
our calculations we have deduced that 











f (n) (0) 

n! 

must be equal to the coefficients in (2). Thus 
f (0) = n! (2' n_1 -l). 

In the region l<|z| < 2 we must use Laurent’s theorem which states that if f is analytic in the region bounded by two concentric 
circles C, and C 2 centered at Zq then at each point z in that region f (z) is represented by its Laurent series expansion 

o» co b 

f(z) = l a (z-zo) n + l - V-— (3) 

n=0 n n=l (z-z 0 ) 

where the radius of C, is assumed to be less than that of C 2 , and 


f(s)ds 

(s-z 0 ) n+i 


Formulas (4) and (5) are not very useful since the integrals are usually difficult to do. We therefore note that in the region 
l<|z|< 2, l/z|<l and |z/2|< 1 so that we may use the geometric series expansion to write 


= ? 1 + - ? 

n+l + 2 L 


which is valid for I< |z| < 2. Now the Laurent coefficients in (4) and (5) are unique, i.e., any representation such as that in 
(6) must be the Laurent expansion regardless of how we arrived at it. Therefore, the coefficients in our expansion must be 
equal to those of (4) and (5) so that as a by-product of our calculations we have been able to find the values of the integrals 
there. E.g., for n = 1 in (5) we see from (6) that b T = 1 so 


f(z)dz = 2?ri . 

M-2 

Finally, for |z| > 2 we may write 


f (z) 



(7) 


and 11 / z| < 1 as well as |2 / z| < 1 in the region | z | > 2. 

Therefore, we may use the geometric series in this region to find from (7) that 


l 

n=0 


1 

n+l 


- I 


2 “ 

n+l 


Again, since the Laurent coefficients are unique we deduce that the coefficients in (8) are the Laurent coefficients. In particular 
since bj = 0 in (8) we find 

from (4) that 


where in this case, C can be any circle centered at z<) = 0 with radius r >2. 






PROBLEM 15- 


Find the first three nonzero terms in the Laurent series expansion of esc z about Zq =0. 


Solution : The Laurent series expansion of a function f (z) which is analytic in an annulus bounded by the concentric circles Cj 
and C 2 with centers at z (J is given by 


f(z) = l a (z-z 0 ) n + l -—- 

n=0 n n=l (z-z 0 ) 


where 


f (s)ds 

. „ >n+l 

(3-Z o) 


(n = 0,1,2, ...) 


(n = 1,2, ...) 


( 1 ) 


( 2 ) 


(3) 


Here the radius of C 2 is assumed to be larger than the radius of Cj. The integrals in (2) and (3) are usually difficult and 
sometimes impossible to do by elementary methods so that a simpler way to proceed is to find the Taylor series expansion for 
sin z and use long division to obtain a series representing esc z = 1/sin z. Then observing that the Laurent expansion is unique, 
we can state that the resulting series is indeed the Laurent series. 


Now since sin z is analytic V z with |z| < oo we can write its Taylor expansion as 


l 

n=0 


• l 

n=l 


Now sin z = 0 only for z = n n, n = 0, ±1,±2, .... 

Hence, esc z = _4— is analytic in the annulus 0 < | z | < n can be represented by a series expansion there. Thus 



(5) 


Thus, by long division 



1/z + z/31 + z 3 V31•31 ~ 51/ + 

ll + O + O + 0 + 

- f 1 - z 2 /3! + z l> /51 - z 6 /7! + 


0 



Therefore, from equation (5), 

CSC z - i + yj- z ♦ ^JTT 


or 

CSC Z = “ 


z 2 /3! - zV5! + z 6 /7! - ... 

- [z 2 /31 - zV31«3i + z 6 /31 • 51 - .. 

S- Tt) *’ * 

... (0 < I Z I < TT) . (6) 


As noted before, this must be the Laurent series for esc z since that series is unique. As a by-product of this calculation, we 
may therefore equate the coefficients in (6) with the corresponding Laurent coefficients given by (2) and (3) with C 2 being the 
circle |z| - n, and C, the degenerate circle |z| =0. This provides a useful way to calculate the integrals of equations (2) and (3). 
















PROBLEM 15- 


Find the principal part of the function f (z) = e - co s z 

z 3 

at its singular point and determine the type of singular point it is. 


Solution : The given function has an isolated singular point at z = 0. Such a function may be represented by a Laurent series 


f (z) 


I 

n=0 


a n (z-z 0 ) 


n 


l 

n=l 


(1) 


where a n and b n are the Laurent coefficients. Since a Laurent expansion is unique, we needn’t calculate these coefficients 
directly but may proceed as follows, noting that any series of the form (1) that we obtain must be the Laurent series. First, 
expanding the numerator of f in a Taylor series about Zq = 0 yields 


e z cos z = ^l + z+ -|j + + ...j 

= 1 + z - + . . . . | z | < °° (2) 

This is valid by Taylor’s theorem since e z cos z is analytic for all z. Hence 



As noted above, this must be the Laurent series for f (z). 


The principal part of a function f at a point Zq is defined as the portion of its Laurent series involving negative powers of z- 
Zq. Hence, the principal part of 

f (z) = 

z 3 

at 0, its only singular point, can be seen from (3) to be 

— + -L 

z 3 z 2 

If the principal part of f at Zq contains at least one nonzero term but the number of such terms is finite, the isolated singular point 
zo is then called a pole of order m, where m is the largest of the powers 


(z-z 0 )^ 


in the principal part of f. Hence, in our case, it is said that f has a pole of order 3 at z^ = 0. 


• PROBLEM 15- 


Find the principal part of the function 

f (z)--- 

(z+1) 2 (z 3 +2) 

at =-l. What type of singular point is z^? 


Solution : Since the singular point Zq = -1 is isolated, the function has a Laurent series expansion about -1 which is valid at 
every point except -1 in the circular domain centered at -1 with radius r equal to the distance between -1 and the next closest 












singularity, i.e., r = | ( 2 ) 1/3 - 1. 

To find this expansion we first expand 


f 1 (z) 


z 5 +2 


in a Taylor series about Zq = -1 to obtain 

CO 


fi(z) - l 
n=0 


Now 

fi(z) 


’ (z) 


(z 3 +2) 2 


f (2) = 6(z 5 - 4z 2 ) 

1 (z 3 + 2) 3 

etc. Using these results in (1) we find 


z 3 +2 

Now divide equation (2) by (z +1) 2 to obtain 

f(z) « 


= -1 + 4(z+1) - 15(z+1) 2 + ... 


(z+1) 2 (z 3 +2) (z+1) 2 2+1 

The principal part of a function at a point zo is defined as that part of its Laurent series involving negative powers of (z - Zq). 
Since (3) is the Laurent series representing 


(z+1) 2 (z 3 +2) 

for 0 < | z + 1 | < 2 1/3 -1, we conclude that the principal part of f at Zq = -1 is 

U + l ) 2 + ^ 

If the principal part of f at Zq contains at least one nonzero term but the number of such terms is finite, then the isolated singular 
point Zq is called a pole of order m where m is the largest of 


in the principal part of f. Hence, in our case, 

f (z) = --- 

(z+1) 2 (z 3 +2) 

is said to have a pole of order 2 at Zq = -1 . 


INTEGRATION 


PROBLEM 15- 










Evaluate the following definite integrals where t is a real number: 

a ) (t + it 2 )dt; 

J i 

b) f e (a+bi)t dt . 


Solution : Any complex valued function, f (t), of a real variable t may be written as 
f(t)=U(t) + iV(t). (1) 

We say that f (t) is integrable on the interval a < t < b if each of U (t) and V(t) is integrable onthat interval and we define 


f b b b 

F(t)dt = U (t) dt + i V (i 


Evaluation of the above integrals then becomes a simple application of real variable integration theory. 

a ) 


(t + it 2 )dt 


tdt + i t dt 


it 3 

3 


b ) r 1 


e (cos bt + i sin bt)dt 


e cos bt dt + i e sin bt dt . 


We may use integration by parts to evaluate each of these real integrals. Thus, 







e (a+bi)t dt = g at (a cos bt + b sin bt) + i(j at (a sin bt - b cos bt) 
a 2 + b 2 a 2 + b 2 

1 9 

a (acosb + b sinb) a 

a 2 + b 2 a 2 + b 2 

+ ig a (a sin b - b cos b) _ i (-b) 
a 2 + b 2 a 2 + b 2 

ae a (cos b + i sin b) + be a (sin b - i cos b) 
a 2 + b 2 

a - ib 
a 2 + b 2 

_ ae a e ib - ibe a e ib - (a - ib) 
a 2 + b 2 

(a - ib) e (a * ib) - (a - ib) 

(a + ib) (a - ib) 

a+ib _ . 

= --- , a + ib t 0 . 


Evaluate the following integrals along the contours indicated where z = x + iy. 

a) 

z 2 dz where C is the path x = 2t y 3t, 1 < t < 2. 

C 

b) 

~ dz where C is the circular path 

c 


• PROBLEM 15- 


x = cost, y = sin t, 0 < t < 2 n. 






point z = a to a point z = p is defined as follows. Let the contour be represented by the parametric equation 
z(t) = x(t) + iy(t) (a < t < b) (1) 

where C extends from a= z (a) to P= z (b) (see Figure 1). Then by definition 


( 2 ) 


f(z)dz = I f(z)dz = I f[z(t)]z' (t)dt . 
a a 

This formula is analogous to that for a line integral in real analysis and we call 

f (z)dz 


the line integral of f along C. This formula will be used to evaluate the given integrals. 



a) Figure 2 shows the indicated contour and we note 
z(t) = x(t) + iy(t) = 2t + i3t 
so that z'(t) = 2 + 3i. Also 

f[z(t)] = [z(t)] 2 = (2t + i 3 t) 2 
so that 

f[z(t)] = (2 + 3i) 2 1 2 . 

Hence, from equation (2) this yields 

£(z)dz = (2 + 3i) 2 t 2 • (2 + 3i)dt 


(2 + 3i) 3 t 2 dt 


= (2 + 3i)» Y 
= 21i. 








b) Figure 3 shows the indicated contour and we note that 
z(t) =x(t) + iy(t) = cos t + i sin t = e 11 
so that 

z'(t) = x’(t) + iy’(t) = - sin t + i cos t = ie il . 

Finally, 



Therefore, we have from equation (2) that 
2fT 


2ir 



dt 


• PROBLEM 15- 


Evaluate 


z2dz and j z 2 dz 

Ci C2 

where C, and C 2 are the contours OB and OAB, respectively, shown in figure 1. 


Solution : The contour integral of a function f along a contour C with end points a and 3 is defined by 



<l> 


c 


a 


where z(t) = x (t) + iy (t) is a parametric representation of C, z(a) = a, z(b) = P, and z' (t) = x' (t) + iy'(t). 



y 


X 


0 


2 


In this problem, f (z) = z 2 and Cj is the line segment x = 2ya = 0toP = 2 + i. 


Fig. 1 









Letting y be our parametric variable, we have 
z (y) = 2y + iy, 0 < y < 1 (2) 

and 

z'(y) = 2 + i. (3) 

Also, 

f[z(y)] = [z(y)] 2 = 3y 2 + i4y 2 . 
Therefore 


z dz = 1 z(y )] 2 z* (y)dy 


(3y 2 + i4y') (2 + i)dy 


= (3 + 4i)(2 + i) y 2 dy 


(2 + Hi) 


2 + lli 

3 + 3 


In order to evaluate the second integral, we break up the contour OAB into two paths, OA and AB. Thus, 


jz 2 dz = jz 2 dz + | 


z 2 dz . (5) 

C 2 OA AB 

We may represent OA parametrically by z(x) = x, (0 < x < 2), so that z ' (x) = 1, and we can write the contour AB as z(y) = 24 
iy, (0 < y < 1) with z (y) = i. 

Hence (5) becomes 


z 2 dz = x 2 dx + (2 + iy) 2 idy 


= 3 - + i I (4 - y 2 + 4iy)dy 


. f 

4dy - y 2 dy + I 4iydy 


4y - Xj- + 2 iy 2 


2 11 . 

" 3 + -T 1 

Thus we see from (4) and (6) that 


(6) 







z 2 dz 


| z 2 dz. 

'Cx C 2 

This fact is predicted by the Cauchy-Goursat Theorem which will be stated and used in later problems. 

• PROBLEM 15- 


Use the Cauchy-Goursat Theorem to decide whether or not the following integrals have the value zero, 
a) 


b) 


c) 


| (z 2 + z + 2) dz w h ere C] is a circle of radius R centered at Zq taken in either sense. 

Cx 

f z 2 dz 

z - 3 where C 2 is the circle |z| =1, taken in the positive sense. 

C 2 


-—- where C 3 is the circle |z| =2 taken in the positive sense. 

z 2 + 2 z + 2 
C 3 

d) 


zdz 

1 - e 2 


where B is the boundary of the region given by the circle |z| = 4, the square with sides along the lines x = 


± 1, y = ± 1, and where B is described so that the region lies to the left of B. 


X Fig. 1 

Solution : The Cauchy-Goursat Theorem for a simple closed contour C states that if a function f is analytic within and on C, 
then 

f ( z) dz = 0 . 

C 

We will employ this result in (a), (b) and (c). 

(a) The function f (z) = z 2 + z + 2 is a polynomial and is therefore analytic in the entire complex plane. Hence, in particular, it 
is analytic within and on any circle of radius R, centered at zo, thus 

(z 2 + z + 2)dz = 0 . 

Ci 










(b) The function f ( z ) = z * is analytic everywhere in the complex plane except at the point z = 3. However, since this 
point is neither on nor contained in the circle |z| = 1, f is analytic both on and within C 2 so by the Cauchy-Goursat Theorem 



C 2 


(c) The function f (z) = --- has singularities where z 3 + 2z + 2z 2 + 2z + 2 = 0. That is, where (z + 1) 2 +1 = 

z 2 + 2z + 2 

0, 

which implies that z + i so that 

z 1 = i - 1, Z2 = -i - 1. 


Now| Zl | = /2 and \ z 2 \ = /2 so that each of these singularities is contained within the circle |z| =2. Hence it may not be 
concluded that 


f(z)dz = 0 


We cannot definitely say that 

f(z)dz * 0 


C 3 


however, since the converse of the Cauchy-Goursat Theorem, namely Morera’s Theorem, applies only to functions which are 
continuous on and within C 3 and 


z 2 + 2 z + 2 

is not such a function. 



(d) The Cauchy-Goursat Theorem can be modified to include any contour B which is the boundary of a region R described as 
follows (see Figure 1). Let C.(j = 1,2, ..., n) be a finite number of simple closed contours interior to a simple closed 
contour C. Then R is the closed region consisting of all points within and on C but not interior to any Cj.. However, B is 
the boundary of R described in a direction such that points of R lie to the left of B. 


The region described in the problem is obviously the type described above so that if we can prove that 

f (z) = -- 


is analytic within and on B, we may use the theorem. Now f (z) has singular points only when 1 -e 7 ^ 0 or e z =l,i.e., when z + 








i2 r n= 0, n = 0, ± 1, ± 2, .... But note that none of the points 
z = 0, 2 rci, -2 7ii, 4 jii, -4 7ti, ... 

is in or on B (see Figure 2). Hence, f (z) is analytic in and on B so that 



B 


• PROBLEM 15- 


Evaluate j zdz and j zdz where ^ is the conjugate of z, C, is the upper half of the circle | z | =1 from z = -1 to z = 
Ci C 2 

+1 and C 2 is the lower half of | z | = 1 from z = -1 to z = 1 (see Figure 1). 



z (0) = cos 0 + i sin 0 = e 10 (0 < 0 < n), 
and 


z'(0) = - sin 0 + i cos 0 = ie 10 . 


Also, if z = | z | e IV|; , then — _ | z | so that on the unit circle, C b we may write — _ e ~ i9. Hence 


z (e) z 1 (6)d 6 


o o 

= - iri 

C 2 may be represented parametrically by 

z(0) = cos 0 + i sin 0 = e 10 ( 7i < 0 < 2 ji) 
so that z' (0) = - sin 0 + i cos 0 = ie 10 . Also, — _ e ^i0on C 2 so that 


(1) 







( 2 ) 


= i d6 = i (2 tt - it) 


Examination of (1) and (2) shows that 


Ii 

In fact, 


zdz f zdz = 1 2 , 


ZdZ = -Ii + l2 = 2TTi 


where -C^ + C 2 is the unit circle described in the positive sense. If we note that on the unit circle we have 


z 1 

2 Z ' 


M 

we may conclude that 


where C is the unit circle. This is an example of the Cauchy Integral Formula which will be stated and employed in future 
problems. 


• PROBLEM 15- 


Evaluate | z 1 ^ 2 dz where z l/2 _ e iQ/2 


where 0 < 0 < 2 n along any contour lying in the upper half plane and also along any contour lying in the lower half plane. 
Use indefinite integrals to do this. 


Solution : If a function f (z) is analytic in a simply connected domain, D, and Zq is a fixed but arbitrary 
point in D, then 

F(z) = f(s)ds (1) 

J z 

o 

is called an indefinite integral of f, where z is any point in D. Notice from (1) that for each Zq f (z) is changed by an additive 
constant and can be written as 


F (z) 


f(z)dz 


( 2 ) 




to indicate the set of indefinite integrals of f, all differing by a constant. Apparently, then, a definite integral in a region where f 
is analytic may be written 


f(z)dz = f(z)dz - f(z)dz 


F (8) - F (a) = F (z) 


(3) 


It is also true that for f (z) so defined, F’ (z) = f (z) and this fact is usually used to find f (z) for a given (f (z)). 


Now, the given function is analytic everywhere except on the ray 0=0 and since z = 1 lies on this ray, the conditions to use 
(2) and (3) are not satisfied. However, we may define 

i©/2 

f(z) « /|z| e 


(ir < 6 < x) 

This branch of the multiple valued function z 1/2 is analytic everywhere expect on the ray 


and its values coincide with the values of the given branch in the upper half plane. Hence, we may use it as our integrand and 
get the same result. An indefinite integral of f (z) is 


= 2 3/2 = 2 


T < 0 < t) 


as can be seen by differentiating each side of this equation using the Cauchy-Riemann conditions in polar coordinates to find f' 
(z)-f(z). 


Therefore by (3) 


i/z, £ | I J 

z dz = ^ Iz| 


3/2 13-0/2 2 M1 3/2 


(1) 

[1 + i] 


(13TT/2) 


(upper half plane). 


In order to calculate 

l/2„ 


z ' dz 


for the given branch of z 1/2 for a contour below the real axis, similar considerations suggest that we use the branch 


j(z) = /[z] e i0 


(5) 


which has the same values as the given branch below the real axis and is analytic for all points along any possible path 
contained therein. The function 


1*1 


3/2 i30/2 


(i < • < ¥) 


is an indefinite integral of g(z) so that from (3) we may write 


3/2 i.30/2 I 


3/2 i 3 • 2 tt _ 2 n .3/2 


(1) e 2 


(1) ' e 


i=e 

i37r/2 


= ■=■ (-1 + i) (lower half plane) . 


Note that the answers in (4) and (6) are different. 


Evaluate the integral 


zdz 


{9-z 2 ) (z+i) 


where C is the circle |z| =2 described in the positive sense. 


• PROBLEM 15- 


Solution : We will use the Cauchy Integral Formula to solve the integral. This formula states that if a complex valued function, 
f, is differentiable in a domain, D, and C is a simple closed curve in D, then for any C, inside C we have 


f(C> 


If we define 


1 

2tli 


[ f(z)dz 

I * 


( 1 ) 


f (z) 


and let C be the circle |z| =2, then f has singularities at z =±3 only and is therefore differentiable in a domain around C. Now 
let £ = -i and note that this point is within the circle | z| = 2. We have then satisfied the conditions for (1) and write 


1 

2iri 


1 * 1-2 


z/ (9-z 2 ) 

-(- i) 


f(-i) 


9- (~i) 2 


so that 


1 * 1-2 


-?dz- 2ir . i^ij. 

(9-z 2 ) (z+i) 9 —(il 2 


2 7T (— i 2 ) 

9-(-1) 


7T_ 

“ 5 

• PROBLEM 15- 

Directly verify the Cauchy-Goursat Theorem and Cauchy’s integral formula for the appropriate functions by evalua-ing 

| (z - z 0 ) n dz 
C 

along the circle C with center at Zq and radius r described in the counterclockwise direction (n is any integer). 


Solution : First, let us simply evaluate the integral. A parametric representation of the given circle is 














z(0) = Zq + re i0 (0 < 0 < 2 7c). 

Hence z'(0) = ire 10 and letting G(z) = (z - Zq ) 11 we have 

G[z(0)] = (z(0) - z () )= (re i0 )= r 11 e in0 
Using these results, the integral may be written as 


(z - z 0 ) dz 


G [z (0)] z’(6)d8 


[cos (n+l)0 + i sin (n+l)0]d0. (1) 


If n = -1, equation (1) yields 


(z - z 0 ) dz = i dO = 2vi . 


Ifn^-l,then (1) yields 


(z - z 0 ) dz = 


+ j- [sin (n+1) 0 - i cos (n+l)0] 


= 0 

Combining the results of (1) and (2) we may write 

J 2-ni if n = -1 

(z - Zo) n dz = \ 

l 0 if n -1 . 


Now the Cauchy-Goursat Theorem states that if a function f is analytic at all points within and on a simple closed contour C, 
then 


The circle C given by z(0) = Zq + re 10 , (0 < 0 < 2 ri), is certainly a simple closed contour and each of the functions f (z) = (z - 
Zq) 11 for n > 0 is analytic within and on C so that by the Cauchy-Goursat Theorem we would expect 


(z-z 0 ) dz = O ,n^0. 


Inspection of (3) shows that this is true, thus we have directly verified this theorem for 
f ( z ) = ( z - Zo) n , n >0. 

Cauchy’s Integral Formula says that under the same premises as those for the Cauchy-Goursat Theorem, if z 0 is interior to 
C,then 


f(z) dz 

, n+1 


2 iirf(z 0 ) 


(z-z 0 ) 

C 

In particular, iff(z) =1, then 
dz 


(n = 0,1,2, ...) . (5) 


(z-z 9 ) 


n+1 


2tri , n = 0 


0 , n = 1,2, 


Thus we see from (6) and (3) that we have indeed verified the Cauchy Integral formula for f (z) = 1 on the given circle. 

• PROBLEM 15- 

Compute the value of the following integral: 


cos 6 e de . 


Solution : We will first change the variable of integration to enable us to use an important integral formula. This formula 
states that if a complex valued function f is differentiable in a domain D and C is a simple closed curve in D, then for any t, 
inside C we have 


(z - 0“ 
c 

Recall that e 10 = cos 0 + i sin 0 and 


(l) 


e -i0 = e i(- 0) = cos(-0) + i sin(-0) = cos 0 - i sin 0. 
Hence, 



Now, change the variable of integration by letting z = e^ e \ 
That is, z is a complex number on the unit circle. Since 



zz 


on the unit circle, we have from (2) 

cos Q = \(z + 

so that 

«„ (z + 1/z \ 

cos 9 = I -2— ' — ) 


( 2 ) 


(3) 


< 4 ) 


dz _ d(e l9 ) _ 

de de 


ie 


ie 


Also, 











so that 


dz = ie 10 d0. (5) 

As 0 varies from 0 to 2 n, z = e 10 traverses the unit circle so that the integral may now be written as one on the unit circle. 
From (4) and (5) we have 



This integral has the same form as (1) with 
C = 0,f(z) = (z 2 + l) 6 ,n = 6. 

Since (z 2 + l) 6 is everywhere differentiable (since it is a polynomial) and £ = 0 is contained in the unit circle, |z| = 1, we may 
use (1) and (6) to write 


. d 6 (z 2 + 1) 6 


We may use the binomial theorem to expand (z 2 + l) 6 . 
This gives 


6 - s - 4 6 , 3 - 2 ' 1 <«*>• 


(z 2 + 1) 6 = 1 -6z 2 - 15Z 4 + 20Z 6 + 15Z 8 + 6z 10 + z 12 
and 

d 6 t z 2 + 1 \ 6 

2 - L2 —■ ’ =0+0+0+20 • (6-5-4-3-2-1) 

dz 6 


(7) 


+ 15-(8-7-6-5-4-3)z 2 + 6• (10•9•8•7•6•5)z 4 

+ (12•11*10•9•8*7)z s . 

Therefore, 

= 20-(6-5-4-3-2-1) = 20-61 

z=C=0 


d 6 (z 2 + l) 6 

dz 6 












and referring back to (7), we find 

2 S -61 t _ „ n _ ri 


2tt 20 _tt_ on _ 5 tt 

8 


I = ■- - = — . 20 
2 6 2 


That is, 


(cos 0) d0 


• PROBLEM 15- 


Compute the value of the following integral 


1 - 2a cos 0 + a 2 


for | a | < 1. 


Solution We will first change the variable of integration to enable us to use Cauchy’s Integral Formula. This formula states that 
if a complex valued function f is dif-ferentiable in a domain D and C is a simple closed curve in D, then for any £ inside C we 
have 


*<«> = ^7 


= _1_ f (z)dz 


2vi | z - t, 
C 


Recall that 

e 10 = cos 0 + i sin 0 
and 

ie' 10 = e i( " e ) = cos(-0) + sin(-0) 
so that 

e 10 = cos 0 - i sin 0. 

Hence, 


ie A -ie 


cos 0 : 


Now change the variable of integration by letting z = e 10 . That is, z is a complex number on the unit circle. Since 

-i0 _ -1 _ 1 


we have from (1) 


* (■ * i) 


dz _ d(e ) _ . i0 
d0 “ dG ie 


so that 








dz = ie 10 d0. 


( 3 ) 


As 0 varies from 0 to 2 n, z = e 10 traverses the unit circle so that the integral may now be written as one on the unit circle. From 
(2) and (3) we have 


l-2a 

M=i 


(1 - az - - + a 2 )z 


|z|=l 


z - az - a + a z 


I z | =1 


z 2 -(a + (1 /a) ) z + 1 


|z|=l 


(z-a) (z-a ) 


|z|=l 


z-a 

and £ = a, we see that 

al 1 [ f(z)dz 

27 271 z -s' 

> unit 
circle 


| a | < 1 , > 1 


and so f (z) has no singularities on the unit disk. Hence, f is analytic on the unit circle and therefore differentiate there. Since 
the conditions of the Cauchy Integral Formula are then satisified, we use it to determine from (5) that 

_ = ^L_ Uz)dz .. . f . . 1 

2 ir 2iri z- 5 U) f,a) " "-1 * 


1 * 1-1 


Therefore, we have 


2 tt 

de - I - 27r I 

f 1 > 


l-2a cos 0 + a 2 

( a - a_1 y 

1 - 

1 1 - a 2 

Use the residue theorem to evaluate 


• PROBLEM 15- 


5z - 2 

17 d2 


















Solution : The residue theorem states that if C is a simple closed contour within and on which a function f is analytic except for 
a finite number of isolated singular points z,, z 2 , ..., z tl interior to C, then 

| £ (z) dz = 2iri (Bi + B 2 + ... + B n ) (1) 

C 

where Bj. is the residue of f at Zj.. Here, C must be described in the positive (counterclockwise) sense. 

The residue of f at an isolated singular point Zq is defined as the coefficient of the term 


1 

z - z 0 


in the Laurent expansion of f about Zq. Laurent’s theorem states that this expansion 


f(z) = 1 a R (z - z,) n + l 


n=l (z - z 0 ) 


has coefficients 


, f (s)ds 


n = 0,1,2, ... 


(2) 


(3) 


(4) 


where C, and C 2 are any two circles centered at Zq with radii r, and r 2 such that r, < r 2 and f is analytic in the region between 
C 1 and C 2 . It is equation (4) that leads to the residue theorem The important thing to note for use in problems is that since the 
Laurent expansion, (2), is unique, any representation of f of the form (2) that we find (by whatever method) must in fact be 
the Laurent expansion so that equations (3) and (4) must hold for this series. Thus, we use any convenient method to obtain 
the form (2) and extract from this the value b b i.e., the residue of f at Zq. 

The given function. 


has two isolated singularities, Z x = 0 and z 2 = 1 each of which lies within the circle C given by |z| =2. 

To use (1) it is necessary to find the residues of fat these two points. 

To find B, at Z b we write 

flz ’ • dz I It ■ ( 5 - - (- 5 + f)' 1 ♦ * ♦ 

= | - 3 - 3z - 3z 2 - ... (0 < | z | < 1) (5) 

where we have used the geometric series for —which is valid for I z I < 1. Recall that f has a Laurent expansion (2) about 

z-1 

Zq if f is analytic in any neighborhood of Zq and the expansion is valid in any neighborhood we choose as long as f is analytic 
there (except at Zq of course). Thus, (5) is the Laurent series for f about z, = 0 and we see that B, = 2. 


To find B 2 at z 2 = 1 use the Taylor series 

1 = 1- (z-1) + (z-1) 2 - ... (I z - 11 < 1) 










to find 


f 121 - ifSir ■ ( 5 * • ( 5 * t^r) [1 - |2 - ll+ « 2 - 1 ' 1 —i < 6 ' 

for 0 < |z-11 < 1. This must be the Laurent series for f about Z 2 = 1 and we see that the coefficient of (z-1) in (6) is 3, i.e., B 2 = 
3. Thus, from (1) we have 


J z(z V 1) dz * 2iri (Bl + Bz) = 10lTi • (7) 

C 


• PROBLEM 15- 


Use the residue theorem to evaluate 

1 (1 + z 5 ) sinh z d 

z 6 


C 

where C is the unit circle |z| =1 described in the positive sense (i.e., counterclockwise). 


Solution : The residue theorem states that if C is a simple closed contour within and on which a function f is analytic except 
for a finite number of isolated singular points z b z 2 , ... interior to C, then 

| f(z)dz = 2TTi(B! + B 2 + ... + B n ) (1) 

C 

where Bj. is the residue of f at Zj.. Here, C must be described in the positive sense. The residue of f at an isolated singular 
point Zq is defined as the coefficient of the term (z - Zq )" 1 in the Laurent expansion of f about z i) 

f(z) = l C n (z - z.) n . (2) 


The given function 

f( z ) - (1 + z 5 ) sinh z 
z 6 

has only one isolated singularity, namely z, = 0. To find the Laurent expansion of f about z, = 0 we use the Taylor series about 
0 for sinh z which is valid for all z, i.e., 


sinh z 


” sinh (n) (0) n 

l -;-z 

n=0 n! 


3! 


5! 


_ 1 _ 

71 


Hence 








f ( z ) _ (1 + z 5 )sinh z 


(1 +_Z ’" " + TT z 3 + TT z 5 + Tf z? 




= 2" 5 +yj-Z 3 +-^-Z _1 + l+ yi-2+^-Z 2 + ... 

(0 < I z I < «) . 

This is a valid expansion of the form (2) and since a Laurent expansion is unique, this must be the Laurent expansion of f 
about 0. We see that the residue of f at Zi = 0 is 


jr , i.e., Bi = 
so that from equation (1) we conclude 

(1 + z 5 )sinh z ( l\ tt 

- ? - 2 - (srj t 


_L_ 

51’ 


• PROBLEM 15- 


Find the residues of the function f defined by 

£ , . cosh z 

f (z) = -. 

z 2 (z + iri) 3 


Solution : The residue of f at an isolated singular point Zq is defined as the coefficient of the term 

1 


in the Laurent expansion of f about Zq. We say that Zq is a pole of order m if in that same expansion the largest term of the form 

1 

(z - zo) 3 

has j = m In such a case, we may apply a theorem which states that the residue of f at Zq (call it B 0 ), is given by 

Bo = isrnr z-zo liz - Zo) f(z)1 • (1) 


We can see that 


f (z) 


cosh z 


z 2 (z + iri) 3 

has isolated singularities at z 1 =0 and z 2 = - 7ti. 

Furthermore, cosh z is analytic everywhere so it has Taylor expansions about both z = 0 and z = - ni given by 


cosh z = l cos ^, (n) ° (z - 0) n = 1 + i 


(2n) ! 


(2) 


and 












cosh z 


l 

n=0 


cosh* n ^ (—it i) 

n! u 


TTi) 


n 


-1 + l 

n=l 


(Z + TTi) 


( 3 ) 


each valid for all z. We can therefore see that f (z) has a pole of order 2 at Zq = 0 and a pole of order 3 at z = - Tti. By 
equation (1) we can compute 

,<D 


lim d*' 

(2-1)! ^0 ^TI) 


1 


cosh 


z 2 (z 


sh z 

+ TTi) 3 J 


lim _d_ ( cosh z 
z-*-0 dz 


/ cosh z \ 

\ (z + 7T±) 3 J 

[ (z + iri) sinh z - 3 i 

(Z + TTi) 4 

Also from (1) we see that 

1 li* *L [ {z + £?sh z ._] 
2 - z _1T1 dz 2 L z 2 (z+TTi) 3 J 


lim 

z-*0 


‘]-3 


1 lim d 2 / cosh z \ 

' 2 z+ - iTi dz 2 ^ z 2 ; 


1 lim f-4 z sinh z + (z 2 + 6) cosh z ] 

' 5 l-? J 



Thus, we have found that the residue of f at Z, =0 is — and the residue of f at z 2 = - Tti is 

it 4 

it 2 — 6 
2tt 4 


• PROBLEM 15- 


[ ze z , 

Evaluate z 2 ^ z where C is the circle | z | = 2 taken in the counterclockwise direction. 

' C 


Solution : We will use the residue theorem to evaluate this integral. This theorem states that 

I f(z)dz = 2ni(Bi + B 2 + ...) (1) 

J c 

where Bj. is the residue of the isolated singular point of f, Zj.; where each Zj is contained in the interior of C. A useful theorem 
states that if Zj is a pole of order m, 

B, = —i[ (z-z.) m f(z)l • (2) 

3 (m-1) ! z " z j dz" 1-1 3 


Now the given function may be written 














(z+1)(z-1) 

so that f has poles of order 1 at Zj = +1, 7 ^ = -1 each contained within the circle |z| =2. From (2) 



1 I’ ( 1) 

ze z 


01 z->l 

(z+1)(z-1) 

and 



b 2 

= lira (z+1) 

01 z^-1 

ze z 

(z+1)(z-1) 

Using the results of (3) and (4) in 

equation (1) we find 


ze z 

2»i (f + si) 

= 2iri cosh 

) (z 2 - 1) 

V 2 2 / 



lim 

z-*-l 


z-1 2 . 

(4) 


1 - 1=2 


• PROBLEM 15- 


Find the partial fraction expansion of 

f<.)-— 

z 3 + 4z 2 + 3z 

using the theory of residues. 


Solution : In this problem we use a theorem which states that for any rational function 


b 0 z m + ... + b 


(a 0 M, b 0 0) (1) 


we may write 

f (z) = Pl (z) + p 2 (z) + ... + P n (z) (2) 

where pj is the principal part of f at the pole Zj. Note that z- will simply be a zero of the denominator of f. 

Recall now that the principal part of a function f (z) at Zq is that part of its Laurent series involving negative powers of (z - Zq). 
Now note that 


f, z) = * 2 + 1 - = z2 * 1 (3) 

z 3 + 4z 2 + 3z z(z+l)(z+3) 

so that f has simple poles or poles of order 1 at z = 0, z = -1, z = -3; a simple pole at Zq being one which yields only one term in 
the principal part of f at Zq, namely 

a 

(z - z 0 )' 

Here a is called the residue of f at Zq and it can be proven that for a rational function such as 

f(z) = 
t[Z) B(z) 

a simple pole at z^, 

A (z u) 

3 = B 1 (z 0 ) ' 

We may now use these results along with equation (2) to find that 














f (z) = pi (z) + p? <z) + p 3 (z) 


A(0) 1 A(-l) 1 A (-3) 1 ... 

B 1 (0) z B’(-l) (z+1) B’ (-3) (Z + 3) ' ' 


Where from (3) we have A(z) = z 2 + 1, 

B(z) = z 3 + 4z2 + 3z, B'(z) = 3z 2 + 8z + 3. 
Therefore, from (4) we find 

11_1_ 5 _1_ 

z+1 3 z+3 ‘ 


f (z) = 


• PROBLEM 15- 



Solution: We will first change the variable of integration to enable us to use the residue theorem Recall that 
e 10 = cos 0 + i sin0 
and 

>-ie = . 


e' 1 ° = cos 0 - i sin 0 


so that 


cos 0 
We then have 


2d9 


e + e + 4 
( 2 ) 


Thus, I is just a parameterized form of the integral 


I z | =1 

obtained by letting z = e 10 , dz = ie 10 d0 


|z|=l 


(which is true on the unit circle). The integration is taken, of course, in the counterclockwise direction. Now according to the 
quadratic formula for the roots of a quadratic equation, 

z 2 + 4z + 1 


has roots at 

Zi = - 


4 + /16 - 4 
- 2 - 


-2 + /3 


and 


-4 - /16 - 4 

2 


-2 - /3 • 


This means that 


z 2 + 4z + 1 


(Z-Zi) (z-z 2 ) 




















has poles of order 1 at z, and z 2 . Note, however, that since |z^ | > 1 and |z x | < 1 , only z, is contained in the unit circle. Thus, 
if B, is the residue of f (z) at z, then the residue theorem tells us that 


<4> 


I = | f(z)dz = 2tri Bi . 

1*1=1 

To find B, use the formula which states that if Zj is a pole of order m of f (z), then the residue of f at Zj, Bj ,is given by 


j (m-l) ! z-*-Zj dz m-1 

For Bj, (5) yields 


[(z - z.) m f (z) ] . 


(5) 


1 lim . _ . | -2i _1 _ lim -2i 

0! z-»-Zx tz - Zl) (z-zi) (z-z 2 ) “ z-»-Zi z - z 2 


_ -2i = z 2i m 2X 

Zl " 22 2/3. /3 

Thus, from (4), we conclude that 


2 77 

1 = \ ' cos ~ h" + 2 de = f -- dz = (2Tri) ( 

j COS 0 + 2 j z 2 + 4z + 1 \/3/ 


I z | =1 


2ti_ 

/3 


• PROBLEM 15- 


Solution : Our method will be to change the variable of integration to enable us to use complex integration. 
Since 


on the unit circle, we see that I is just a parameterized form of the complex integral 

i8 , _ [ _ L 

z / iz 


I = exp (e + e - ) d9 = exp ^z • 

1 * 1=1 1 * 1=1 


e 1/z f 

■f- dz = | f (z) dz , 


1 * 1=1 1 * 1=1 
since if z = e 10 then dz = ie 10 d0 = izd0. 


The only singularity of f (z) is at z, =0 and this is contained within the unit circle. Therefore, if we can find the residue of f (z) 
at Zj = 0, i.e., B, , then by the residue theorem we will have 











f(z)dz = 2iri Bi 


(2) 


1 * 1-1 

The residue of f at z, is the coefficient of the term (z - z,) -1 in the Laurent expansion of f (z). To obtain this expansion, recall the 
Taylor series 

e 2 - I £ ana e”* - f £ 

n=0 n - n=0 nl 

so that we may write 


^ y 

Thus, Bj is the coefficient with n = 0, i.e., 

o _ 1 P 1 _ 1 v 1 

Bl i ^ (ii ) (-i i ) ~ i 2. , 

i_: ia.jij-i i „_n /r ,,i2 


’ k=j 

k20 

We then have from (2) that 


n=0 (n!) 2 


I = I e 2cos0 d0 = 2H l —±— 
n=0 (n!) 2 


• PROBLEM 15- 


Solution: First note that since is 



i r dx 

1 L .* 1 


Io may therefore be interpreted as a parameterized form of the complex integral of 









z 2 + 1 (z + i) (z -i) 

along the contour described by the entire real axis, C x , by 


(z+i)(z-i) 


Let C R denote the upper half of the circle \z\ = R where R > 1 as shown in figure 1. 

Since f (z) has a pole of order 1 at Zq = i, the residue theorem yields 

f(z)dz + | f(z)dz = 2iri Bi (3) 

C R 

where Bj is the residue of f (z) at Z 0 = i. The residue Bj of a function f at a pole Zq of order m is given by 


B - 1 

lim a "” 1 f, ,m ,, 

2-2, tipt: | (z - *•> f<: 

dz 

“j (m-1)! 

so that in the case at hand 

R , _ _L lira 

Bl " 0! z+i 

(z x) [(z-i)(z+i)j ■ “ 2 • 

Therefore, by (3) 


[■_*_., 

[ dz 

J X 2 + 1 

-R 

1 z 2 + 1 

C R 

Now |z| = R when z is on C R so that 

Z 2 + 1 > | Z 2 ] - 1 

= R 2 - 1 

so that 


1 f dz 1 

^ ( 1dz| . [ 1dz| 

IJ z 2 + l 1 

C R 

1 |z 2 + l| ~ | R 2 - 1 

C R C R 


ttR 


R 2 - 1 

Taking the limit as R 

—*■ oo on both sides of (6) yields 

lim 1 

dz - o 

R-+°° 

z 2 + 1 | 


Therefore, if the limit as R —► oo is taken on both sides of (5), it is found that 
dx 


r 


• PROBLEM 15- 

-1 














Evaluate i 


x 2 dx _ 

(x 2 + 9) (x 2 + 4) 2 



Solution : First note that since the integrand of I 0 is even, 

i 0 = \ f -^- . (l) 

z ) (x 2 + 9) (x 2 + 4) 2 

I () may therefore be interpreted as a parameterized form of the complex integral 


<Z 2 


9) <z 2 



f(z)dz , 


( 2 ) 


where C x is the contour described by the entire real axis. Let C R denote the upper half of the circle |z| = R where R > 3 as in 
Figure 1. Since f (z) has a pole of order 1 at z 1 = 3j and a pole of order 2 at 7 ^ = 2i, each contained in the contour C = C x U 
C R , the residue theorem states that 


f (z)dz = | f (z)dz + I f (z)dz = 271KB! + B 2 ) , 
C n 


where Bj is the residue of f at Zj. Since the singular points are poles of order m, the residues may be found from the formula 

[ I 


B j -tjAtt 1% jjZi 1(2 - 2 j>" f(2 >>' 

so that in the case at hand, 

n i l ini t o • \ 

Bl “ OT z-*-3i (z 3i) 
and 


(z+3i) (z-3i)(z 2 + 4) 2 


_ 1 lim d . ». k 2 , _ 

" IT z-*2i di ,z ‘ 2l) f(z) = 


(z 2 + 9)(z + 2i) 2 


-13i 
~ 200 - 

Using (5) and (6) in (3) yields 

[ R = ifo" f f(z>dz * 


-R 


C 


R 


( 6 ) 

( 7 ) 


Now let R —mx) on each side of equation (7) and note that since 














|f(z)| 


JjiIL 


R 2 


| z 2 + 9 | | z 2 + 4 | 2 (R 2 - 9) (R 2 - 4) 2 

on the circle z =Re 10 , it is true that 


f (z) dz 


< f (z) | | dz | < 


R z IdzI 


(R 2 - 9) (R 2 - 4) 2 


(R 2 - 9) (R 2 - 4) 2 

Since (8) goes to zero as R —>co, equation (7) yields 


so that from(l) 


(x 2 + 9)(x 2 + 4) 2 


Evaluate 


Ii 


and 


X 2 


X COS X 
X 2 + 1 


dx 


x sin x 

x 2 + 1 


dx . 



so that 


• PROBLEM 15- 


I = l t + il 2 

where I, and I 2 are real. 


(2) 

















Now let 


ze iz dz 

z 2 + 1 


X 2 ► 1 


dx + 


f ze* z dz 

J z 2 + 1 
r 


(3) 


iz 

where C = C R U T is shown in Figure 1. The integrand of I R , f ( z ) = ze -, has poles of order 1 at z, = i and = -i but 

z 2 + 1 

only z,= i is contained within C. Therefore, by the residue theorem 

I R = j f(z)dz = 2iri B! , (4) 

C 

where Bj is the residue of f at zj= i. 

To compute B 1; recall that if Bj is the residue of fat a pole of order m, i.e., Zj, then 


1 lim 
(m-1)! z+z 


j dz 


[(z - z.r f(z)] 


(5) 


In the case at hand, m = 1 and Zj = z 1 = i so 

_ _L lim ze lz 

Bl " 0! z+i lz 11 (z+i) (z-i 

and from (4), 

I = 
a R e 

Using this result in equation (3) gives 


ieii e- 1 
i + i 2 


-R r 

and letting R —» co in this equation, it is found that 


■ dz = (6) 


Now on the semicircle T, z = Re 10 with 0 < 0 < n and dz = iRe 10 d0 so that 










f n _ ie iRe 10 ie , 0 

ze d ~ 


Re e iRe d0 

J 2 2 + 1 


| R z e i2 9 + 1 

r 


0 


Re i9 e iRe iRe i9 


iRcos0 -RsinQ 


l|iRe i6 | 


|R ! e i2e + 1| 

!' •"“1 rrr)“ ■ 


R 2 - 1 


Hence, 


f(z)dz 


2R ; 


ir/2 


-Rsine 


(7> 


R 2 - 1 

It can be seen from Figure 2 and it can be proved analytically that if 0 < 0 ji/ 2 then 
sine > ~ 

This can be used in (7) to show that 
tt/2 

-2R9/tt = . t tR 2 _ 


d0 = - (1 - e n . 

R 3 - R 



(8) 


2 


Fig. 2 






















Letting R —» oo on both sides of (8) , it is seen that 

R*eo I -?=— d* » 0 


so that equation (6) yields 

I x cosx dx + ^ x sinx _ jLit 
X 2 + 1 j X 2 + 1 e 


(9) 


Equating real and imaginary parts in (9) , the final result is obtained, namely 






CHAPTER 16 


LAPLACE TRANSFORMS 


Because of the analogy between infinite series and improper integrals, one might expect to find an improper integral 
corresponding to a power series. Indeed, a power series 


may be written as 


l f(n)x n , 


( 1 ) 


n=0 

where f is a function whose value of each n is given by f (n) = c n . The natural analogue of (1) is the improper integral 

f(t)x t dt = F (x) , (2) 

'o 

and except for a minor change in notation, (2) is the Laplace transform of the function f (t). The notational change is 
accomplished by making the substitution 


x= e' s 
in (2) to give 


F (s) = f(t)e“ st dt , (3) 

Jo 

and f (s) is called the Laplace transform of f (t). Letting the expression L{f (t)} represent the operation of multiplying f (t) by e" 
st and integrating fromt = 0 to t = oo, one could write 


f(s) = L{f(t)} 


(4) 


which makes clear the interpretation of (3) as an operator, L, transforming the function f (t) into the function f (s). This way of 
interpreting the Laplace transform proves very convenient in applications and allows its inclusion in the class of linear 
operators which has been investigated thoroughly in mathematical literature. (The linearity property states that 

L{af,(t) + bf 2 (t)} = aL{f,(t)} + bL{f 2 (t)} 

and will be proved later in this chapter). Note that just as the series (1) has a radius of convergence, so does the integral (2). 
That is, (2) converges for 

0 <x<r 

for some r so that the Laplace transform, (3), converges for 



The most important property of Laplace transforms is the simple relationship between L{f (t)} and L{f n) (t)} where f n) (t) is 
the nth derivative of f. It will be proved in the chapter that this relationship is 


L{£ (n) (t)} = s n L{f(t)} - l 


= s Il L{f(t)> - (0) - sf(0) - 


Thus, to find 
L{fXt)} 

one needs only know L{f (t)} and the initial conditions, 
f( k )(0) (k= 0, 1, ... ,n-l). 

This makes the Laplace transform ideal for dealing with differential equations with initial conditions. For instance, one could 
take the Laplace transform of 

ay" (t) + by' (t) + cy(t) = f (t), 
y(0) = y 0 ,y'(0) = Y 1 , 

to get an equation involving only L{y(t)} and L{f (t)}, i.e., using the linearity property, 
aL{y"(t)} + bL{/ (t) } + cL{y(t)} = L{f (t)} = f (s), 
and using the derivative property, 
a[s 2 L{y(t)} - sy(0) - y' (0)] + 
b[sL{y(t)}-y(0)]+cL{y(t)}=f(s). 

This can be solved for L{y(t)} to give 
L{y(t)}=G(s), 

where G(s) involves f (s), s, and the initial values. Thus, if it is known what function g(t) has the Laplace transform G(s), the 
problem is solved by setting y(t) = g(t). This is the type of problem for which Laplace transfor ms are useful and the problems 
connected with their solution are the subject of this chapter. 

DEFINITIONS AND SIMPLE EXAMPLES 


• PROBLEM If 


(a) Define the Laplace transform L{f (t)} for a real valued function f (t). 

(b) State conditions under which L{f (t)} exists. 

(c) Show that L{f, (t)} exists where 

fl (t) = 2te t2 cos e t2 

but that fj does not satisfy all conditions in (b). 


Solution : (a) Let f (t) be defined on some domain of the real axis containing [0, oo). Then the function G(s) defined by 

G(s) = e~ st f (t) dt (1) 

*0 

is called the Laplace transform of f (t) and we write 
G(s) = L{f (t)} 

to emphasize the point of view that G(s) is the result of a certain operation (defined in (1)) performed on f (t). In general, s can 







be complex but since most applications use real s, it will be assumed that s is real unless otherwise stated. 

(b) The most widely applied existence theorem involves two definitions which will be stated now. 

Definition 1: If f is defined on a < t < qo, then f is piecewise continuous on [a, qo) if for every finite interval a < t < b f has a 
finite number of discontinuities such that at each discontinuity t = to the limits f ( t +) and f (t o) ex i st - 

Definition 2: A function f (t) defined on [a, oo) is said to be exponential order e a on [a, oo) if 
| e' at f (t) | < M (a is real) (2) 

for some real positive constant M and all t e [a, oo). 

Expressed more qualitatively, this means that f (t) does not increase faster than e at as t —> oo. 

The existence theorem may now be stated . 

Theorem; If f (t) is piecewise continuous on [0, oo) and is of exponential order a, then the Laplace integral 


G(s) = L{f(t)I = e _St f(t)dt 

Jo 

converges for s > a. Moreover, the integral is absolutely and uniformly convergent for s > a' where a' > a. 
Note that if s is allowed to be complex, the theorem still holds but with the conditions 
Re s > a and Re s > a'. 

(c) 


L{fi(t)} 


Integrating by parts gives 

l{ fi(t)} = e st sin 


sin 1 + s e sin e dt 

'o 


|sin e t2 | < 1 , |e' st sin e t2 | 


is bounded by e' st for all s > 0, and the integral in (4) converges by the Weierstrass M-test for all s > 0. Note however that f, (t) 
is not of any exponential order since 


for t suffiently large no matter how large M and a are. Thus, fyt) illustrates the fact that the theorem of (b) provides sufficient 
conditions for the existence of the Laplace integral of (1), but not necessary conditions. However, almost all functions which 
appear in physical problems do satisfy the theorem. 

• PROBLEM If 


(a) Prove that f (t) = t n , n > 0, is of exponential order a on [0, oo) for all a > 0. 

(b) Prove that f (t) = sin kt is of exponential order a on [0, oo) for all a > 0. 





Solution : (a) The function f (t) is said to be of exponential order a on [0, oo) if there exists a real constant a and a positive real 
constant M such that 


e' at |f (t)| < M for all t > 0. 

For positive t 

|f| = t n . 

Thus, 

e " at |f (t)| = e' at t n . 

Iterative use of L’Hospital’s rule shows that, for a > 0, 

lim -at .n _. 
t— e t = 0 

Arbitrarily setting M = 1, it follows from the definition of a limit that there exists a positive constant to such that 
e' at |f (t)| < M, for all t > to . 

Now let 

Mj = max {e' at t n , t e [0, t^} 

(such a max exists since the function g(t) = e' at t n is bounded on the closed interval [0, to]). Then 
e' at |f (t)| < M' 
for all t > 0, where 

M' = max {M MJ. 

Hence, f (t) is of exponential order a for any a > 0. Therefore, by the existence theorem, the Laplace transform of f 


L{f(t)} = e~ St f(t)dt 
'0 

exists for all s > 0. 

(b) The function f (t) is said to be of exponential order a on [0, oo) if there exists a real constant a and a positive real constant 
M such that 

e' at |f (t)| < M for all t > 0 . 

Notice that for a = 0 , 


lim e -at 


and for a > 0 , 


1 , 


lim e~ at 

t-*-* 

Thus, for a > 0, 

-at 


0 . 


lim e 
t+<=° 


< 2 . 


( 1 ) 



Also note that 


|sin kt| < 1 , (2) 

for all t. 

Multiplying inequalities (1) and (2) together, we obtain 

(lim e at ) | sin kt| < 2’ 

for a > 0. 

It follows from the definition of a limit that there exists a positive constant t 0 such that 
e' at |sin kt| < 2 , 

for all t > t 0 . Since the function 
g(t) = |e' at sin kt| 

is bounded on the interval [0,1^] it has a maximum M' there, and we may take 
M = max {2, M'} 
and conclude that 

|g(t)| =e' at |sinkt| < M 
for all t > 0. 

Hence, f (t) is of exponential order a for any a > 0. Therefore, by the existence theorem, the Laplace transform of f 


L{f(t)}= 


e~ st f(t)dt 

0 


exists for all s > 0. 


• PROBLEM 16 

(a) Prove that f (t) = e at sin kt is of exponential order a on [0, <x>) 

(b) Prove that e r is not of any exponential order on the interval [c, oo) for an arbitrary c . 


Solution : (a) The function f (t) is said to be of exponential order a on [0, oo) if there exists a real constant a and a positive real 
constant M such that 

e' at |f (t)| < M for all t > 0 . 

Substituting our expression for f (t), 
e' at |f (t)| = e' at |e at sin kt|. 

We can remove the absolute value sign from e' at since e at is positive for real a. Thus , 
e' at |f (t)| = e' at e' at |sinkt| 

= |sin kt|. 

But 

|sinkt| < 1 
for all t; hence, 





e at |f (t)| < 1 . 

From this inequality it follows that 
e " at |f (t)| < 2 

forallt>0. (1) 

Hence, taking M = 2, (1) shows that f (t) is of exponential order a. 

(b) It follows easily from the definition of exponential order already given that a function f (t) is of exponential order if there 
exists some n u m b er b such that 


lim f(t) _ . 

t+oo bt " 1 

e 

In our case 
f(t) = e e . 
Thus we examine 


4.2 

lim e _ lim t(t-b). 
bt t->« 


For any value of b, t-b > 0 if t > b. Thus the exponent of e in e^ t_b ^ becomes and stays positive as t—>cc.Thus 


lim t(t-b) 
t-*°° e 


which shows exp(t 2 ) is not of any exponential order. 


• PROBLEM 16 


Determine those values of s for which the improper integral 

G(s) = e -st dt 

converges, and find the Laplace transform of f (t) = 1. 


Solution : By definition, the improper integral in the problem is a limit of a proper integral 


G(s) = 


R+oo 


(1) 


For s = 0 this becomes 

■R 


G (s) 


lim 

R-*-°° 


lim R 

R-*-oo 


Hence, the integral G(s) diverges for s = 0. For s ^ 0 equation (1) becomes 




G(s) 


lim 



R 

t=0 


lim 1 f. -Rs\ 

R-*-oo s V- 1 - / 


1 _ lim e~ Rs 
s R-*-°° s 


(2) 


If s < 0, then-Rs > 0 for positive R; hence, e' Rs approaches infinity as R approaches infinity, and the integral diverges. If s > 0, 
then -Rs < 0 for positive R; hence, e' Rs approaches zero as R approaches infinity, and the integral converges to 1/s. 


Extending the domain of the Laplace transform to complex values of s, we evaluate the expression of e' Rs by Euler’s 
formula: 


-Rs -R(Re{s}) - iR(Im{s}) 
e = e 

= e " R(Re{s}) [cost-R(Im{s})l + i sin [-R (Im{s}) ]] , (3) 

where Re{s} is the real part of s, hn{s} is the imaginary part of s, and ^ = is the imaginary constant. The cosine and sine 
functions are bounded; hence expression (3) diverges, as R— mx>, for Re{s} < 0 and converges to zero for Re{s} > 0. In the case 
where s ^ 0 and Re{s} = 0, we have 
e -R(Re{s}) = 1; 

hence, 

e' Rs = cos[-R(Im{s}) ] + i sin[-R(Im{s}) ], 

which is a nonconstant periodic function, so e' Rs does not converge to any value as R—*». 

Since e' Rs is the only expression that varies with R in equality (2), its convergence properties for R—»co determine the 
convergence properties of G(s). Thus, in general, G(s) converges to 1/s for Re{s} > 0 and diverges otherwise. 

Using L as the Laplace transform operator, with 


Ltf(t)} 


we take the Laplace transform of f (t) for t > 0 : 


l{i) = 

'o 

which is the same integral as G(s) in the problem. As we already showed, this integral converges to 1/s when Re {s} > 0 and 
diverges otherwise. Thus, the required Laplace transform is 

L{1} = ^ , for Re{s) > O' 

Note that the function f (t) of which we take a Laplace transform needs only be defined for positive real values of its 
argument t since the integral, 

e -st f(t)dt, 

'o 


F (s) = e aL f(t) dt’ 

Jo 


(e u • 1)dt = e dt’ 

Jo 


is in a region in which t > 0. 


PROBLEM 16 



Find the Laplace transform of 
f(t) = t n , 

where n is a positive integer. 


Solution : Using L as the Laplace transform operator with 


and first considering real s, we find 


L{ f (t) } = e" st f(t) dt, 
0 


L{t n } * (e" St ) (t n )dt = t n e" st dt- 

0 ' 0 


For s = 0, 


f R f R 

.rii _ lim n Ot , _ lim . n 


lim R 
R >DO n+1 


hence, 

L{t n } 

does not exist for s = 0. For s ^ 0, integrating by parts, 


l{ t n } 


n-i _ lim 


n -st 

| R 1 

[« , 1 

-t e 

l S ' 

ft 

II 

o 

+ 

« |3 

lo * ‘ "I 


lim 
IF*- 00 


■R 

n 

s 

n 


lim f-R n e S i , n lim/^ -st ^.n-1 

R~> l-i- )* B R~l 6 t dt 

\ o 


IF* -00 \ s 


+ S L{t n_1 } 


For s < 0 the argument of the limit in expression (1) diverges as R—>oo ; hence, 
L{t n } 

does not exist. For s > 0 rewrite (1) as 


(11 






L(t n_1 } . 


( 2 ) 


L{ t n } 



Since both the numerator and denominator in the argument of the limit in equation (2) approach co as R— mx>, we can apply L 
'Hospital's rule: 



lim 

R-*-~ 


d/dR(~R n ) 

d/dR(se SR ) 


lim ( -nR n ~A 
\s 2 e sR ) 


(3) 


As long as the numerator and denominator of the argument of our limit approach oo as R—>oo, we can iteratively apply L 
'Hospital's rule to equality (3): 


lim 

R-*°° 


( -R n \ _ lim / -nR n-1 \ = li 
\se sR / ~ R "” \ s 2 e sR ) " R " 

lim f -n(n-l)(n-2). 
' “• - R*- [ s n+ l e 



Substituting this result in equation (2), 

L{t n } = | L{t n-1 } for s > 0 . (4) 

Substituting (n-1) for n in equation (4), we find 

L{t n-1 } = L{t n ’ 2 }- 

Substituting this result back into equation (4), 


L{t n } = 2 fail Kt"- 2 ) = alnzir L (t n - 2 }. 


By iterating this process, we obtain 

L { t n } = n (n-1) (n-2) ... (2) (1) L{t , } = nl_ L{1} 


nl lim ~st 


e (l)dt 


which converges, since s > 0, to 


+- n r - Hi. 1; >- m I 1 - e 1 = nl 1 
„n * s 


, for s > 0 . 


(5) 


If s is complex, a similar computation will give the same result, (5), except that the condition on s will now be Re s > 0. 















PROBLEM U 


Find the Laplace transforms of 

(a) f (t) = e^, 

where k is a complex constant of the form 
k = Re {k} + i Im{k} 

with Re {k} the real part ofk, Im{k} the imaginary part ofk, and 

i = 

Use this Laplace transform to find the Laplace transforms of 
f (t) = e' Kt and f (t) = 1. 

(b) f (t) = sin kt where k is a real constant. 

Solution : (a) Using Las the Laplace transform operator with 


L{f(t)} 


-st 


f (t)dt> 

for complex s of the forms = Re{s} + ilm{s}, where Re(s) is the real part of s and Im{s} is the imaginary part of s, 

(k-s)t 


R+°° 


dt • 


We chose to solve the complex case in this problem because complex numbers are necessary when we determine 
L{cos kt} and L{sin kt} 
fromL{e kt }. 

For s = k. 


£ | )- 


hence 

L{e kt } 

does not exist for s = k. For s ^ k, 







L{e Kt } = 


lim 

R-Voo 


lim 


[ e (k-s)t j R 

k-s ” 

L lt=< 

[ e (k-s)R _ x 

L k - s 


_ 1 1 lim (k-s)R, 

s-k k-s R-*- 00 e 

which diverges for 
Re(s} < Re{k} 
and converges to 

1 

s-k ’ 

for 

Re{s} > Re{k}. 

Thus, the Laplace transform of e (for t > 0) is 
L{e kt } = i^k for Rets} > Retk} . (1) 

Using the constant (-k) in place of k in formula (1), we obtain a new formula: 


L(e" kt } = 


1 

s-(-k) 


for 


1 

s+k 


Re{s}> -Re{k}. 

If the special case k= 0 is used, equation (1) gives 
LUJ = L{e 0t } = -1^ = I , Re{s} > O' 
(b) Using L as the Laplace transform operator with 


L(f(t)} = e -st f(t) dt> 

'o 

and first considering real s, 

Lisin kt> = (e" st )(sin kt)dt = e" St sin kt dt• 

Jo ' 0 

In the above equality, we substitute the exponential formula for the sine function: 

ikt „-ikt 
e_ - e _> 

2 i 


sin kt = 







where i = /-l , so that 


L{sin kt} 


st ( e ikt - e' ikt 
2i 


lim f 

’ I 

1 lim ["[ (ik-s)t 


For k = 0 equation (2) gives us 


L{sin kt} 


_ 1 _ lim r 

2i R-« [ 


- s,t dtj 


- ± - ° • 

When k ^ 0, s cannot equal ±ik, since ±ik is nonzero imaginary; thus, equation (2) gives us 


Lisin kt} 


1 _ lim [ e (llc ~ s 
2i R-*» |_ ik-s 


1 e (-ik-s)R 
ik-s + ik+s 


1 

ik+s 


1 lim |( ik+s)e l 

2 i R->« 


- (ik-*-s) + (ik-s) e 1 


(ik-s) (ik+s) 


_ 1 _ 

2i 


lim 

R-*- 00 


(ikts)e (lk - 8)li t 


(ik-s)e 

- k 2 


(-ik-s)R 


2ik 


When the real part of (ik-s) is negative (i.e., when -s < 0) and the real part of (-ik-s) is negative (i.e., when -s < 0), the 
argument of the limit in expression (3) approaches zero as R—>oo ; hence 

L{sin kt} = k/(s 2 + k 2 ) for s > 0. 

Otherwise, the argument of the limit diverges, and the Laplace transform of sin kt does not exist. 

If s is complex, the result 


Lisin kt} = - 

s 2 + k 2 

still holds, but the condition on s becomes Re s > 0. 


BASIC PROPERTIES OF LAPLACE TRANSFORMS 


PROBLEM 16 













Prove the following properties of the Laplace transform denoted by L{f (t)} 

(a) L{c,f,(t) + c 2 f 2 (t) + ... + c n f n (t)} = qLffjO) } + c 2 L{f 2 (t)} * ... +c n L{f n (t)}, 
where all Cj are constants. 

(b) L{f (n) (t)} - s n L{f(t)} - l s k_1 f (n " k) (0) 

k=l 

if f^ k) (t) are of some finite exponential orders for k = 1,2, ..., n-1 and if 
L{^ n) (t)} exists, 
exists. 

(c) L{e' at f (t)} = G(s+a) 

where G(s) = L{f (t)} and a is a real constant. 

(d) 

L{t n f(t) } = (-l) n 

ds 11 

where f (s) = L{f (t)} . 

(e) 1 , f 

L{^ f (t)} = F (a) da 

' s 

where 

f(s) = L{f(t)}. 

Solution : (a) This is called the linearity property and is the defining characteristic of the so-called linear operators of which 
differentiation, integration, and all integral operators are examples. To prove this property, simply use the definition of 

L{f(t)}forf(t) = c 1 f 1 (t) + ...+c n f n (t) 
to calculate 

L{f(t)} = L{cifi(t) + ... + c n f n (t)} 

e“ st Jcifi(t) + ... + c n f n (t)Jdt 

0 

= cJ e" st fi(t)dt + ... + cl e -st f n (t)dt 

'o Jo 

= CiL{fi(t)} + c 2 L{f 2 (t)} + ... + c n L{f n (t)} . 

Thus we conclude that Lisa linear operator. 

(b) This is the derivative property of Laplace transforms, and it is this property which makes Laplace transforms useful in 
solving differential equations and in many other applications. The property will be proven by induction. Thus, suppose f (t) is 
continuous and integrate the Laplace integral of f by parts: 







-St 


f' (t)dt 


s e au f(t)dt = f(0) + e f’(t)dt 


Assuming that L{f (t) } exists, this yields 

L{f (t) } = s L{f (t) } - f (0). (1) 

Now assume that the derivative property holds for an integer k, i.e., assume that 


L(f (k) (t)} = s K L{f (t) } - l s 1_i f' 
i=l 


Then (1) can be used to show that 


L{ f 


(k+1) 


(t)} = L{ 




L{f U) (t) > - f ,k) (0) 


s|s " L{f(t)} - l s 
i=l 


i-1 ,(k-i), 


L{f (t)} - l s A A f 
i=l 


( 0 ) 

i-1 - (k+l-i) , 


Thus in (1) and (2) it has been shown that the derivative property holds for n=l and that if it holds for n=k then it holds for n = k 
+ 1. Therefore, by induction we conclude that the derivative property, 


L{f (n) (t)} = s n L{f(t)} - l s k_1 f n ' k (0) 
k=l 


holds for all n provided that, for k = 0, 1, ... , n-1, 


lim , (k) . 


f^' (R) e = 

for s large enough (that is, f k) (t) are of finite exponential orders), and that 

L{f (n) (t) } 

exists for s large enough. 


(c) This is known as the attenuation property or substitution property: If f (t) is “attenuated” by the exponential factor e' at , then 
the transform is shifted (to the left) with respect to the variable s. To prove this, just recall the definition of the Laplace 
transform of a function f (t), 



L{f(t)} = G(s) 


e _St f(t)dt> 


and compute 


Setting r = (s+a) yields 


L{e _ac f (t) } = e -st e -ai: f(t)dt 

'o 


e -(s+a)t f(t)dt _ 


so that 

L{e' at f (t)} = G(s+a). 

Note that ifthe region of validity of L{ f(t)} isRe{s} >afor some a, then the region of validity of L{e' at f(t)} isRe{s} >a- 
a. In this case (and almost all cases of “physical” functions) a is the smallest num b er such that f is of exponential order a . 


(d) The expression 


F(s) = e _st f(t)dt (3) 

'o 

is a uniformly convergent integral for a piecewise continuous function f and a suitable range of values of s (see problem 1 of 
this chapter). Therefore, interchange of differentiation and integration is allowed so that 


or 


dF(s) 

ds 


te" st f(t)dt 

0 


dF 

ds 


L{tf(t)}■ 


This formula can be generalized to find the n th derivative (provided L{t n f (t)} exists).Thus, 


d n F(s) 
, n 
ds 


f(t)dt 


or 


L{t n f(t)} = (-l) n —, 
ds n 


and this will have the same region of validity, s > a for some a, as (3). 



(e) Let f (s) = L{f (t)} and consider 


G(s) 


F (a) dcr 
Js 


(4) 


By definition of f (s), 

G(s) = da e" at f(t)dt- 
's JO 

Now, since F is uniformly convergent for all Re {s} > a' for any a' > a (where Re {s} > > is the region of convergence of L{f (t) 
}), the order of integration may be interchanged to yield 

G(s) = f (t)dt e" ct da = f(t) ^— dt 
■>0 J s JO 

= L f(t)} . 

Therefore, recalling the definition of G(s) in (4), 


F(o)do = L {i f(t)> 

J s 

provided that the transform of 2 f ^ t j exists. 

• PROBLEM 16 

Use the Laplace transform of 

f(t) = e to , (1) 

where k is a complex constant of the form 
k = Re{k} + i Im{k} 

with Re {k} the real part of k, hn{k} the imaginary part of k, and 
i = /=!’ 

to find the Laplace transforms of 
f (t) = cosh kt, sinh kt, cos kt, and sin kt. 


Solution : It was found in problem 6 that 

L{e kt } = for Rets) > Re{k} . (2) 

This result could also be looked up in a table of Laplace transforms. In either case, we use the definitions 

e kt + e' kt 
cosh kt = -- j-Z - 

and 


_ -kt 


sinh kt 


2 






and the additional formula 
L{c 1 f 1 (t) + C 2 f 2 (t)} = 


C T L{f,(t)} + c 2 L{f 2 (t)}, 


( 3 ) 


LCcosh kt) = L 




<L{e kt > + L{ e~ KC } I 


-kt. 


1 


+ 1 

\ _ 1/ 

'2 s \ 


2 

ys-k 

s+k 

/ " 2 ( 

v s2 " k V 


s 

s 2 -k 2 ' 

for 

Re{ s } 

> |Re(k}| , 

(4} 


L{sinh kt) 




\ (L{e kt > - L(e 


1 

fj: _ 1 _\ 

- i 

2 

( s-k s+k \ 

‘ 2 (■•-*•) 


, for Rets) > |Re{k}| 


(5) 


The condition Re {s} > | Re{k} | in formulas (4) and (5) comes from the fact that we derived those formulas for L{e kt }, and 
L{e" kt }, which require Re(s} > Re(k} and Re{s} > -Re{k}, respectively.To insure that both Re {s} > Re{k} and Re{s} > - 
Re {k}, it is necessary that Re {s} be greater than the greater of Re {k} and -Re {k}. Since one of these (Re {k} or -Re {k}) must 
be positive and the other negative, the greater of the two is the positive one, which is equal to the absolute value of Re{k}. 

Using the exponential formulas for the cosine and sine functions 


and 

sin kt 


2 i 


and again the addition formula (3), we find 


Litcos kt} = L ^ 
1 


l e (ik)t + e -(ik)t ! 


(L{e 


2 

(ik)t 


} + L{e~ 


and a similar expression holds for L{sinkt}. 



By substituting (ik) for k in formulas (1) and (2), 


L{cos kt} 


1 

2 



1 

s+ik 


1 

2 



s 


(6) 


and 


L{sin kt} = L 


1 


e (ik)t _ e -(ik)t 


2i 



2i ^s-ik 


1 _ I 1 _ 



k 


(7) 


s 2 +k : 


Laplace transforms (6) and (7) are both subject to the same two existence conditions from the Laplace transforms of e kt and 
e" kt (which were the base of (6) and (7)). Since we used ik instead ofk, the conditions are 
Re(s} >Re(ik}, 
and 

Re{s} > -Re{ik}. 

Combining these two conditions as we did for the cosh and sinh Laplace transforms, 

Re{s} > | Re{ik} |. 

But 

| Re{ik} | = | Re{i(Re{k} + ilm{k})} | 

= | Re{-frn{k} +iRe{k} } | 

= | -Im{k} | = | hn{k} |; 

hence, the condition for the existence of Laplace transforms (6) and (7) is 
Re{s} > | Im{k} |, 

which, for s and k real, is equivalent to s > 0. 


PROBLEM U 


Find the Laplace transform, L{f (t)} = f (s), of 
(a) f (t) = 2 sint + 3 cos 2t 


(b) g(t) = 1 - ~ t e 





Solution : (a) We shall use the addition formula 

Hem + c 2 f 2 (t)} = CjLjfiCt)} + c 2 L{f 2 (t)}, (1) 

where c, and c 2 are constants, and the formulas which were derived in the previous problems: 


L{ sin 

kt} = — c -- 
s 2 +k 2 

(for s > 

0) 

(2) 

L(cos 

kt> = — 5 — 
s 2 +k 2 

(for s > 

0) , 

(3) 


where k is a real constant and s is a real variable. 
By formula (1), 

L{2 sin t + 3 cos 2t} = 2L{sin t} + 3L{cos 2t}. 
Applying formulas (2) and (3) to the above equality, 


L{2 sin t + 3 cos 2t} = 2 


l 1 ^ 


/ s \ 

( s 2+ i 2 y 

| + 3 i 

\ s 2 ■*'2 2 / 


s z +l s z +4 


, for s > 0 . 


(b) Expanding e _t as an infinite series, 


-t = r (-l) n t n 
n=0 n! 


hence, 


i - r i <-i> n t n i 




i ■ 

n=l 


I 

n=l 


' l ■ 

n=l 


Letting k = n-1 in the summation, this becomes 



t 


V <-n k t' 

k=0 « k+1 »' 


thus 





( 4 ) 


Since Lis a linear operator (i.e., since 



L{c 1 f 1 (t) + c 2 f 2 (t)+...}=C 1 L{f 1 (t)} 
+ c 2 L{f 2 (t) } + Cj = constant), 
equality (4) becomes 




thA- 


From the results of a previous problem, or from a table of Laplace transforms, we find that 

L(tk > - -&I ' s > O' 

S 

where k is a nonnegative integer. Substituting this result into equality (5), we obtain 

k 

l~x; 

k =0 


• [ ■ 1 - = I 1-P- (-M-) 

i t J k=o < k+1 > 1 U k+1 j 


= l 


(-D 


k+l 


This last summation is the i nf inite series for the natural logarithm of (1 + 1 / s), where | 1 / s | < 1, i.e., where | s | > 1. Thus, 


’ = 109 (* + »)' 


An alternative method of solving this problem is to use the formula 

L f (t) } = F(a)da, 

^ s 

where f (s) = L{f (t) } (we obtained it in problem 7). Here 
f (t) = 1 — e _t , 
and 


-t. 


1 



(for 

k = 0, € 

Then 



Jl-e-H 

f/l 

oJl)- 

t * J " 

1° 


•* s ' 


= [log 1 cr| 

- log 

|o + lj)| 








log 


log 1 - log 


(we have s > 0) . 


In fact, the condition | s | > 1, or s > 1 (since s > 0 for L{t k } to exist) is too restrictive, and the second solution shows that for 
any s > 0 




• PROBLEM 16- 


Use the derivative property of Laplace transforms to solve the differential equation 
Y' - y = e' x (1) 

where y(0) = 0 is the initial value of y. 


Solution : First multiply equation (1) by e' sx and integrate from 0 to oo to get 


y' (x)dx - 


y(x)dx = I e" sx • e _x dx (2) 

Jo 


L{y'(x)}-L{y(x)}=L{e- x }. 


( 3 ) 


Now the fact that L { e -ax } _ 1 can be obtained from a previous problem in this chapter or can be looked up on a table of 


Laplace transforms and is valid for s > a. Also, the derivative property states that 
My 7 (x) } = sL{y(x) } - y(0), so that 
denoting 

Y (s) = L{y(x) } 
and using (3), one obtains 

1 


[s Y(s) - y(0) ] - Y(s) = 


s + 1 


y (o) = o , (s-i) y (s) = 


and 

Y (s) 


_ 1 _ _ 1 1 1 1 

(s+1)(s-1) 2 s-1 " 1 s+1 ' 


where we have used rational fraction decomposition of 

1 







The equality in (4) is valid only for s > 1, but this will turn out to be insignificant since we wish to invert (4) anyway. Thus, 
recall that 


LU*) = Jj , L{e -X ) - Jj- 

so that (4) reads 

L{y(x)} = ^L{e x } - L{e x } 

_ rl x 1 -x-. 

= L t ^ e - 2 e * 

since L is a linear operator. Thus y(x) and 


(5) 


have the same Laplace transforms. As will be discussed later, under very general conditions, if two functions have the same 
Laplace transform, they are identical. This is not true for all functions, but is true for a class of almost all functions of any 
applicability, and we assume y(x) and 

1 e x - I e “ x 

2 e 2 e 

to be such functions. Thus (5) implies that 

y(x) = ^ e x - ^ e x = sinh x 

is the solution to the problem Questions concerning the validity of our “inversion” of the Laplace transform will be discussed 
more rigorously later in the chapter. 

• PROBLEM 16- 

Find the Laplace transforms of 

(a) 

g(t) = e' 2t sin 5t, 

(b) 

h(t) = e _t cos 2t. 


Solution : (a) We shall use the formula 

L{sin kt} = —-— , (1) 

s 2 +k 2 

where k is a real constant and s is a real variable. We also use the theorem that states that if f (t) is defined for all nonnegative 
t, is piecewise continuous on every closed interval [0, b] for b > 0, and is of exponential order e at , then 

L{e at f (t) } = f (s-a), (2) 

for s > a + a, where a is a real constant and 

f(s) = L{f(t) }. 

Using formula (1), with f (t) = sin 5t, we find 




F (s) = I»{sin 5t} 


s z +5^ s z +25 


In order to use the theorem associated with formula (2), we must first demonstrate that the function f (t) = sin 5t is of 
exponential order; i.e., there exists a real constant a and positive real constants M and tg such that 

e' at | f (t) | < M 
for all t > tg. For a > 0 


e- 01 = 0> 
and for a = 0, 

lim -at , . 

tr*-® e = 1 

Thus, for a > 0, 

lim -at _ 

t+oo e ' 2 . 

Also note that 

| sin 5t| < 1, (4) 

for all t. Multiplying inequalities (3) and (4) together, we obtain 



for a > 0. It follows from the definition of a limit that there exists a positive constant to such that, for t > tg, 
e' at | sin 5t| < 2, 

which, taking M = 2, shows that f (t) = sin 5t is of exponential order e at , for a > 0. 

Since f (t) = sin 5t is defined for all nonnegative t, is piecewise continuous on every closed interval [0, b] for at b > 0, and 
is of exponential order e at for a > 0, we can use formula (1) in formula (2); 

L{g(t)} = L(e" 2t f(t)} 


= F 


(s-a) 


--- , for s > -2 . 

(s+2) 2 + 25 


(b) Using the property that 
L{e bt f (t)} = f (s-b), 

where b is a constant and f (s) = L{f (t)}, provided that L{ f (t)} exists, we obtain 
L{e _t t cos 2t} = G(s+1), (5) 

where G(s) = L{ t cos 2t}. 

We could find, in a table of Laplace transforms, that 

-2 _ V 2 

L{t cos kt) = — 5 --— , 

(s 2 + k 2 ) 2 


s > 0 • 






However, this result may be established easily without consulting such a table. Using the fact that 


L(cos kt) = --- 

s 2 + k 2 

which was established in a previous problem and the theorem which states that 

L(t n f(t)} = (-1)" L{f(t)}, 

ds n 


it is apparent that 

L{t cos kt) 


'-Dal- 



_ s* - k* 

(S 2 + k 2 ) 2 

The region of validity of this formula is the same as that for L{cos kt}, i.e., s > 0 for real s. 
Hence, taking k = 2, we find 


Thus, 


and, from equality (5), 


L(t cos 2t} =—-—— 4 ■ 
(s 2 + 4) 2 


G (s) 


s 2 - 4 

(s 2 + 4) 2 ’ 


L(e -t t cos 2t} = - L s+1 ) 2 ~ 4 

[(s+1) 2 + 4] 2 


• PROBLEM 16- 

Find the Laplace transform of 

(a) 

g(t) = te 4t 

(b) 

f(t)=t 7/2 

Solution : (a) We shall use the formula 

L{e kt } = , for s > k, (1) 


where k is a real constant, and s is a real variable. We also use the theorem that states that if f (t) is defined for all nonnegative 
t, is piecewise continuous on every closed interval [0, b] for b > 0, and is of exponential order e at , then 










l{ t n f(t)} = (-l) n —— 
ds 


L{f (t)} 


(2) 


for s > a, where n is a positive integer. 
Using formula (1), we find that 


L{e 4t } = -i- , for s > 4 
s-4 

In order to use the theorem associated with formula (2), we must first demonstrate that the function 
f (t) = e 4t 

is of exponential order; i.e., there exists a real constant a and positive real constants M and to such that 
e' at | f (t) | < M for all t > t^ 


For a = 4, 


lim -at, 4ti _ lim (4-a)t 


For a > 4, 


Thus, for a > 4, 


lim -at, 4t, lim (4-a)t 
t+« e » e I = t-Koo e 


lim -at| 4t| 
t+oo e I e I 


It follows from the definition of a limit that there exists a positive constant to such that, for t > t 0 , 
e' at | e 4t | < 2, 

which, taking M = 2, shows that f (t) = e 4t is of exponential at order e at , for a > 4. 

Since f (t) = e 4t is defined for all nonnegative t, is piecewise continuous on every closed interval [0, b] for at b > 0, and is 
of exponential order e at for a > 4, we can substitute formula (1) for L{f (t)} in formula (2): 

L{g(t)} = L{te 4t } 


- , for s > 4. 

(s-4) 2 


(b) Using the property that 


L{t n f(t)} = (-l) n 


L{f (t) }, 


where n is a positive integer constant, provided that L{ f (t) } exists, we obtain 



L{t 7/2 } = L{t 3 /t} 


L{ /t} 


4 l{/ t} 


(3) 


Now L{ /t } may be found using the T function whose values are as well tabulated as, say, log x so that an answer expressible 
in terms of T (x) is very useful. The definition of the T function is 

r (k) = 

so that 

r(k+l) = I t* e _l " dt . (4) 

'o 

Now make the substitution t = sx where s is some constant so that dt = sdx, e _t = e' sx , and t k = s k x k . Then (d) becomes 

T(k+1) = f s k x k e" sx sdx 

'o 

g k+l f x k e' sx dx (5) 

^0 


L{x k } = F , k > -1, s > 0 , 


7 ^ 

where the restrictions on s and k are imposed to insure the convergence of the integrals in (4) and (5) respectively. Therefore, 
using 

k = j in (6) gives 


1,(7) = L(/t) = T (3/2)s -3/2 . 

Now lookup T{ 3/2 } in a table of T(x) to find p (3/2) = /if/ 2 an d 


Substituting this result in equality (3), 




• PROBLEM 16- 


Find the Laplace transform 

L / si " 3t V 


1 J 


Solution; Using the property that 


L f (t)| = F(x)dx, 
' s 

where f (s) = L{ f (t)}, provided that L{ f (t)} and 


lim [f (x) /x r ] 
x—>0 

x>0 

exist, for some r > 0, we obtain 


ai r i£ ] = ««*>• 


where G (s) = L{ sin 3t}. Now either recall the results of a previous problem or look in a table of Laplace transforms to find 
that 


L .sin bt} = —-— 
s 2 +b 2 


s > 0. 


hence, taking b = 3, we find 


G (s) = Lisin 31) = —-—. 

s 2 +3 2 


Thus, 








Substituting this result into equality (1), 



~ \ ~ Arctan -| , 

where the capitalized A on the Arctangent function indicates that the range of that function is the open interval (-ji/2, ji/2). 

STEP FUNCTIONS AND PERIODIC FUNCTIONS 


• PROBLEM 16- 


Prove that 


L{ f (t-a) a (t-a)} = e' as L{f (t)} (1) 


for any function f which has a Laplace transform, and where 

0, t < 0 

a(t) =< 

1, t > 0 

is the unit step function, and a > 0. This property of Laplace transforms is called the shifting property. 




Solution; Consider the function f (t) a (t) shown in Figure la where the dotted curve represents f (t) for t < 0. Note that any 











function f (t) has the same Laplace transform as f (t) a (t) since the Laplace integral 

F(s) = L{f(t)> = e~ st f(t)dt = e _st f (t)a(t)dt 

*0 'o 

ignores values of f for t < 0. Thus, it is often convenient to treat f (s) as the Laplace transform of f (t) a (t) rather than of f (t) 
and, in fact, (1) might be written as 

L{f (t-a) a (t-a)} = e‘ as L{f (t) a (t)}. (2) 

It can be seen in Figure lb that f (t-a) a (t-a) where 


a(t-a) 


0, t < a 
1, t _> a 


represents a shifting of f (t) a (t) by a length a to the right. Hence (2) will prove to be a useful theorem, and it can be proven by 
direct calculation: 


I. 


L{f(t-a) a (t-a)) = e f (t-a) a (t-a) dt 


e (t-a) a(t-a)dt + e f (t-a) a(t-a) dt. (3) 


a (t-a) =• 


0, t < a 
1. t > a 


so that (3) becomes 

L(f(t-a)a(t-a)} = e" st f(t-a)a (t-a)dt . (4) 

■•a 

Now make the change of variable t = x + a in (4) to obtain 


e st f(t-a)a(t-a)dt = 

Ja i 


e (t-a)a(t-a)dt = I e _s ^ T+a ^f(x)a(x)dx 


f (x) a (x) dx 


e -as L{f(t)} 


or 

L{f (t-a) a (t-a)} = e' as L{f (t)}. 


• PROBLEM 16- 


Find the Laplace transform L{g(t)}, where 







f 

t < 4 

g(t) 


(t-4) 2 , 

t > 4 


Solution : The function g(t) can be expressed as (t-4) 2 x a(t-4), where a is the unit step function, defined as follows: 

a(x) 


0 , x < 0 

1 , x > 0 


so that 


0 , t < 4 

1 , t > 4 


Using the shifting property, 

L{f (t-c) a (t-c)} = e' cs L{f (t)}, 

where c is a nonnegative constant, provided that L{ f (t)} exists, we obtain (taking c = 4) 


L{g(t)} = L{(t-4)} 2 a (t-4)} 


= e' 4s L{t 2 }. 


( 1 ) 


By recalling the result of a previous problem or by looking in a table of Laplace transforms, we find that 


L{ t n ) 


where n is a nonnegative integer constant; hence, taking n = 2, we find 


L{t 2 } = —. 


Substituting this result into equality (1), 


L{g (t) } = e' 


-4s ( 2 \ _ 2e 


• PROBLEM 16- 


Find the Laplace transform of the function f (t) shown in the accompanying figure and defined by 

ft, 0 < t < 4 


f (t) = ( 


l 


t > 4 









Solution : It is possible to handle some step-function problems without using the shifting property f the Laplace integral in the 
problem is fairly easy to solve. Thus, note that f (t) need not be defined at t = 0 or at t = 4 since such information is not 
essential in performing the integration to determine the Laplace transform 

Using L as the Laplace transform operator, with 


L{ f (t) } = e -st f(t)dt, 

J 0 


and considering real s, we find 


L{f (t)} 


lim 

R+oo 


5e dt . 


Ot .. . lim 


L{f(t)} = | te ut dt + 
0 

4 


5(R— 4) = 


hence L{f (t)} does not exist for s = 0. For s ^ 0, 


Lf f(t)) = I te _st dt + 

J 0 

r 4 

te -st dt 


lim 

R-*-oo 


lim f -5 

R+oo \ 


5 lim -sR 


Integrating by parts, 



5e 5 lim -sR 

“I -lR- e 


For s > 0, the above expression converges to 


Ltf (t) } 


s* s 


otherwise, L{ f (t)} does not exist. 

Thus, the required Laplace transform is 


L{f(t)} = ' 


- , for s > 0 


• PROBLEM 16- 


Find the Laplace transform L{f (t)} of the function shown in Figure 1 and defined by 


f (t) 


t 2 , 0 < t < 2 

6 , t > 2 


Fig. 1 


f ,(0 


Fig. 2 


Ur) 


Solution : We wish to express f (t) in terms of the unit step function a (t), defined as 

To, t < 0 

a (t) =< 

[l, t > 0 

We can then use the shifting property which states that L,g (t-c) a (t-c)} = e' cs L{ g(t)}, where c is a nonnegative constant, 
provided that L{ g (t)} exists. 

Let us build f (t) out of continuous functions and unit step functions. First, we need a function f, (t) that is equal to t 2 when 
0<t<2 and zero when t>2. The function t 2 a (t-2) is equal to t 2 when t>2 and zero elsewhere, so that if we subtract it from t 2 , we 
obtain the desired function (see Fig. 2): 

f 1 (t)=t 2 -t 2 a(t-2). 













Second, we need a function f 2 (t) that is equal to 6 when t>2 and zero when 0<t<2. We obtain this by multiplying the constant 6 
by a (t-2), since a (t-2) = 0 when t <2 and =1 when t>2. Thus (see Fig. 3), 
f 2 (t) = 6a(t-2). 

The function f (t) is obtained by adding together f| (t) and f 2 (t): 
f(t) = f 1 (t) + f 2 (t) 

= t 2 -t 2 a (t-2) + 6a(t-2) 

= t 2 + (6-t 2 ) a (t-2). (1) 

This is still not the form we require in order to use the property mentioned at the beginning of this solution. We need to 
express (6-t 2 ) as a function of (t-2). We know that 

(t-2) 2 = t 2 -4t + 4; 
hence, 

6 -1 2 = -(t 2 -4t+4) - 4t +10 
= -(t-2) 2 - 4t + 10 
= .(t-2) 2 - 4t + 8 + 2 
= .(t-2) 2 - 4(t-2) + 2. 

Substituting this last expression into equality (1), 
f (t) = t 2 + [-(t-2) 2 - 4 (t-2) + 2] a (t-2) 

= t 2 - (t-2) 2 a (t-2) - 4 (t-2) a (t-2) + 2a (t-2). 

Taking the Laplace transform of this, 

L{f (t)} = L{t 2 - (t-2) 2 a (t-2) -4 (t-2) a (t-2) + 2a (t-2)}. 

Since Lis a linear operator, 

L{f (t)} = L^} - L{(t-2) 2 a (t-2)} - 4L{ (t-2) a (t-2)} + 2L {(1) a (t-2)}. 

To the above equality we apply the property mentioned at the beginning of this solution: 

L {f (t)} = L {t 2 } - e' 2s L{t 2 } - 4e' 2s L {t} + 2e‘ 2s L {1}. (2) 

Now recall the result of a previous problem or use a table of Laplace transforms to find that 



s>0 , 


where n is a nonnegative integer constant. Taking n = 0, 1, and 2, respectively, we obtain 




and 



Substituting these results into equality (2), we obtain 


L{f (t) } - 


2e 


-2s 


4e 


-2s 



s 


s 


PROBLEM 16- 


Let fbe a periodic function with period T, i.e., 
f(t+T) = f(t) 

for all t (see Figure), and let 

f (t) (0 < t < T) 


g i (t) = 


Show that 


0 (t > T) 


where F and G are the Laplace transforms of f and g, respectively. 



G(s) = L{ gl (t)}. 

Suppose that g,(t) is shifted to the right along the t-axis by an amount T. The resulting function, g 2 (t), may be written in the form 
g 2 (t) = gl (t-T)a(t-T) 
where a (t-T) is the unit step function 

f 1 / 

a (t-T) =j 

[ 0 , t < T 

If g, is shifted to the right by 2T, then the resulting function, g 3 , may be written as 
g 3 (t) = gl (t-2T) a (t-2T) 

where 


a(t-2T) 



t > 2T 

t < 2T 


Thus, f (t) may be written as 
f(t) = gi(t) + g2(t) + ••• 

= gi (t) + gi (t-T) a (t-T) + gl (t-2T) a (t-2T) + .... (1) 

Therefore, since L is a linear operator, taking the Laplace transform of each side of (1) gives 
F (s) = L{ f (t)} =L{ gl (t)} 

+ L{ gl (t-T) a (t-T)} + L{ gl (t-2T) a (t-2T)} + .... (2) 









Now recall the shifting property of L which states that any f which posses a Laplace transform satisfies 
L{f (t-a) a (t-a)} = e' as L{f (t)}. 

Using this in (2) yields 

f (s) = L{ gl (t)} + e' Ts L{ gl (t)} + e' 2Ts L{ gl (t)} + .... 

Using G (s) = L{ gl (t)}, 


F(s) = G(s) l e -nsT 
n=0 


(3) 


The series in (3) is just a geometric series whose sum is known to be 


l e~ 

n=0 


so that (3) yields 


, s > 0 , 


(4) 


1 - e 

and the theorem is proved. An alternative way of stating (4) is that if f (t) is periodic with period T, then 


F(s) = L{f(t)} = 


since f (t) = g(t) on (0, T). 


• PROBLEM 16- 


Find the Laplace transform L {f (t)}, where f (t) is the function shown in figures (a) and (b). 



Solution : (a) Note that f (t) is a periodic function with period P = 2; i.e., f (t+2) = f (t) for all t. On the interval 0 < t < 2, f (t) 
can be expressed in analytic form: 


f (t) 



0 < t < 1 

1 < t < 2 


Using the property that 

















t {g(t)} = 


where g(t) is periodic with period P, we obtain 


l! e ' st<i,dt+ C 


st II -st I 2 


It=0 ° lt=l 

-2s 

1 - e 


Factoring the numerator and denominator of this last fraction, 


Multiplying the numerator and denominator by e s/ 


s l s/2 , -s/2 


■ 5 tanh f • 

(b)_Note that f (t) is a periodic function with period P = 2n i.e., f (t+27i) = f (t) for all t. On the interval 0 < t < 2n f (t) can be 
expressed in analytic form: 


|^2lT-t, it < t <_ 


Using the property that 



e B q(t)dt 


L{g(t) } 


where g(t) is periodic with period P, we obtain 


L{f(t) } 


1 - e 

r 

-st 


(t)dt+ 


e u (2ir-t) dt 


Integrating by parts 


L{f(t)} = 



1 - e _2lTS 



(* 

f 2* 


f 2TT 

te 

~ st dt- te 

St dt+2ir 

e -St dt 

'0 

Jtt 


' ir 


1 - e~ 2lTS 



(- f-* - --^l 

* /-te -st 

e - stN \ 

I 2 ” /W st V n 

\ S s 2 )\ 

t=oH. . 

~~J 

It-lf V s J It-ir 


1 - l 

-2trs 

e 



/ V s ^ 1 - e -" 


-2irs -its -2tts -hi 
2tre_-tre , e_-e 


1-e 

2ire~ irs - 2Tre~ 2Trs> 


s 2 (l+e -1TS ) (l-e _7rs ) 


s 2 \1 + e ^ 

Multiplying both the numerator and denominator in the last fraction by e 71 ^ 2 , 



L{f(t)} 


tts/2 -tts/2 
!_ - e 

tts72 


-tts/2 


• PROBLEM 16- 


Prove that if 

f (x+b) = -f (x) 

for all x, where b is a constant, then 

■b 

e" st f(t)dt 


( 1 ) 


L{f (t) } 


1 + e 


-bs 


where Lis the Laplace transform operator. Functions satisfying (1) are often called antiperiodic and are very important in 
electrical engineering. 


Solution : By an application of relation (1), setting x = t + b, 
f (t+2b) = f ([t+b] + b) = -f (t+b). (2) 

Now setting x = t in relation (1), 

-f(t+b) = -[-f(t)] = f(t). (3) 

Combining equalities (2) and (3), 
f (t+2b) = f (t); 

hence f (t) is periodic with a period of 2b. Using the property that 


L{g(t)> 


where g(t) is periodic with period P, we obtain 


L{f(t) } 


2b 


e f(t)dt + e f(t)dt 
0_|b_ 


Making the substitution y + b = t in the second integral, we find that 







e f (t) dt = 


-s(y+b) 


f (y+b)dy 


_ -bs I -sy 


[-f(y)]dy 


When we change the dummy variable from y to t in this last integral, the integral with its coefficient becomes 

_ e -bs [ b e' st f(t)dt. 

)o 

Substituting this result back into equality (4), we obtain 

•b 


L{f (t) } = J o 


1 - e 

(l-e _bs ) e" st f(t)dt 

jo 


Factoring the denominator, 


L{f (t) } 


Find the Laplace transform L{ h (t) }, where 

[ 1 . 0 < t < c 

h(t) =| 

-1 , c < t < 2c 

and h(t+2c) = h(t) for all t, with c a constant in the following two ways. (See Figure 1 .) 
(a) Use the fact that 

= 1 _ 

s(l + e -cs ) 


PROBLEM 16- 


L{g(t)} 


(1) 










where 


1 , 0 < t < c 

g (t) =j 

0 , c < t < 2c 

and 

g(t+2c) = g(t), for all t. 

(see Figure 2.) 

(b) Use the result developed in the previous problem, i.e., that for antiperiodic functions of the form 
f(t+c) = -f(t), 

the Laplace transform of f is given by 


f f(t)e” st dt 

° -os 

1 + e 

(2) 


h(t) 

, 9(0 


i 

t 

— — — 


O C 2C 3C 4C 

1 t * 

-i- 

Fig. 1 

0 C 2C 3C 4C 

Fig. 2 


Solution : (a) The crucial observation here is that 
h(t) = 2g(t) - 1 

for all t. Since L is a linear operator, 

L{h(t)} =L{2g(t) - 1} 

= 2L{g(t)}-L{l}. (3) 

From a table of Laplace transforms, we find that 

L <‘ n > - 

s 

where n is a nonnegative integer constant; hence, taking n = 0, 

L{ 1} = 1/s. 

Substituting this result and equality (1) into equality (3) we find that 



1 














1 


1 + e 
-cs 


1 + e 

Multiplying the numerator and denominator by e cs/2 , 

L{h(t)} = ■ 


(b) In this case the relation (2) takes the form 


cs/2 


-cs/2 


L{h(t) } 


since h(t) =1 in (0, c). Hence 


L{h(t) } 


1 + e 


Again, multiply numerator and denominator by e cs/2 to get 

l /l cs / 2 -cs/2\ i 

L{h(t»- ^cs/2 ;;-cs/2j -i- 


THE INVERSION PROBLEM 

• PROBLEM 16- 

Find the inverse Laplace transforms 

(a) 



Solution : (a) In a table of Laplace transforms we find 

Lit sin bt} = -—- 

(s 2 + b 2 ) 2 

where b is a constant; hence, taking b = 1, we find 







L{t sin t} = 


2s 


(s 2 + 1) 2 

Therefore, by definition of the inverse Laplace transform, 

2s 

(s 2 + l) 2 

(b) In a table of Laplace transforms, we find 



Thus, by definition of the inverse Laplace transform. 



Since L' 1 is a linear operator, 



= i L -1 

(-1 

= -L 

_i_ 

w 

/i 

w 

/? ' 

/t 



j- = t sin t. 


• PROBLEM 16- 


State a theorem which gives conditions under which two functions must be identical if they have the same Laplace 
transform, i.e., within what class of functions is the inverse Laplace transform unique? What does this imply about the 
functions 

f(t) = L- 1 {aF 1 (s) + bF 2 (s) } 
and 

f(t) = aL -1 {Fi(s)} + bL _1 {F 2 (s)} , (1) 

where Fj (s) and F 2 (s) are some Laplace transforms? 


Solution : Consider all real valued functions which satisfy the following three conditions: 

1) each function is piecewise smooth (i.e., has a piecewise continuous derivative) on (0, qo), 

2) each function is of some exponential order (see problem 1 in this chapter), 

3) each function is defined by 
I [f(x„+) + f(xo-)] 

at each jump discontinuity Xq. 

Then two such functions possessing the same Laplace transform, f (s), must be identical. In other words, the inverse Laplace 
transform is unique within the class of such functions, 

Now the two functions in (1), f (t) and f (t) have the same Laplace transform since L is a linear operator. That is 
L{f (t)} = LjL-^aF^s) + bF 2 (s)}} = aF T (s) + bF 2 (s) 


and 






so that 


L{f (t) } = L{aL~ 1 {f 1 (s) > + bL“ 1 {F 2 (s)}} 

• aL{L -1 {Fi(s)}} + bL{L -1 {F 2 (s) }} 
= aFi(s) + bF 2 (s) 


L{f (t) } = L{ f (t) } . (2) 

According to the theorem, if these functions satisfy the three conditions above, then (2) implies that they are equal, i.e., 

f (t) = f(t> 

or 

L- 1 {aF 1 (s) + bF 2 (s)}=aL- 1 {Ffys)} +bL- 1 {F 2 (s)}. (3) 

Thus, under these conditions L' 1 is a linear operator. The practical significance of this arises in the following way. Suppose 
that the Laplace transform has been applied to some functions in a particular problem, used for manipulative purposes, and is 
now to be inverted. In particular, suppose that we are faced with the problem of inverting a transform which can be split into 
two parts 

f(s) = aF 1 (s)+bF 2 (s) 
so that 

f(t) = L- 1 {f(s)}=L- 1 {aF 1 (s) + bF 2 (s)}. 

Then in almost all cases, in order for the problem to be soluble, one would have to assume that L' 1 is linear so that 
L- 1 (aFjfy) + bF 2 (s)} = aL' 1 {Ffys)} + bL' 1 {F 2 (s)} 

= af 1 (t)+bf 2 (t) (4) 

and 

f(t) = af 1 (t) + bf 2 (t). 

Thus, assuming the linearity of L' 1 (as is done almost without exception in Laplace transform problems) amounts to 
assuming that the original function, f(t), satisfies the three conditions stated earlier. Since the great majority of physical 
problems deal with such functions, this assumption is usually justifiable. 

• PROBLEM 16- 


Find and sketch the function g (t) which is the inverse Laplace transform 


3 4e~ S 4e~ 3s 


g(t) - l 

[ 3 ‘ •• .* j 

• 


I 9(0 






Solution : L' 1 is a linear operator under the very weak restrictions on g (t) given in an earlier problem. Since these conditions 
are assumed to hold for all functions dealt with in this book, 


{*} - 

eH 

- + 4L _1 - 


2 1 



I s J 


l S J 


g(t) = 3L 

Recalling the property that 

L 4 {e' ks f (s)} = f (t-k) a (t-k), 

where f (t) = L' 1 {f (s)}, k is nonnegative constant, and a is the unit step function 

f 0 , x < 0 


(1) 


a(x) 


1 ' 


provided that L -1 j e _ks F ( s ) j and L _1 {f (s)} exist, equality (1) becomes 

L ,l " 1 {-}l t - 4L ' 1 h}lt-r“ ,t ' 1) + 4 L ‘ 1 {^}l t . 


g(t) = 


X a (t-3) 




3 

( 2 ) 


From a table of Laplace transforms, or by recalling a previous problem, we find that 

n-1 


-i LlI = 

W, ,n - 1 


where n is a positive integer; hence, 


and 


-WL 


iMi.., 


—H = t-1, 
t-i 


t-3. 


Substituting these results into equality (2), 

g(t) = 3-4 (t-1) a (t-1) + 4 (t-3) a (t-3). (3) 

To remove the a function from expression (3), consider first the case t < 1. In that case, 
a (t-1) = a (t-3) = 0, 

so that 

g(t) = 3-4 (t-1) (0) + 4 (t-3) (0) = 3. (4) 

When 11 < t < 3, we have a (t-1) = 1 and a (t-3) = 0, so that 
g(t) = 3-4 (t-1) (1) + 4 (t-3) (0) = 7-4t. (5) 

When t > 3, we have a (t-1) = a (t-3) = 1, so that 



( 6 ) 


g(t) = 3-4 (t-1) (1) + 4 (t-3) (1) = -5. 

Grouping together results (4), (5), and (6), we have 


g(t) 


3 , 
7-4t 
-5 , 


t < 1 
1 < t < 3. 
t > 3 


The graph of g(t) is shown in the figure. 


• PROBLEM 16- 


Find the inverse Laplace transform 

f<t) = L -1 flog f±±J , s > 1- 


Solution : From a table of infinite series, we can find 

1 1+X _ - r X 2n+1 

103 t^; - 2 L • (1> 

n=Q 

for | x | < 1. We wish to put log[(s+l) / (s-1) ] into some form for which the series (1) will be useful. Dividing the numerator 
and denominator by s does not change the value: 


log ■ 


= log 


1+1/s 


Now, 11 / s I < 1, since s > 1. Thus, 


log 


1-1/s 


= 2 X 


(l/s) zl 




2n+l 


Since L" 1 is a linear operator, under the very weak restrictions on f (t) given in an earlier problem and which are assumed here, 

2n+l] 


table of Laplace t 

L\*l . t*- 1 
\j I " (k-1) ! 


From a table of Laplace transforms or from the result of a previous problem, it is found that 


where k is a positive integer. Substitution (2n+l) for k in the above formula, 







t 2n 
(2n)! : 


where (2n+l) is a positive integer; i.e., where n is anonnegative integer. Substituting this result into equality (2), 

2n 


f(t) - L 1 |log - 2 fln+l) (2n) ! 


= 2 l 


~ t (2n+l) ! “ t Sinh fc • 

An alternative way of solving this problem is to use the equality 

L{tf(t)} = - ^ L{f(t) > 

proved in problem 7. Differentiating our function, 

d /. s+l\ _ 2 

If we find h (t) such that 


L{h(t) } = - 


s 2 -l 


L{h(t)} - L{t • 

3 a -l dS l 3 *V 


and 



Constant we will show to be equal zero. We know 

Lfsinh t} = —-— 
s 2 -l 


so 


L 


-1 


_ 2 _ 


s 2 -l 


-2 sinh t, 


and we have 







L 


Now, as s— >+oo both 


so const = 0 and 


sinh t \ l _ T f 2 sir 


1 


= log 


s+1 
s—1 


+ const. 



log 


s+1 

s-1 


0 , 


T -1 f,__ s+1 1 _ 2 sinh t 

L | log f-t—• 


• PROBLEM 16- 


1 Find the inverse Laplace transforms | 

(a) 


-1 

i. L 

L 

s 2 - 2s + 9 1 

(b) 

'I 

-1 < 

s + 1 l 

L 

s 2 + 6s + 25 j 


Solution: (a) Completing the square in the denominator (s 2 - 2s + 9), 


1 

1 


1 

Sa 

s 2 - 2s + 9 (s- 

-l) 2 + 

(/8) 2 

/8 

(s-1) 2 + (/8) : 

Thus, 

-if 1 1 

L L -i , 

[i . 

/8 1 

L | s 2 - 2s + 9 J 

r- l, 


(s-1) 2 

+ (/8) Z j 


Noting the property that 

L- ! {f(s-k)} =e kt L' 1 {f (s)} 

for any function F and constant k, provided that L' 1 {f (s-k)} and L' 1 {f (s)} exist, equality (1) becomes 


/8 


(/ 8) 2 


Since L' 1 is a linear operator under the very weak restrictions on f (t) given in an earlier problem and which are assumed here, 



_ 1 _ 

/8 


/8 


+ (/ 8 ) 


( 2 ) 


From a table of Laplace transforms or from the results of a previous problem we find that 







sin bt, 



where b is a constant; hence, ^ = /§ , we find 


/8 

+ (/ 8) 2 


= sin (/5t). 


Substituting this result into equality (2), 

L~ 1 --- \ = — e fc sin (/8t). 

s 2 - 2s + 9 j /5 

(b) Completing the square in the denominator (s 2 + 6s + 25), 

s+1 _ s+1 = (s+3)-2 

s 2 + 6s + 25 (s+3) 2 + 4 2 (s+3) 2 + 4 2 


= (s+3) _ 1 

(s+3) 2 + 4 2 2 


4 

(s+3) 2 + 4 2 


Thus, since L" 1 is a linear operator under the restrictions mentioned earlier 


s+1 

. = L" 1 ^ 

(s+3) 1 

,. i L -i J 

r 4 i 

s 2 + 6s + 25 


^ (s+3) 2 + 4 2 J 

2 I 

^(s+3) 2 + 4 2 j 


(3) 


Noting the property that 

L- ! {f(s-k)} =e kt L- 1 {f(s)} 

for any function F and constant k, provided that L' 1 {f (s-k)} and L' 1 {f (s)} exist, equality (3) becomes 


I s+1 1 

i = e -3t 


' s 1 

i - 1 e‘ 3t L _1 J 

f 4 1 

Is 2 + 6s + 25J 


L ”l 

s 2 + 4 2 J 

2 1 

[ S 4 + 4 2 J 

( 


(4) 

From a table of Laplace transforms or from the results of a previous problem we find that 


'here b is a consta: 


= cos bt, and L 


s 2 + b 

where b is a constant; hence, taking b = 4, we find 

-if 4 
cos 4t, and L J - 


Substituting these results into equality (4), 


s 2 + 6s + 25 


-3t 



PROBLEM 16- 


Outline the general method of rational fraction decomposition used to find the inverse Laplace transform of a rational 
function 

f (s) = P(s)/Q(s), 

where Q (s) is of higher degree than P (s). 


Solution : The decomposition of a rational function is based on the knowledge of roots of the denominator Q (s). If the 
coefficients of Q (s) are real, then it is known from algebra that Q (s) can be factorized (apart from a constant factor) into 
factors of the type 

(s-c) m 

for each root c (c is complex in general) of multiplicity m It is also known that Q (s) can be always factorized into factors of 
two types 


1. (s-r) m for each real root r of multiplicity m; 

2. (s 2 + as + b) n for each pair of complex conjugate roots (satisfying 

s 2 + as + b = 0 with a, b real) 


of multiplicity n. 

For the first decomposition, corresponding to each complex root c of multiplicity m there is a set of m terms in the 
decomposition of P (s)/Q (s) of the type 


"1 

s-c 


(s-c) 2 (s-c) 

Thus, if Q(s) is factorized as follows, 

P(s) = _ P(s) _ 

Q(s) (s-c 1 ) m (s-c 2 ) n (s-c 3 ) P ’ 

the complex decomposition is 

_P(s)_ A l 


(A. = constant) . 


(s-ci) (s—c 2 ) (s-c 3 ) (s-ci) 
B C, 


(s-ci) 


+ ... + • 


1 


+ ... 


( 2 ) 


(s-C 2 ) (s-Cj) 

and the constants A ; , B ; , Q are determined by putting the right hand side of (2) into the form of the left hand side 

P(S) Ax(s-c 1 ) m_1 (s-c 2 ) n (s-c 3 ) P 


(s-Ci) (S—C 2 ) (S—C3J 


(s-Ci) (s-c 2 ) (s-C3) b 


+ ... + C p (s-c 1 ) m (s-c 2 ) n 

(s-cx) m (s-c 2 ) n (s-c 3 )P 


Then the coefficients can be solved for by using the resulting equation 
P(s) = A 1 (s-C 1 ) m ' 1 (s-c 2 ) n (s-c 3 ) p + ... + Cp (s- Cl ) m (s-c 2 ) n 







which must be true for all s. 


For the second decomposition, corresponding to each real root r of multiplicity m there is a set of m terms in the 
decomposition of P(s)/Q(s) of the form 


(s-r) T (s-r)* 


(s-rp 


, (a. = const) 


and corresponding to each pair of complex conjugate roots of multiplicity n there is a set of terms of the type 

Bis + Cx B 2 s + C 2 B s + C 


s 2 + as + b (s 2 + as + b) 2 


(s 2 + as + t?) n 


As in the case of complex roots, the coefficients in (3) and (4) are obtained by equating 


with its decomposition, getting the decomposition over a common denominator Q(s) and setting P (s) equal to the resulting 
numerator. 

Once all the constants in (1) or in (3) and (4) are determined, it is a simple matter to invert each individual term in the 
decomposition. Thus, for terms of the type used in (1) and (3) it is known from previous problems (or from looking in a table 
of Laplace transforms) that 


(5) 


1 (k-1)! 


since by the attenuation property with 

F(s) = L{t k-1 } = - (k ~ - ) 1 


J A i t* -1 J A i 

L |^ (k-1) ! 6 J " (k-1) ! 


L{t K 


:-l) 1 F(s_c) 


(k-1) » 
A i 

(k-1) ! 


(k-1) ! 

*k 


(s-c)* (s-c) 

For quatratic terms of the type in (4), it is convenient to “complete the square”: 
s 2 + as + b = (s + a/2) 2 + (b - a 2 /4) = (s + a/2) 2 + d 2 , 
and then write 


BS + C 


3(s + a/2) + (c 


ilh! 


(s + a/2) 2 + d 2 


s + a/2 + [C - (a/2) B ] 

(s + a/2) 2 + c 2 (s + a/2) 2 + d 2 






















It is then easily checked that 


(s + a/ 2) 2 + d 2 


Be -(a/ 2 )t cQS dfc (6) 


c - * B ■ 
+ a/ 2) 2 + d 2 


sin dt (7) 


by using the attenuation property (i.e., if 
L{g(t)}=f(s) 

then 

L{g(t) e at } = f (s-a) 
and the results 


Lisin ktl = --- , L {cos kt) = ---. 

s 2 + k 2 s 2 + k 2 

Using this procedure and equations (5), (6), (7), the inverse Laplace transform of any rational function P (s) /Q (s) can be 
found. 


• PROBLEM 16- 


Find the inverse Laplace transform 


f(t) = L _ 1 {F(s)} = L -1 

3s 2 + 17s +47 1 

(s + 2 ) (s 2 + 4s + 29) J 



Solution: Since the degree of the numerator polynomial is less than the degree of the denominator polynomial, factor the 
denominator and expand the rational traction by partial tractions. 

Thus, 


F(S) 


3s 2 + 17s + 47 

(s + 2 ) (s + r x ) (s + r 2 ) 


where 


ri 


-4 + /l 6-1.16 

2 


-4 - /16-116 
r 2 = - 5 - 


ri 


j5 


r 2 


j5 


and 


Expanding by partial tractions gives 

K x K 2 K 2 * 

F(S) = s+2 + s+2+j5 + s+2-j5 


j = 


( 1 ) 



















or, finding a common denominator for the right hand side of (1) 


K (s+2+j5)(s+2-j5) + K (s+2)(s+2-j5) + K*(s+2)(s+2+j5) 
F(s) = -i- 


(s+2)(s+2+j5)(s+2-j5) 


( 2 ) 


But 


F(s) = • 


3s 2 + 17s + 47 


(s+2) (s+2+j5) (s+2-j5) 

and using this in (2) gives 

3s 2 + 17s + 47 = (s+2+j5)(s+2-j5) + (s+2)(s+2-j5) 

+ K*(s+2) (s+2+j5) . (3) 

Now (3) must hold for all s. In particular, when s = -2, (3) yields 


(3s 2 + 17s + 47) 


K (s+2+j5) (s+2-j5) 


3s + 17s + 47 
s 2 + 4s + 29 I s=-2 


Similarly at s = -2 -j5, (3) must hold so that 


3s 2 +17s + 47 

(s+2)(s+2-j5) 


and 

K* = 1 - j (0.5) 


|s=-2-j 5 


3 (-21 + i20) - 34 - i85 + 47 

(-j5) (-jlO) 

~ 50 .; 0 125 = 1 + j(0.5) 


Substituting K,, K 2 , and K* into the partial fraction expansion gives 

+ l+jQ.5 . l-i0.5 
F( ' s+2 s+2+j5 s+2-j5 

Taking the inverse Laplace transform of F (s) gives 

f (t) = e' 2t + (l+j0.5) e' 2t ' J ' 5t + ( l-j0.5)e' 2t+)5t . 

Multiplying out: 

f (t) = e' 2t + e ' 2t e' 5t + j0.5e' 2t + e"j 5t + e“ 2t e j5t 
-j0.5e' 2t e j5t , 

and factoring to obtain the form: 










e jwt + e -jwt e jwt _ -jut 

-~- / sin wt = - =-t- 


J 5t 4- o~i 5t 


J 5t - ."J5t 


• PROBLEM 16- 


Use partial fractions to decompose 

(a) 

1 _ 

(s+1) (s 2 +l) 

(b) 

_1_ 

(s 2 +l) (s 2 + 4 s+ 8 ) 


Solution : (a) From the linear factor (s+1) in the denominator, we obtain A/ (s+1), where A is a constant, undetermined as yet. 
From the quadratic factor (s 2 +l), we obtain (Bs+C)/(s 2 +l), where B and C are constants, undetermined as yet. Now set 

--- = TXT + ’ (1) 

(s+l)(s 2 +l) S+1 s 2 +1 

Multiplying both sides of equation (1) by 

(s+l)(s 2 +l), 

we obtain 

1 = A(s 2 +1) + (Bs+C) (s+1). 

Collecting like terms, 

(0) s 2 + (0)s + 1 = (A+B)s 2 + (B+C)s + (A+C). 


Equating coefficients of like powers of s on both sides of the above equation. 


0 = A + B, 

(2) 

0 = B + C, 

(3) 

1 = A+C. 

(4) 


From equation (2), A= -B. From equation (3), C = -B. Substituting these two results into equation (4), 
l=(-B) + (-B) 

= -2B. 

Thus, b = - i From this, it follows that a = - (_ i) = i, and 

c - - i- *> 

Substituting these results into equation (1), 











(s+1)(s 2 +1) s 2 +1 

(b) From the quadratic factors (s 2 +l) and (s 2 +4s+8) in the denominator, we obtain (As+B)/(s 2 +l) and (Cs+D) / (s 2 +4s+8), 
respectively, where A,B,C, and D are constants, undetermined as yet. Now set 

_1__ As+B + Cs+D 

(s 2 +l) (s 2 +4s+8) s 2 +1 s 2 +4s+8 

Multiplying both sides of equation (5) by 
(s 2 +l) (s 2 +4s+8), 
we obtain 

1 = (As+B) (s 2 +4s+8) + (Cs+D) (s 2 +l). 

Collecting like terms, 

(0)s 3 +(0)s 2 +(0)s+l = (A+C)s 3 + (4A+B+D)s 2 + (8A+4B+C)s 
+ (8B+D). 

Equating coefficients of like powers of s on both sides of the above equation. 


0 = A + C, (6) 

0 = 4A + B + D, (7) 

0 = 8 A + 4B + C, (8) 

and 

1 = 8B + D. (9) 


The system of equations (6) through (9) can be solved by Cramer’s rule, yielding 
A = -4/65, B = 7/65, C = 4/65, and D = 9/65. 

Substituting these results into equation (5), 

_1_ = (-4/65)s+(7/65) + (4/65)s+(9/65) 

(s 2 +l) (s 2 +4s+8) s 2 +1 s 2 +4s+8 


• PROBLEM 16- 


Find the inverse Laplace transforms 

(a) 



L _1 J 

' s+3 1 


L 1 

(s-2) (s+1) 1 


(b) 



L -1 

[ 8 

1 . 


Is 3 (s 2 -s-2) 



Solution: (a) We use the method of partial fractions to decompose (s+3) / [ (s-2) (s+1) ]. Setting 

S+3 A B 

(s-2 )(s+ 1) " s-2 + s+1 

for all s, with A and B constant, we find A = 5/3 and B = -2/3 by the following method. Multiply through this equation by (s-2) 
(s+1) giving 














s+3 = A (s+1) + B (s-2). 

Now since this equation must be true for all s, it is true for s = 2 in particular. Substituting s = 2 gives 
2 + 3 = A (2+1) + B (2-2) = 3A 
or 

A =5/3. 

Substituting s = -1 gives 

-1 + 3 = A(-l + 1) + B(-l -2) = -3B 
or 

B =-2/3. 

Thus, 


L 


-1 


(s-2)(s+1) 




Since L" 1 is a linear operator under the very weak restrictions imposed on 

f(t) = L 1 | (8-21(8+1) | 

in a previous problem and which are assumed throughout this chapter, 


/ s+3 l 

. 5 -1 { _J_1 

_ 2 -1 

1—1 

| (s-2)(s+l)| 

- 3 L | s-2J 

3 L 

W 


From a table of Laplace transforms, or from a previous problem, we find that 



where a is a constant; hence, 



( 1 ) 


l i^h e ' t 

Substituting these results into equality (1), 


-1 J_ 5+3 _1 

\ (s-2) (s+1) | 


5 2t _ 2 -t 
3 e 3 6 ' 


(b) We use the method of partial fractions, employing only real roots, to decompose 

8 „ 8 _ 


s 3 (s 2 -s—2) 


s 3 (s-2) (s+1) 


Setting 


3 (s 2 -s-2) 



for all s, with A,B,C,D, and E constant, we find, using the method of the previous problem, 
A= -3, B = 2, C = -4, D =1/3, and E = 8/3. 

Thus, 



Since L' 1 is a linear operator under the conditions stated earlier, 



From a table of Laplace transforms, we find that 



where n is a positive integer constant; hence, 



Substituting these results into equality (2), 





(3) 


From a table of Laplace transforms, we find that 



where a is a constant; hence, 




Substituting these results into equality (3), 


5 3 (s 2 -s-2) 


-3+2-2t z + 


• PROBLEM 16- 


(a) Define the convolution of two functions f (t) and g(t). 

(b) State the convolution theorem for Laplace transforms. 

(c) Find the inverse Laplace transform 

f(t) = L -1 {F(s)} = L" 1 --- , 

(<s 2 +c 2 ) 2 j 

(c = constant). 



(f*g) = f( t) g(t-x) dx . (1) 

'o 

Thus (f*g) is the integral of the product f (x) h (x) where h(x) is the reflection of g(x) with respect to the line x = t/2 (see Figures 
1 and 2). It can be verified that(Pg) = (g*f) by making the change of variable u = t - x. 


(b) The convolution theorem states that if f (t) and g (t) are piecewise continuous and of exponential orders a and P (see the 
first problem of this chapter) then 

L{f*g} = f (s)G(s) [Re s > max (a,p)] (2) 

where f (s) = L{f (t)} and G = L{g(t)}. This theorem is very important in the application of Laplace transform technique to 
differential equations since at the end of a problem one might be faced with inverting f (s)G(s), i.e., finding 

L -1 {f(s)G(s)} where L _1 {F(s)} = f(t) 

and 

L-‘{G(s)}=g(t) 

are known functions. But by the convolution theorem, 

L -1 {F(s)G(s)} = (f *g) = f(x)g(t-x)dx . (3) 

'o 


(c) Since the inverse transform of 

1 


s 2 +c 2 













is known to be 


S tc 

from the previous problem or a table of Laplace transforms, the inverse of 

1 

s*+c 

can be found by the convolution theorem Thus letting 


F (s) 


G (s) 


in (3) yields 


s 2 +c 2 s 2 +c 2 

Using the trigonometric identity 

sin (ct-cx) = sin ct cos ex - cos ct sin ex 
to evaluate the integral in (4) gives 


sin ex sin c(t-x)dx = sin ct sin ex cos ex dx 


cosct sin 2 cr dx 
Jo 

^ fl - cos 2ct \ 
t (-^-) - oo 


( 2ct - sin 2ct 

[ 4c 


Using this result in (4) yields 


- (sinct- ct cosct) 

2c 9 


Solve the following problems by employing the convolution theorem; 
(a) Find the inverse Laplace transform 


x 2 (t) 


L _ (X 2 (s)} = if 


F(S) 


s 2 + 2As + ojo 2 


• PROBLEM 16- 


which arises in the solution of the motion of a forced damped harmonic oscillator, 
(b) Find the Laplace transform 









sinh 2x dx y 


k=spring constant w o-k/m 

-A/WV—-— | m ° ss ] — f(t) 

x Ffg. 1 


Solution : (a) A brief sketch of the way in which this problem arises is as follows. The equation of motion of a damped 
harmonic oscillator which is subject to a time dependent force f (t) (see Fig. 1) is given by 


x + 2Ax 


2 x = f(t) 


dx 

dt 


(1) 


with initial conditions x(0) = x 0 , £(0) = v 0 . The Laplace transform method calls for taking the transform of (1) giving (using the 
derivative property of L) 

s 2 X(s) - sxq - v 0 + 2LsX (s) - 2Xxq + oo 0 2 X(s) = f (s), 
where 

f (s) = L{f (t)} is known and X(s) = L{x(t)} 
is sought. When solved for X(s), this equation becomes 

2Ax 0 + Vo + sxo 


X(s) 


F (s) 


s 2 + 2As 


2Xs 


= Xi(s) + x 2 (s) . 

The first term is inverted by completing the square in the denominator so that 

2Ax 0 + Vo + sxo x (s+A) 


(2) 


Vo + Axo 


s 2 + 2As + coo 2 (s+X) 2 + ((do 2 -A 2 ) (s+X) 2 + (ido 2 -X 2 ) 

which, upon term by term inversion and making use of a table of Laplace transforms, yields 

xo(s+X) 


xi(t) = L - 1 {Xi(s)} = L 


x 0 e cos ait + 


-1 


(S+X) 2 + ((Do 2 -X 2 ) 

v 0 + Xx 0 

(s+X) 2 + ((Do 2 -X 2 ) 


-At 


sin tot where CO = « 


This brings us to the problem at hand, i.e., that of inverting 

_ m _ 

s 2 + 2Xs + oo 2 




f(s) = L{f(t)>. 




















The relevant pieces of information to be used here are 
L- 1 {f(s)}=f(t), 

_ 1 -Xt . 

= — e sin cot, 

where 

60 = *4o0 2 -X 2 ’ 

(this can be deduced by writing 


s 2 +2Xs + 6o q 


1 = _ 1 _ = 1 

S 2 +2Xs + 60o 2 (S+X) 2 + ( 60 o 2 -X 2 ) (s+X) 2 + 60 2 


recalling the fact that 

L{sin 60 1} = --- 

s 2 + ( 0 2 

and using the attenuation rule) and the convolution theorem 

L -1 {F (s) G (s) } = f(x)g(t-x)dx . (3) 

Jo 

Thus, using 

G (s) = -i- 

s 2 + 2Xs + 60 q 2 

so that 

g(t) = L 1 {G(s)} = — e ^ sin 6ot> 

60 

(3) becomes 

l _ i J —hsi_ i.r i e -x(t-r) 

|s 2 + 2Xs + U) 0 2 j J 0 U 

x sin co(t-x) f (x)dx . (4) 

Thus, given f (t), if the integral in (4) can be evaluated the problem can be solved and the complete solution reads 

-Xt Vo + * Xo -Xt 

x(t) = x«e cos 6ot + - - - e sin oot 


-X(t-x) 


sin 0 ) (t-x) f (x) dx 


(b) Recall that the convolution theorem states that if f and g are piecewise continuous and of exponential orders a and P 
respectively, then 


L((f*g) 


} = l|[ f (x)g(t-x)dx| 

r i 


= L{f(t) }L{g(t)} , s > max (a,6) . 


In particular, if 











L{g(t)} = — 

then g = 1 and (5) yields 


( 6 ) 


where F (s) = L{f (t) }. Using this property in the given problem yields 


sinh 2x dx > = - Llsinh 2t} 


Now either look in a table of Laplace transforms or a previous problem in this chapter to find that 

Ltsinh bt) = —-— , s > |b|; 

s 2 -b 2 

Hence, taking b = 2 yields 

Llsinh 2t) = —-— , s > 2. 

s 2 -4 

Substituting this result into (7), 


s z -4 s (s-4) 


APPLICATIONS 


• PROBLEM 16- 


Find the solution to the initial value problem 
y"(t) + 4y'(t) + 8y(t) = sin t, (1) 

where 

y (0) = 1 and y'(0) = 0. 


Solution : This type of differential equation arises quite often in physical problems. One case is that of a damped harmonic 
oscillator subject to a sinusoidal force sin t (Fig. 1) 

«|A/m 

k = spring constant 

-VM/— -{^^ nt 

0 x Fig. T 

The differential equation governing the motion of the mass is known to be (with initial conditions) 
x"(t) + 2kx'(t) + « 0 2 x = sint, x(0) = Xq, x'(0 ) = v 0 , 


and where X is the damping constant. It is seen that (1) is a special case of this. Equations such as (1) also arise in electric 
circuit theory. In fact, the equation governing the charge q on the capacitor in Figure 2 is known to be 

l + 

dt 

where L,R,C are constants and E (t)=sin t is a sinusoidally 


d£ 

dt 









■AA/VW 


q(tj_ 

-q(»T 


c 



<f(t)=sin t 


L 


Fig. 2 


varying voltage. Thus, equation (1) is also a particular case of this situation. Now to the solution. 


Taking the Laplace transform of both sides of equation (1), 

L{y" (t) + 4y' (t) + By (t)> = L{sin t}. (2) 

From a table of Laplace transforms, we find that 

L{sin bt} = --- , s > 0, 

s 2 + b 2 

where b is a constant; hence, taking b = 1, we obtain 

L{sin t) = --- , s > 0. 

s 2 + 1 

Substituting this result into equation (b), 

L{y"(t) + 4y’(t) + 8y(t) } = ---. 

s 2 + 1 

Since L is a linear operator, 

L{y" (t) } + 4L{y’(t)} + 8L{y(t)} = --- . (3) 

s 2 + 1 

Using the properties that 
L{y(t)} =sL{y(t)} — y(0), 
and 

L{y"(t)} = s 2 L{y(t)} - sy(0) - y'(0), 
provided that y'(t), y"(t), and L jy (t)| exist, equation (3) becomes 

[s 2 L{y(t)} - sy (0) - y(0)] + 4 [sL{y(t)} - y(0)] 

+ 8L{y(t) } = - - -. 

s 2 + 1 


Solving the Above Equation For L{y(t)}, 

L { y (t )} = (S 2 U)(st 4) y (0) + (s 2 + l)y'(O) + 1 
(s 2 + 1)(s 2 + 4s + 8) 


and since y(0) =1 and y'(0) = 0, equation (4) becomes 

L{y(t)> - 

(s 2 + 1)(s + 4s + 8) 


( 4 ) 


s 3 + 4s 2 +8+5 

(s 2 + 1) (s 2 + 4s + 8) 

Inverting equation (5), 


( 5 ) 
















y (t) 


-1 J s 3 + 4s 2 + s + 5 


(s 2 + 1) (s 2 + 4s + 8) 


We use the method of partial fractions to decompose 

(s 3 + 4s 2 + s + 5) 


[(s 2 + 1) (s 2 + 4s + 8)] 


Setting 


s 3 + 


+ S + 5 


As + B 


Cs + D 


(s 2 + 1) (s 2 + 4s + 8) s 2 + 1 s 2 + 4s + 8 

for all s, with A, B, C, and D constant, we find upon multiplying through by 
(s 2 + 1 )(s 2 + 4s + 8) 

that 

s 3 + 4s 2 + s + 5 = (As + B) (s 2 + 4s + 8) + (Cs +D) (s 2 + 1). 

Now choose any 4 values for s and substitute them in this equation to obtain four equations in four unknowns (A,B,C,D) 
Solving these equations will yield 


A = - ' 


_7_ 

65 


Thus equation (6) becomes 


y (t) 


+ l 


s 2 + 4s + 8 


Completing the square in the right-hand denominator in equation (4), 

4,7 69 


y (t) = L 


-1 J 65 


65 , 65 


(s + 2) 2 + 2 2 


= L 


r 

-1 I ~ 65 


65 ^ 65 


131 
130 ' 


( 2 ) 


J 


s 2 + 1 (s + 2) 2 + 2 2 

Since L' 1 is a linear operator under the conditions assumed in this chapter, 

y (t) 


- — L _1 i 

« 1 

L -2- L -1 J 

f i 1 

L 65 1 

s> + lj 


A + h! 


69 -1 

65 L 


131 T -1 
130 L 


(s 4- 2) 


(s + 2) 2 + 2 2 
2 


(s + 2) 2 + 2 2 


( 8 ) 





















Using the property that 

L- ! {f(s-k)} =e kt U 1 {f(s)}, 

where k is a constant, provided that L' 1 {f (s)} exists, equation (8) becomes 


y (t) 


_i_ l -1 J 

r s ; 

l + JL l" 1 < 

i i i 

65 L i 

s 2 + 1 J 

i 65 ! 

+ i J 


69 -2t -1 

65 e L 


- 1 !— 2 —\ 

i si + 2 ‘ 


From a table of Laplace transforms, we find that 


— 5 —1 = 
= 2 4- 


and 

-1 


c 2 


sin c 2 t, 


+ c^ 

where c, and c 2 are constants; hence, taking c, = 1 and 2 and c 2 = 1 and 2, respectively, we obtain 


-1 


cos t, L 


= sin t, L 


cos 2t, 


Substituting these results into equation (9), 


y(t) = - t? cos t + sin t + e cos 2t 


sin 2t. 


Since we made some assumptions about existence of y (t), / (t), y" (t), and L{y(t)}, we must check our result (10) against 
the original problem Differentiating twice, we obtain 


y"(t) = cos t - 7c sin t + 


x (-524 cos 2t + 552 sin 2t) . 


Checking in equation (1), 















y" (t) + 4y'(t) + 8y(t) 


cos t - ^r=- sin t 


-2t 


65 


(-524 cos 2t + 552 sin 2t) 


cos t + gg- sin t 

(-7 cos 2t - 269 sin 2t) 


[65 u T 65 

-2t 


65 


+ 8 [ - cos t + — sin t + ^ e 2t cos 2t 


i§ e ' 2t •*- H 


y(0) = - cos 0 


130 


y' (0) = cos 0 + sin 0 + (-7 cos 0 - 269 sin 0) 

= 0 ; 

hence, equation (10) is the solution. 


• PROBLEM 16- 


A beam of rigidity El is clamped at one end and is loaded as shown in the figure; the weight of the beam is neglected. Find 
the deflection of the beam, y (x), where, for the coordinate system shown, the following differential relations are known to 
hold. 


(a) 


d 2 y(x) 1 _, v 

—- = - — m (x) , 

dx 2 EI 

where y (x) is the deflection of the beam at point x, and m (x) is the bending moment [counterclockwise torque of all 
(external) forces to the right of point x], 

(b) 


dm (x) 
dx 


= t(x) , 

where t (x) is the shearing force (resultant of all vertical forces to the right of point x), 

(c) 

where q(x) is the load per unit length at point x. 





Solution : From these relations it follows that 

EI ^2121- = q(x) 
dx 1 * 

Since the beam is clamped, we have y(0) = 0, y' (0). Also from the definition of t, since the weight, q 0> per unit length from 0 to 
L/2 is the only vertical force, it is seen that 

t(0) = resultant or “sum” of all vertical forces to the 


right of 

„_units of forces .. L n _ 

0 - qo Unit length X 2 units of length ‘ 

That is, 

t(0) = q 0 (L/2). 

Finally, to find m(0) note the following relations for any small interval dx 
q 0 ■ dx = force at points in (x, x+dx), where x e (0, L/2), 


(q 0 • dx) • x = torque about 0 due to load at point x. 


Therefore, 


ti( 0) = total counterclockwise torque = 
| L/2 
>0 


q.x dx 


* - q« 2 


q oli 
8 


Using these results for m(0) and t(0) in the conditions (a) and (b) gives 
Y"(0) = q 0 L 2 /8EI, y™ (0) = - q^J2EL 

Now, take the Laplace transform of the equation (1) and use the derivative property 

L(y (n) (t)} = s n L{y(t)} - l s k_1 y (n_k) (0) 
k=l 


to find 

EI [s 4 L{y(x) } - ^ (0) - sy" (0) - s 2 / (0) - s 3 y(0) ] = 
L{q(x)} 

or, letting Y(s) = L{y(t) }, 

















(2) 


[ , qoL sqoL 2 ] , > 

ElJ s^Y(s) + 2 EI " -eg—j = L|q 0 [l - a(x - L/2)]j 

= L{qo1 - L{q 0 a(x - L/2)} 

Where 

| 1 / x > 0 
oc(x) =| 

[o, x < 0 

is the unit step function so that 

{ 0 , x > L/2 
1, x < L/2 

From a table of Laplace transforms or the results of previous problems it can be found that 
L{ 1} = g , s > 0 


e~ ks 

L{a(t-k) } = , s > 0 . 

Using these results with k = L/2 and rearranging (2) gives 

q 0 L 2 q 0 L q 0 , _ -sL/2 

S Y(s) - S W + 2EI =Ei I —I- 

so that 


Inversion yields 


or 


Y (s) 



y(x) = L -1 {Y(S)} 


qo 

El 


-sL/2 
e_ 



qoL 2 1 

qoL 2 x 

8EI 3 

~ 2EI ~T 

s 3 

s’ 


[q 0 e -sL/2| 

• - L -1 | 



L 3 J 



qo 

y ,x) = 24EI x 


)'•(■ 


\ q 0 L 

!J + 16EI X ' 


q 0 L 3 

12EI X 


It is more convenient to rewrite this solution in the form 




El 


y(x) =< 


7-TT + T I 1 ) (•!««§) 

nr- w) (i « x i L ) 


from which, for instance, it is clearly seen that the right half of the beam will remain straight, a fact anticipated on physical 
grounds. 

• PROBLEM 16- 


Solve the initial value problem 

y"(t) + 2/ (t) + 5y(t) = H(t) (1) 

y(0) = / (0) = 0, 
where 


H(t) 


1, 0 < t < IT 


0, t > it, 

as shown in the accompanying graph. 


Solution : The function H(t) can be expressed as 
H(t) = 1 - a (t - ji), 
where a is the unit step function 

1 0, x < 0, 

1, x > 0 . 

Thus, equation (1) is equivalent to 
y"(t) + 2y' (t) + 5y(t) = 1 - a (t - n). 

Taking the Laplace transform of both sides, 

L{y"(t) + 2 y (t) + 5y(t)} = L{ 1 - a (t - n)} . 

Since L is a linear operator, 

L{y"(t) } + 2L{y'(t) } + 5L{y(t)} = L{1} - L{a(t - n) }. (2) 

From a table of Laplace transforms, we find that 

L{ 1} = , s > 0, 


and 









L{a(t - k)} = , s > 0 

where k is a nonnegative constant. Taking k = n, the latter result becomes 

-its 

L{a(t - tt) } = , s > 0- 

Substituting these results into equation (2), 

, -ns 

L{y"(t) } + 2L{y'(t) } + 5L{y(t) } = ± • 

Using the properties that 

L{/(t)}=sL{y(t)}-y(0) 

and 

L{y"(t)} = s 2 L{y(t)} - sy(0) -y' (0), 
provided that y' (t), y"(t), and L{y(t)} exist, equation (3) becomes 

[s 2 L{y(t)} - sy(0) - y' (0)] + 2[sL{y(t)} - y(0)] 

+ 5L{y(t) } = - . 

Solving for L{y(t)}, 

L(y ,t)> - 1 - ± iis ± 2)y(°) * sy'to) , 

s(s 2 + 2s + 5) 

and since 


L{y(t)} = 


y(0) = y' (0) =o , 

“ITS 


s(s 2 + 2s + 5) 

Inverting the above equation. 


y(t) 


T -1 


1 - e 


-ITS 


s (s 2 + 2s + 5) 

Since L' 1 is a linear operator under the conditions assumed in this chapter 


y (t) = l 

Let 

G(t) 


s(s 2 + 2s + 5) 


s(s 2 + 2s + 5) 


- 1 (-±-}. 

I s(s 2 + 2s + 5)J 


Thus, 


y(t) = G (t) - L 


s {s 2 + 2s + 5) 


Using the property that 












-1 


-ks 


F (s) 


= f(t - k)a(t - k)> 


where k is a nonnegative constant and f (t) = L' 1 (f (S)}, provided that L' 1 {f (s)} exists, we find (with k = n) that 

L _1 [e" ks F (s)} = f(t - k) a (t - k)> 

hence, equation (4) is equivalent to 

y(t) = G(t) - G(t - 7r) a (t - 7c). (5) 

We now evaluate the function G(t). We use the method of partial fractions to decompose 

_ 1 _ 

[s(s 2 + 2s + 5)] 

Setting 

_1_ = A + Bs + C 

s(s 2 + 2s + 5) s s 2 + 2s + 5 

for all s, with A, B, and C constant, we find 


> 

II 

/ B 

1 

" ” 5’ 

and c = 

2 

5 

G(t) = L -1 | 

\ 1/1' 

1.1 j 

' s 

+ 2 \ 1 

[ 5 l S - 

) 5 ( 

< < s2 + 

2s + 5)j j 


Completing the square in the denominator of the fraction 

(s + 2) 

(s 2 + 2s + 5) 


above, 

G(t) 



Since L' 1 is a linear operator, 



Using the property that 

L _1 {f (s - b)} = e bt L _1 {f (s)}, 


(6) 












where b is a constant, provided that L' 1 {f (s)} exists, equation (6) becomes (withb = -1) 

"« •»-•* (i) - i (tv 


n •'* ‘"(vtv} 

, we find 

1 (i) ■ *■ 


(7) 


From a table of Laplace transforms, we find that 


s z + c* 

where c is a constant. Taking c = 2, the last two of the above results become 


-(ttv) 


sin 2t. 


Substituting these results into equation (7), 

F “ F e_t cos 2t - jq 

and thus, 


- ± e -(t_7r) sin 2 (t - it) . (9) 

Note that 

cos 2(t - 7i) = cos (2t - 2n) = cos 2t, 
and 

sin 2(t -n) = sin (2t - 2n) = sin 2t; 
therefore, equation (9) is equivalent to 

G(t - 7 T) = ^ i e ”(t-ir) cog 2t-i e - (t-ir) gin 2fc . (1Q) 

Substituting equations (8) and (10) into equation (5), 

y (t) = -jr - i e t cos 2t-y^ e t sin 2t 


1 -(t-TT) 

5 e 


cos 2t - tvt 


-(t-TT) 


sin 2t a (t - tt) . 


( 11 ) 








Since we made some assumptions about existence ofy (t),y'(t),y"(t) and L(y(t)), we must check our result (10) against the 
original problem. Differentiating twice, we obtain 

y' (t) = j j\ - e^cxtt - tt)J e -t sin 2t 

y" (t) = ^ j^l - e 7r a(t - tt)] e ^ (- sin 2t + 2 cos 2t) . 

Checking in equation (1), 

y"(t) + 2y'(t) + 5y(t) 

= \ [1 - e^a (t - 7i)] e“ t (- sin 2t + 2 cos 2t) 

+ 2 • [1 - e^aft - tt)] e t sin 2t 


+ 5 ^ e *■ cos 2t - Yq e fc sin 2t 

- ^ e 71 ^ cos 2t - e sin 2tj a(t-7r) j 

= 1 - a (t - tt) = H (t) , 

y(0) = | | e° cos 0 “ e ° sin 0 

- - J e cos 0 - jiy e^sin 0ja(0 - tt) 

= 0 


y' (0) = I H ~ e^afO - tt) ] e° sin 0=0; 

hence, equation (11) is the solution. 


• PROBLEM 16- 


Two circuits are coupled magnetically, as shown in Fig. 1. Find the currents i 
given that the currents are known to obey the differential equations 

i (t) and i 2 (t) after the switch S is closed, 

di» 

di. 


L i "dt" 

+ M + Rxii = e 0 S(t) , 

(1) 

dii 

di2 . . 

(2) 

M "dF 

* L * "dt" + R212 “ 0 ' 

where 



f 1 - 

t > 0 


S(t) 



l 0 ' 

t < 0 


is the unit step function and the initial currents are assumed to be zero. 




<2 



T_ 


'V 5 l l 1 l 2 '2 


'S Fi,. 1 

Solution : The first step is to take the Laplace transform of each of equations (1) and (2) to get 


i dt 


dt 


dt 2 dt 

Since Lis a linear operator (3) and (4) can be written as 


L 1 L |^ 1 [ + RiLUx) =e 0 L{s(t)} 


ML|^t*^ + L2L 


Note the derivative property states that 
L{f(t)> — sL{f (t)} - f (0). 

Using this in (5) and (6) yields 


lit"} + R 2 L{i 


i 2 > = LI0} . 


Li[ S L{ii} - ii (0) ] + M [sL{i 2 } - i 2 (0) ] 
+ RiL{ii} = e o • ^ 


( 6 ) 


(7) 


M[sL{ii} - i x (0)] + L 2 [sL{i 2 } - ±2 CO)j 

+ R 2 L{i 2 } = 0 (8) 

where a table of Laplace transforms maybe consulted to find 
L{S(t)} = 1/s 
and 

L{0} = 0. 

Using the fact that 
i 1 (0) = i 2 (0) = 0 
and letting 

IjCs) =L{ij(t)}, I 2 (s) =L{i 2 (t)}, (7) and (8) become a system of two equations in two unknowns I l5 1 2 : 
(L T s + Rj) lj + MsI 2 = e(/s, 

Mslj + (I^s + R 2 ) I 2 =0. (9) 

The determinant of the system is 






Lis + Ri 


Ms 


3 L 2 S + R 2 j 
(Lxs + Ri)(L 2 s + R 2 ) - (Ms)(Ms) 


= (LiL 2 - M 2 ) s 2 + (LjR 2 + L 2 Rj,)s + R x R 2 


It is known from electromagnetic theory that > M 2 . The usual condition in practice is > M 2 . Thus we have, using 
Cramer’s rule on the system (9) 


Ii (s) 


eo/s Ms 

0 L 2 s + R 2 
A 


eo(L 2 S + R 2 ) 
s • A 


Lis + R x 


e 0 /s 


I 2 (s) 

which may be written in the form 


Meo 

~T~ 


I 2 (s) 


eo 


(LiL 2 - M 2 ) 


L 2 s + R 2 

s (s - ri) (s - r 2 ) 


( 10 ) 


meo i 

I 2 (s)=- - - 1 - , (H> 

(L X L 2 - M 2 ) (s - ri)(s - r 2 ) 

where r, and r 2 are the roots of 

A = (Ljl^ - M 2 )s 2 + (LjR 2 + I^R^s + R T R 2 = 0. (12) 

Since the discriminant of (12) is 

(LjR 2 + 4R t ) 2 - 4^(1^ - M 2 ) = (LjR 2 - R^) 2 
+ 4RjR 2 M 2 > 0, 

both roots are real.. Moreover, they are both negative since 

L x R 2 + L 2 R x 

- > 0 

LiL 2 - M 2 

and 

R 1 R 2 

- > o- 

LiL 2 - M 2 

Rational fraction decomposition yields 

eo f R2 L 2 r x + R 2 


Ii (s) 


L x L 2 - M : 


r x r 2 s 


r x »r x - r 2 ) (s - ri) 



r 2 (r 2 - ri)(s - r 2 ) 


( 13 ) 


I 2 (s) = - ■ 


^_ . 1 /_ 1 _ 1 _\ 

- M 2 ri - r 2 \s - r 2 s - r 2 J 


Inverting [using r , r 2 = R 1 R 2 /(L 1 L 2 - M 2 )], we find that since L' 1 is a linear operator under the assumptions made in this chapter, 
(13) and (14) become 


Recalling that 


ii(t) = L' 1 {lx (s) } = 


R 2 (LiL 2 - M 2 ) 


-M 


ri (r x 


i 2 (t) 


* R; T -i f 11. * a « ,-i r 11 

-r 2 l L js-r 1 J + r 2 (r 2 -r 2 ) L [s-r 2 J 


-‘{*1 


eo eo 

ii (t) = — + - 


i 2 (t) 


L 2 ri + R 2 rjt 


M 2 'yTi(r 1 -r 2 ) 

L 2 r 2 + R 2 r 2 t 


r 2 (ri-r 2 ) 


(e 1 ^ - e r 2 t ) . 


(LiL 2 - M 2 ) (n - r 2 ) 

It is seen that i l —> eo/R and i 2 —*► 0 as t —> 00 as expected on physical grounds. Also, i^O) = 0 and i 2 (0) = 0. 



CHAPTER 17 


FOURIER TRANSFORMS 


It has been seen in previous chapters that there are often great advantages in representing a function f (x) by its power 
series 

f(x) = ^ a x n 

n=0 n 

or by its Fourier series 


„ j^ nTTX 

f(x) = l c n e L (-L < x < L) 

n=-°° 

These representations are useful (provided f satisfies the necessary conditions for the expansions) for approximating values of 
f and in solving differential equations. The important thing to note here is that the set of coefficients {a n } “define” f in a sense, 
since, once they are known, f is known. The same statement is true for the set {c n }. 

In the previous chapter the concept of the discrete power series representation defined by the a n 's was extended to a 
continuous Laplace integral defined by the equation 

F (s) = L { f (t) } = f(t)e" St dt- 

Jo 

The analogy between a (n) (the a n 's considered as a function of n) and f (s) can be brought forth by noting the theorem which 
states that 

f(t) = 2 tI F(s)e ts ds 

jy-ioo 

where the limits of integration y - ioo to y+ioo represent the line in the complex plane defined by Im (s) = y. This equation 
shows that f (x) is defined by f (s) in the same sense that it is defined by the power series coefficients and the Fourier series 
coefficients. Thus, one would expect a similar extension of the Fourier series expansion to a continuous “Fourier integral 
representation” of f, and that is the subject of this chapter. It will be seen that Fourier integrals (or “transforms”) have 
applications similar to those of Laplace transforms in solving differential equations. 

DEFINITION OF FOURIER TRANSFORMS 


• PROBLEM 11 


Develop the definition of the Fourier transform of a function f (x) by extending the definition of the Fourier series of f to the 
case where the discrete spectrum of Fourier coefficients becomes a continuous spectrum. 


Solution : Let f be representable by its Fourier series on (-L, L). Then f can be written as 

oo ± nTrx 

f(x) = l C n e L (-L < x < L) 

n=-°° 

where C n are the complex Fourier coefficients of f given by 


( 1 ) 





_L_ 

2L 


_imrx 


dx. 


( 2 ) 


-5 -4 -3 -2 -11 2 3 4 5 6 7 

To emphasize the functional dependence of C n on n, write C(n) = C n . The function C(n) is called the Fourier spectrum of f (x) 
and a typical example is plotted in Figure 1 (for convenience, f (x) is assumed real and even so that the C(n) are real and the 
graph may be made). Now make the substitutions 

k - T ' (?) C n * C L (k > 

where k is called the wave number of the nth term (or kth term) in the Fourier series expansion of f. Then equations (1) and (2) 
may be written as 

V k > = T? f £(x)e- ikx ax, 

J-L 

f(x) = l C.(k)e ikx Ak (3) 

Lk = _ oo 

U 

Since 

Ak = 1 An = 1 


With the change of scale from n to k the Fourier spectrum may be plotted versus wave number as in Figure 2. 

Evidently as L approaches infinity, the wave number spectrum approaches a continuous spectrum, i.e., trigonometric 
functions of all wave num b ers must be summed to represent f. Hence, as L —> oo (the function is no longer periodic) the sum in 
the second equation of (3) becomes an integral since Ak —> 0 and we write 

c(k) 


k Fi 9 - 2 


lim 


| f(x) 


CCk) = — C L (k) =^_ | f(x)e- ikx dx 


f(x) - C(k)e KX dk 


(4) 


(5) 


With a slight change in notation, formulas (4) and (5) become the Fourier transformation. Thus, define a new function F by 
F(k) = /Itt C(-k) 
so that the formulas now read 






f (k) is known as the Fourier transform of the function f (x) and, conversely, f (x) is called the inverse Fourier transform of f 
(k). To emphasize the interpretation of the Fourier transform as an operator operating on f (x), we will write 

f (k) = 0{f (x)} 

where ® denotes the operation on f described in equation (6). Finally, note that (6) is merely a definition of f (k) , just as (2) is 
a definition of the coefficients C n , so that there is no question about the validity of this formula. That is, if f (x) is integrable and 
the integral in (6) converges then f (k) exists. On the other hand there is a question about whether the original function f (x) can 
be retrieved by the formula (7) since this formula was obtained by a limiting process on the Fourier series of f and there is a 
question as to whether this series represents f. The theory surrounding the convergence of the integral in (7) to f (x) is very 
similar to that of the convergence of Fourier series and will be discussed later in this chapter. 


• PROBLEM 17 


Find the Fourier transform, f (k) = ® {f (x) } of the Gaussian probability function 


f (x) = Ne' ax (N, a = constant). (1) 

Show directly that f (x) is retrievable from the inverse transform I.e., show that 



Solution : The definition of the Fourier transform of f (x) is 


Using the Gaussian function of (1) yields 



( 2 ) 


F (k) = —^ 


/2tt 



It is convenient to complete the square in the integrand of (3) to get 



(4) 


Now make the change of variables 

x/a -— = u in (4) to obtain 


2/a 



(5) 


and substitute (5) into (3) to find 


F (k) = —— e' 


r k 2 /4a 



r k 2 /4a 


( 6 ) 


Note that f (k) is also a Gaussian probability function with a peak (the mean) at x = 0. Also note that if f (x) is sharply peaked 
due to a large a, then f (k) is broadened and vice versa (see Figure 1). This has important applications in Quantum physics 




represents the probability of finding a (one-dimensional 



particle at point x and |F (k) | 2 represents the probability of finding this particle with momentum p = hk where h is a known 
constant. Thus, the better one is able to predict the location of the particle (narrow f (x)), the harder it is to predict its 
momentum (broad f (k)) and vice versa. This is the basic idea behind what is known as the Heisen-berg’s uncertainty principle 
and the fact that “narrow” functions have “broad” Fourier transforms and vice versa is a property of all Fourier transforms. 


The inverse Fourier integral is given by 


(F(k)} 


-3- f F(k)e- ikx dx 

/ 2 ? J_„ 


1 N 
/2ir /2a 


X 



-k 2 /4a 


e 


-ikx 


dk 


(7) 


and it is desired to see whether this equals f (x) as one would expect from the theory. The integral in (7) is calculated in the 
same way as that in (3). In fact, as a short-cut to that calculation, set 

a 1 = ■— and x 1 = -x 
4a 

to deduce 


— f e -aljc2 e ixlk dk = 1 e "(x 1 ) 2 /4a 1 

/2rF J_ oo /2oT 

= /2a e‘ ax2 


so that from (7) 


*“ (F(k)} = — 
/2tt 


-i- /K e -“ x2 

/2a 


or 

O- 1 {f(k)}=f(x) 
as expected. 










PROBLEM 17 


Find the Fourier transform, F (k) = 0{f (x)} , of the function 

f(x) = --- (a > 0) 

x 2 + a 2 

by using the residue theorem of complex analysis. 


Solution : The Fourier transform of a function is defined by 

F (k) = 4>{f (x)} = — 

/2rr 

and for the given function this definition becomes 

ikx „ f°° g ikx 

(x + ai) (x - ai) 


F (k) = 


-2-^- dx = -2- 

m /2? a 2 + a 2 /2rr 


dx 


( 1 ) 


where the denominator has been factored to make clearer the applicability of the calculus of residues to the problem. First, for 
the case where k> 0, make use of the contour shown in Figure 1 and consider the integral 

ikx 
J 


= j> q (z) dz = 


dz 


/lir : 


+ a 


/2 tt 


(x + ai) (x - ai) 


/2rr z 2 + a 2 


(3) 


The residue theorem states that 

n 

J = 2iri £ Res g(b.) 

j-1 3 

where there are n isolated singularities b. within the given contour and Res g (bj) is the residue of g at bj. In this case n = 1 and 
bj = ai. The residue of g at ai 



is easy to calculate in this case since ai is a simple pole of g and we may use the form u la 

Res g(ai) = (z-ai)g(z) 


(z-ai) 


Res g(ai) 


/2tt (z 2 + a 2 ) 













-L -LIU | _a _e_ 

2 ->ai (z-ai) (z+ai) 


a e~ ka 
2ai 


/ 2 ? 

and using (3) gives 


a e_ 

2ai 


/ 2 ? 




(k > 0) . 


Now, to show that the second integral in (2) goes to zero as R —> oo , make the estimates 

I* 1 *.*!- < max -i— 

|z ! + a 2 I - |z 2 + a a I 


e y (dz) 


|z 2 + a 2 | 
1 


1 


!z 2 + a 2 | 

is the maximum value of— 


- over the contour C R . 


Equation (5) shows that 

Z dz 


lim 

R-*» 


lim eRrr 
R"*” „2 . , 


so that taking the limit as R —► qo in (2) and recalling (4) gives 


lim . 
R-*» J 


lim 

R-*=° 


A' 


m /2a x 2 + a 2 


F (k) 




(k > 0) . 


( 6 ) 


_ ,/27T x 2 + a 2 

For the case where k < 0, make use of the contour shown in Figure 2. Again the residue theorem is employed via equation (2) 
except that C R is now the curve shown in Figure 2, and equation (3) is now written as 

















Fig. 2 


n 

J =-2iri £ Res 9(b) 

j=l 3 

(since C is taken as clockwise) with n = 1, bj = -ai. Using the formula 

Res g(-ai) = ^t-ai + ai >9(z) 


yields 


Res g(ai) = 


(z+ai)(z-ai) 


/ 2 ? 


(-2ai) 


so that from (7) 


J = -2ti i . 

m 2 1/2 


for k < 0. The proof that the integral over C R goes to 0 as R —» oo is completely analogous to that for the C R of Figure 1 so that 
(2) yields 



and equations (6) and (8) may be combined to yield 

F (k) = yi" e"l k l a (all k) . (9) 

As in the previous problem, if f (x) has a sharp peak (small a) then f (k) is broadened and vice versa, a general feature of 
Fourier transforms. 








PROBLEM 17 


Find the Fourier transforms, F ; (k) = ® {f; (t)}, of the functions whose graphs are shown in the accompanying figure. 


Solution : The Fourier transform of a function f (t) is defined by 

F(k> - — dt 

^ J- 

where j = 

a) The “box” function graphed in Figure 1 (a) may be written analytically as 


( 1 ) 


fl Itl <d 



(d > 0 )- 

[o |t| > d 


1 

1 

1 

1 

f a (t) 

. 

1 

-d 

+d 


Using (1) , its Fourier transform is found to be 


F (k) 


SB J-d 


Jkt 


Jkd _ -jkd 


/ 2 ? 


jk 


Using the formulas 

e-j 0 = cos0 + j sin0 
e'j 0 = cos0 - j sin0 
in (2) yields 


fl sin dk 
‘ V tt k 



Fig. 1(a) 


) 2 ) 


Fig. 2 


F a (k) is graphed in Figure 2. Note the property that as f a becomes narrower (small d) F a ecomes “broader” and vice versa. 














b) The function f b (t) of Figure 1 (b) can be written in analytic form as 


f H (t) = 


Hence, from(l) 


(t-b) ; 0 < t < b 


t < 0, t > b 


F K (k) = -— I (t-b)e' jkt dt 

b/2i J Q 


A(t> 



Fig.1(b) 


b/2ir 


-jkt dfc _0_ | e -jkt 
/2tF 


Using integration by parts on the first integral yields 

St (*•"")[•* [ *■ 
i-”jC 

. e -3 kt _L_ e -jkt\ | b 

\- jk ) | 0 


+ — 
V/2? 


JJL 1 e ” jkb _1_ 
/2i ^ 3k 


0 _L e -jkb _ v 0 e -jkb + 
/2i 3 k i/2tt bk 2 

V 0 _ _Z0_ e -Dkb + V Q 
bk 2 jk /2i jk 


: Zfi- f-i e -J»> + -L- t 1 ] 

/2i jjak 2 bk 2 3kJ 


dt- 


c) For the functions in Fig. 1 (c) use to as the transfer parameter instead of k. Then 
4 (t) = sin t; - n < t < n. 











Fiq.1(c) 


Hence, 



jV 0 jV 0 
= - sin tt(I-cu) + sin ir(l+w) 

This can be simplified by combining the two terms 

-jV Q (1+w) sirnr (1—co) + jV Q (1-w) sinrr (1 +uj) 
F c = (1-w) (1+w) 


-jV Q (1+co) simroj - jV Q (1-oj) simrto 

j2VgSimro) 
l-o) 2 

PROPERTIES OF FOURIER TRANSFORMS 


or 

P c (o>) = 


PROBLEM 17 



Prove the following properties of Fourier transforms: 

a) The Fourier transform of f (x) exists if f is absolutely integrable over (-oo,+oo) , 

b) If f (x) is real valued then 

f(-k) = F*(k) 

where F* (k) is the complex conjugate of f (k). 


Solution : By definition, if f is absolutely integrable over ( - oo, + oo) then 

| |f(x)|dx (1) 

exists. The Fourier transform of f is given by 

F(k) = — f(x) e ikx dx . (2) 

/2? J 


Now, recalling that |e ly | = 1 for all y we have that 
|f(x)e fa | = |f(x)| 

so that 


— 1" 

|f(x) e ikx |dx = — f 

✓ 2 ? J_ w 

1 1 /27 J 


and we know that this second integral exists. Thus, 
f (x) e ta 

is absolutely integrable over (- 00 , 00 ) and is therefore integrable over (- 00 , 00 ). Hence, f (k) exists, 
b) This proof is immediate. From (2) 

F(-k) = — f(x) e~ lkx dx (3) 

✓5i 


and, recalling the identity e iy = cosy + i siny, 




F* (k) 


- f(x) coskx dx+i - f(x) sinkx dx 

/2tF I _ /2tF ] 


- f(x) coskx dx - i - f(x) sinkx dx (f real) 

/2i /2 tt 


f(x) cos(-kx)dx + i - f(x) sin(-kx)dx 


f(x) (cos(-kx) + i sin(-kx))dx 


In the third step the facts that cos (-y) = cosy and sin (-y) = -siny were used. Equating (3) and (4) yields 


f (-k) = F * (k), for real f (x). 


a) Prove the attenuation property of Fourier transforms : 
® { f (x) e ax } = f (k - ai) 


F (k) = ® {f (x)}. 

b) Prove the shifting property of Fourier transforms : 

® {f(x-a)} =e ika f(k). 

c) Prove the derivative properties of Fourier transforms : 

®{f'(x)} =ik®{ f(x)} 

®{f" (x)} =k 2 ®{ f(x)} 


Solution : a) The Fourier transform of f (x) is defined by 

F(k) = ${f(x)} = — f(x) e lkx dx . 

/2rr I „ 







The Fourier transform of g (x) = f (x) e ax is then 

G(k) = Mf(x) e ax ) = — f f (x) e ax e ikx dx 

/2¥ m 


.-r 

✓2? J_ w 


1 

/Tn 


Now make the change of variable r = k -ia in (2) to give 


Hf(x) e ax } 


/2rf 


f (x) e irx dx = F(r) = F(k-ia)- 

b) Suppose f (x) is shifted a length a to the right. Then the Fourier transform of this new function f (x-a) is 

(3) 

Now make the substitution x' = x-a. Then (3) becomes 


4>{f (x-a) } = — f (x-a) e ikx dx 

/n 


<Hf (x-a) } = -i- I f(x') e ik(x ’ +a) dx' 
/2tt 


ika 1 
e - 

/In 


= e F(k) . 

c) Suppose that 0{f' (x)} exists. Then by definition (1), 

*{f' (x)} = - 


ik 

/2n 


/2n 

Integrating (4) by parts gives 


*{f'(x)> = — f(x) e 1 
/2n 


(5) 

If the Fourier transform of f (x) exists, this usually implies that f (x) —*■ 0 as x —> ± oo (this is sometimes not the case, but then f 
(x) can be treated as a distribution so that the derivative formula is then still valid). Thus, the first term in (5) is zero and 

0{f'(x)}=-ik0{f(x)}. (6) 


If 


${f"(x)} 
exists, it is given by 



4>{f"(x)} = — 
/2tt 



f"(x) e 


ikx 


dx 


Again integrating by parts yields 


<Kf"(x)} = -i- f' (X) e ikx 


/2rr 


ik 

/2tt 



f'(x)e* kx dx 


(7) 


For reasons mentioned above, it is expected that 
f' (x) —*■ 0 as x — »■ ± oo so that (7) gives 
®{f'(x)}=-ik {f'(x)}. 

Using (6) gives 

Of' (x)} = - k 2 0{f (x)}. 

The obvious extension is made by using f n ' ^ (x) = g (x) in the formula of (6) to give 
®{g'(x)}=-ik®{g(x)} 


or 


®{f( n )(x)} =-ikO{f( n - ! ) (x)} , 


which yields upon iteration 

O {f^ 1 ) (x)} = ( - ik) n O {f (x)}. 


• PROBLEM 17 


a) Prove that if the functions g (x) and f (k) are absolutely integrable on (-oo, +oo) and that the Fourier inversion integral 

for f (x) is valid for all x except possibly at a countably infinite number of points, then 



(1) 


where 


f (k) = 0{f (x)} , G (k) = ®{g (x)}. 

This is known as the second Parseval theorem of Fourier transform theory. 

b) From the above equation (1) , prove the first Parseval theorem of Fourier transform theory, 



( 2 ) 


Solution : a) The Fourier transform of a function f (x) is defined by 



(3) 


so that by definition 




G(-k) = • 


/2ir 


Therefore, 


F(k)G(-k)dk 


— g(x)e" ikx dx . (5) 

/Jtt 


Now f (k) and g(x) are absolutely convergent on (- qo, + oo), that is, the integrals 


|F(k)|dk , 


are convergent, so that 

F (k)e -ikx 


dx 


|g(x)|dx 


g (x) e 


are absolutely convergent (since 

|f(k) e~ ta | = |f (k) || e - ^1 = |f (k) | 
and 

|g (x) e‘ ta | = |g (x) |). 

Hence, the order of integration in (5) may be interchanged giving 


F(k)G(-k)dk 


g(x)dx 


1 

/2rr 


Since the Fournier inversion integral is valid, 

1 

/2rr 

and using this result in (6) gives the second Parseval theorem; 


F(k)G(-k)dk = 


g(x)f(x)dx 


( 8 ) 


The validity of (8) is insured even if the Fourier inversion integral for f (x) has a countably infinite number of discrepancies 
with f (x) since this will not affect the equality of the integrals 



(x)(f(x))dx 



g(x) 


1 

/2tT 


F(k)e~ lkx dk dx- 


b) The first Parseval theorem is a corollary to the second Parseval theorem stated in equation (8) which follows by letting f (x) 
= g(x) so that f (k) = G(k) and recalling that (assuming f = g real) G (-k) = G* (k) where G* (k) is the complex conjugate of 
G(k). Noting that 


G (k) G* (k) = |G (k) I 2 


and using these results in (8) gives 


G (k) G* (k) dk = 


[g(x)] 2 dx 


or 


|G(k)| 2 dk 


|g(x) | 2 dx- 


• PROBLEM 17 

Let F (k) = © {f (x)}, G (k) = © {g (x)} and suppose F (k) G (k) = © {h (x)}. Prove the convolution theorem for Fourier 
transforms: 

If g(x) and f (k) are absolutely integrable on (- oo, oo) and if the Fourier inversion integral for f (x) is valid for all x except 
possibly a countably infinite number of points, then 

h(x) = (f*g), 

where (f * g) is the convolution of f and g defined by 

(f * g) = — f<5) g(x-5)dS . (1) 

/2i J 


Solution : Let ©"' denote the inverse Fourier transform Then by definition 

©- 1 (F(k)G(k)} = -L- I F (. 

/2tt 


Using the definition of the Fourier transform of g (£), 


G(k) = 4>{g(C)} 


—r 
✓ 2 ? ]_„ 


g(?) e ik? dC 


in (2) gives 


©- 1 {F (k) G (k) } = J- 
2ir 


The assumption that g (x) and f (k) are absolutely integrable on ( - oo, oo) means that the integrals 


I F (k) |dk 


|g(x)|dx 


are convergent so that 

| F(k)e" lkx dx , | g(x)e -ikx dx 

are absolutely convergent (since 
|f (k) e" ikx = |f (k) 


and 






|g(x) e~ ,kx | = |g(x)|). 

Under these conditions the order of integration in (3) may be interchanged giving 


{ F (k) G (k) } 


g(5)dC F(k)e' ik(x_C) dk 


(4) 


Since the Fourier inversion integral is valid, 


— F(k)e" ik(x_5) dk = f(x-5> 
/2tt 


and using this result in (4) gives 


(F(k)G(k)} 


/2i 


g(C)f(x-C)dC . 


Noting that 

0- 1 {f(k)G(k)}=h(x) 

and using the definition of convolution in (1) , (5) becomes 
h(x) = (f*g) 


and the theorem is proved. The validity of (5) is assured even if the Fourier inversion integral for f (x) has a countably infinite 
number of discrepancies with f (x) since this will not affect the equality of the integrals 


— | g(5) f(x-Ode 

/2tt 


and 


1 

✓5i 


g(5) -~ 


/2tt 


• PROBLEM 11 


a) State conditions under which the Fourier integral formula 


(1) 


is valid. Discuss its validity for the examples in problems 2 and 3 of this chapter, 
b) Recast (1) in real form assuming that f (x) is real. 


Solution : The most widely used sufficient conditions for pointwise convergence are as follows: 


If f (x) is absolutely integrable and piecewise very smooth on (- oo, oo) , then the Fourier integral theorem is valid in the sense 
that 


*f- 


where f (x+) and f (x-) are the right and left hand limits of f at x respectively. Recall that a function f is piecewise very smooth 
if its second derivative f " (x) is piecewise continuous. 


Each of the functions in problems 2 and 3 satisfy these conditions so that the Fourier integral theorem is valid for each. For 




example, 

f (x) = Ne" ax2 

is absolutely integrable on (- 00 , 00 ) since 

L-" 1 *! dx = 


which is a convergent integral. Also, since f has a continuous second derivative it is piecewise very smooth, 
b) Write (1) as 

0 


f (x) = 


/ 2 ? 


F(k)e 


■ikx 


dk + - 


✓2? 


Make the change of variable k' = -k in the first integral to obtain 


F(-k’)e x (-dk’) + 


1 

^ lo 


. 1 
/2i 


F(-k’)e 1 x dk’ + - 


[F*(k)e + F(k)e xx ]dk 


where the fact that f (-k) = F * (k) has been used in the last step. Now since the Fourier integral formula is assumed valid for f, 


/2tF 


and taking the complex conjugate of this formula, 

F*(k)e lkx = — f f(?)e~ lk(? ~ x) dk . 

/2i J_ w 

Adding (3) to (4) and recalling that 

i0 . >i0 


F(k)e _ikx + F*(k)e lkx = — 
/2tt 


f(?) 2 cos k(?-x) d? 


which, upon substitution into (2) , yields the real form of the Fourier integral formula 


f(x) = 


f(?) cos k (?-x) d?. 


• PROBLEM 17- 


Find the form of the Fourier integral formula if f (x) is an 




a) even function, b) odd function; 

thereby motivating definition for the Fourier cosine and Fourier sine transforms : 
® c {f(x)} and ® s {f(x)} 


Solution : The real form of the Fourier integral formula is 


f (x) 


»K 


f(5) cos k(S-x) dK 


and using the trigonometric identity 

cos (a - b) = cosa cosb + sina sinb 
in(l) yields 


f(x) 


' I. ~ L 

• ^ | cos kx dk | 


f(5)[cos kx cos k£ + sin kx sin k£]d£ 


f(£)cos k£ d£ + — sin kx dk 
*0 


f(£) sin k£ d£ . 


a) If f is even then f (£) s in k £ is odd and the second integral is zero. Hence 

f(x) cos kx dk £(£)cos k£ d£ , 

J 0 J -OO 

f even and since f (£) cos k £ is even, (3) may be written as 


I cos kx dk 

0 i 


f(x) = f cos kx dk f(£)cos k? d£ 


(3) 


(4) 


f even. 

This formula suggests the definition of a Fourier cosine transform, analogous to that of the regular Fourier transform, by 

)cos kx dx (5) 


F c (k) = * c {f(x) } 

with the inverse 

=71 F c (k) 
^0 




cos kx dk = 


f(x) x > 0 


f(-x) x < 0 


Note that this definition applies to all functions defined on (0,oo) even if undefined elsewhere. In any case, the Fourier cosine 
integral formula (6) will give back f (x) for x e (0,oo) and f (-x) for x < 0 so 







o-UojfCx)}} 


represents the even extension of f into the negative real axis. 

b) If f is odd then f (£) cos k £ is odd and the first integral in (2) is zero leaving 


f(x) = f sin kx dk f(£) sin k£ d£ , f odd. 

JO 'o 


This formula suggests the definition of a Fourier sine transform by 

F (k) = <t> { f (x) } =JJ f (x) sin kx dx 
s S ITT 


with the inverse 


~ 1 {F g (k)} = y| F g (k)sin kx dx = 


f(x) x > 0 


-f(-x) x < 0 


As with O c {f (x)} this definition applies to all functions defined on (0,oo) even if undefined elsewhere. In any case, the Fourier 
sine integral formula (9) will give back f (x) for x e (0,oo) and - f (-x) for x < 0. Therefore 


(fW}} 

represents the odd extension of f into the negative real axis. 


• PROBLEM 17- 


Define the Dirac delta function, 8 (x) , and prove the sifting property of 8 (x) for all functions f (x) which are continuous at 
x= 0, 


6(x)f(x)dx = f(0V 


Solution : The Dirac delta function may be defined in several ways but its most common definition is as the infinitely sharply 
peaked function given symbolically by 

0 x ^ 0 

6(x) = (1) 

00 X = 0 

and with the property that 

6(x)dx = 1 . (2) 


(i.e., the integral of 8 (x) is normalized to unity). 
For this problem start with the integral 

6(x)f(x) dx 


where f (x) is any continuous function. We can evaluate this integral by the following argument: 









te -t(j(D+b) f-ttju+b) 

(jw+b) . -(jw+b) dt 


-t(jw+b) -t (jw+b) 


jw+b 


(jw+b) 2 


(jw+b) 2 


|l(j“>)| 2 

The total energy associated with the current is 

W-£ j I 2 dw 

Since 

r 

11 (jtu) I 2 dw 


(b 2 -w 2 ) 2 +4w 2 b 2 (b 2 +w 2 ) 2 


W 


(b 2 +w 2 ) 2 


doi- 


If we make the trigonometric substitution, 
co = b tan 0 , 

then 


(b 2 + co 2 ) 2 = (b 2 tan 2 0 + b 2 ) 2 = (b 2 sec 2 0) 2 . 
Also, 

dco = bsec 2 0d0. 

Hence 


W = i f^se 

* J b*s 

W-J f — 

17 J b 3 


de 

• de 


w = fcos 2 e de 

7Tb 3 J 

W T = -i- (| 0 + i sin 26) . 
irb 3 



Since 


co = btan0 
and 

0 = arc tan £ 
b 

then 


(5 tan ~ + sin 2 (tan 


1 B»] 


Since 
tan < 
then 


W 


irb 3 
1 

4b 3 


b) To find the energy present in the frequency band 
-b<f<b 

we use Parseval’s theorem and integrate: 


b 

W = -Lf 

W b 2 it 


2^1 11 (joi) | 2 ddi 

b 


11 (ju>) | 2 doi 


w b ’ ^ ta ''" 1 E + 1 3in 2(tan "‘ 5>>] 

[ 1 1 — 1 1 — 1 

- (-5 tan 1 + 4 sin 2 (tan 1 )) 

«>* 2 4 , 



The fraction of energy present is 



PROBLEM 17- 



a) If a > 0 show that the Fourier transform of the function defined by 
f (t) = e' at coscodt t > 0 

= 0 t<0 

is (a + jco) 2 / [ (a + jro) 2 + co d ]. 

Then find the total ID energy associated with the function 

f=e' t cost t>0 

= 0 t<0 

by using: 

b) time domain integration. That is, find the total energy by integrating 

W = [f(t)] 2 dt- 

c) frequency domain integration. That is, find the total energy by integrating 



where f (co) is the Fourier transform of the function f (t). 


Solution : Using the relation 

F(to) = | f(t)e~ ja)t dt 

we can find the Fourier transform of 
f (t) = e' at (cosco d t) 


Hence, 







F (oi) = I e at (cosw^t) e dt 


o -at { e iu*t + -juat \ e -j^'t 
2 


(jw d - joi - a)t e (-ja)d - jw - a)t 


(jw d - joi - a)t e “(jt *><3 + jw + a)t 


2 (jw d “ jw - a) 2 <-jw d - joi - a) 


2 (jwd - jw - a) 2 (-jw d - jw - a) 

Hence, 


F(w) 


_jw_ 


(a + jw) 2 + Wd 2 


b) In the time domain, the total energy is found by integrating 

[f(« i 2 


as follows: 



w - | [f(tn 2 dt 

W = [e _t (cost)] 2 dt 
0 


e ^ + \ cos 2t^; dt 

0 


- ” [s± ♦ 

•0 L 4 

e -2t Ajat 

e -j2t> i 

+ 

r e - 2 t 

1 ~ + 

e- 2t ei 2t 

e -2t e -22t 

L 4 

4(-2+j2) 

4(2+j 2) 

W = 8-(-2-j 2) 

+ (2 —j 2) _ 

12 = 3 

32 


32 8 

In the frequency domain the total energy is found by integrating 



w = ^ J|F(a))| 2 du>- 

We found in (a) 

F((d) = -^-±-^- 

(a+joj) 2 + w d 2 ‘ 

If a = 1 and w d = 1 then 


F ( 0 )) 

and 


a + ju) 

(a+jod) 2 + u d 2 


|F(co) | 


1 + oi 2 = 1 + h) 2 

(2-0) 2 ) 2 + 4u) 2 4 + w 4 


The energy is 


1 + “i d(o s - 1 t _£>l du). 

4 + a 4 17 J 0 4 + a) 4 


Now, by an integral formula, 



0 


x” + 4 


Hence, we have 


w 



1 + U) 2 

4 + to 2 


3 IT 
8 ‘ 


Thus 



verifying Parseval's identity in this example, 

• PROBLEM 17- 

Use Fourier transform methods to find the time-domain response of a network having a system function 

j2co/( 1 +2jco) , 
if the input is 

Y (t) = cos t 

(For a sinusodial input cos t, the Fourier transform is 
45 (co+l) + 5(co-l) ]). 


Solution : The time domain response for a particular input Y (t) can be obtained by finding the product of the system function H 
(jco) and the Fourier transform of the input. The inverse Fourier transform of the resulting function is the time-domain response. 

For a sinusoidal input cos t, the Fourier transform pair 


cos t < = > 48 (co+l) + 5 ((o-l) ] 
allows us to find the response 

IT (<5 (to+1) ■ 


F 1 (riff- 7T (6 (u>+l) + 6(U)-D)j 

_ --» fl2TT M 6(o)+l ) . j 2ttui 6 (u-lA 
m " * [ 1 + 2jw + 1 + 2ju> J 


f 

f (t) 


jiro) 6 (oi+l) jirui 6 (to—1) 

1 + i 

2 + DU 2 + 


Using the sifting property of the unit impulse, we obtain: 







f(t) 

_1 

= F 

J Itt 6(uj+1 ) . iff <$ (io-l)l 

l i-> i*’ ) 

f (t) 

l 

= F 

f jff 6U+1) (j+j) jff fi(u-l) 

l }*> ' W J 

f (t) 

1 

= F i 

fit 6 (w+1) a(t0+1) , it 6 (ui—1) 

\ 5 5 5 

V 4 4 4 



4ff 6 (a)-D \ 

+ ! J 

f(t) = f" 

_1 jjlff (S (w+l) + 6{w-l)) - |ff(j 5 (tu+1) -j 6 (u-1) )j 

f(t) = 1 

cos t 

- | sin t . 



CHAPTER 18 


DIFFERENTIAL GEOMETRY 


Differential geometry is a consequential branch of mathematics from which important results are obtained. By definition, 
differential geometry is the study of geometric figures using the methods of calculus. Therefore, when dealing with this area of 
mathematics it is imperative to remember that a proof to a given hypothesis must not depend only upon our intuition; that is, it is 
necessary that we also apply the given definitions and previously confirmed theorems (this because our intuition about curves 
and surfaces, based upon simple examples, may give us an oversimplified visual representation). Specifically, for curves in 
space, such important concepts as curvature (the rate at which the curve is turning away from its tangent line at a point), torsion 
(the measure of the rate at which the curve is twisting), and arc length are developed by differential geometry. For example, let 
a curve be given parametrically by the vector equation x = x (t)- Then using the methods of differential geometry, the arc 
length between two points t = a and t = b can be found by the equation 

L - J b ||X'(t)|| dt. 

a 

Accordingly, the theory of differential geometry extends to surfaces and curves on a surface. Here we offer a small part of this 
theory beginning with the concept of a surface patch Then the first fundamental form is developed and applied to find arc length 
of a curve on a surface, the angle of intersection of two curves on a surface, and the area of a surface. In addition, the second 
fundamental form is developed and applied to define such terms as Normal, Gaussian, and Mean, curvature. Furthermore, 
geodesies, which are arcs of minimal lengths, are also covered 


CURVES 

• PROBLEM 18 

a) Define what is meant by a regular parametric representation of a curve. 

b) Show that the representation 

X| = (1 + cos0), x 2 = sin0, x 3 = 3sin(0/3) 
for 

-2n< 0< 2n is regular. 

Solution : A regular parametric representation of a curve is a vector function 

5? = >?(t) , t 6 I 

of t in an interval I with the property that: 

(i) 5£( t ) is of class C 1 ini. 

(h) X'(t) i o for all t ini. 

The variable t is the parameter of the representation. 

Notice that if a basis is chosen in R 3 , the equation % « x(t) can be written as three scalar equations x, = x, (t), x 2 = x 2 (t), 
x 3 = x 3 (t), tel, the components of jjf « x(t; with respect to the basis. Accordingly, £ „ £(t) is a regular parametric 
representation if and only if each Xj(t) is in class C 1 and if for each t in I at least one of the x'j(t) ^ 0. 







b) For this problem, 

x T = (1 + cos0), x 2 = sine0, x 3 = 3sin(0/3) 
are all continuous for -271 < 0 < 271, and 

dX l dX 2 dX 3 

— = -sine , “5* = cose , — = COS(e/3) (1) 

are continuous. 

From(l), ^ 2 ,V 

l\ ««/ \ cie2 ^ 00/ j 

- (sin?e + cos s e + cos a (e/3))^ 

= [1 + cos 3 (e/3) + 0 . 

Thus the representation is regular. 

• PROBLEM 18 


a) 

Define a natural representation of a curve. 


b) 

Show that 



X - (W/PNl), %(s + /s s +l) \ log (s + /**+!)). 

(1) 

is a 

natural representation. 



Solution : a) Let I be an interval [a,b] in R. Given that £ = jj( t ) is a regular curve on I, let 

8 --l ‘ 0 # ot • (2) 

so that if t > ^ then s > 0 and is equal to the length of the arc segment of the curve between jf(t 0 ) and 3f(t); if t < t 0 , then s < 0 
and is equal to the negative of thelength of the arc segment of the curve between jf(t Q ) and "^(t). 

Now (2) has a continuous nonvanishing derivative by the Fundamental Theorem of Calculus, given by 



(3) 


Then, using the fact that a real valued function s = s(t) on an interval I t is an allowable change of parameter if 

(i) s(t) is of class C 1 in I t 

(ii) ds/dt ^ 0 for all t in I t , 

by (3), s = s(t) is an allowable change of parameter onl. Furthermore, s(t) is of class C m on I if is of class C m . Therefore 
the arc length s can be introduced along the curve as a parameter. Then, by definition a representation jj _ on I s is a 

representation in terms of arc length or a natural representation if iSlE I = i. (4) 

'ds 1 

b) To show (1) is a natural representation we must show that |^K | _ j_. 

To do this simplify the calculations, letting u = s + J$ 2 +\ in(l). 

This gives 


5? = (%U, if Jl log u) 


(5) 




By the chain rule 


& _ £ «i , ( h 

ds du ds \ 


^ l )( 1+ 7fe) 


■if 


Hence, ifiE i _ | I^H | or 

'ds 1 'du ll ds' 


\§\ - [W + (-W 2 ) 2 ♦ (4 ^' 1 ) 2 ] 4 ^i ±1 ) 


Next, factoring and replacing s + y^+i with u yields 

is?i ■ K 1 + ^)(, 7 $- rr) 

■ H $&r) - 

/2(s 3 Ws a -H + 1) 


A ^/s a +l 

■ k (2) = 1 . 


d±Liil\ 

+ s 2 + l) 


Thus (1) is a natural representation. 


• PROBLEM 18 


Consider the curve 


C = te x + t s e 2 =(t,t 3 ) , 0 £ t £ 1 


Show that it is rectifiable. 


Solution : The length of an arc is defined in terms of the lengths of approximating polygonal arcs, Let an are C (not necessarily 
regular) be given by 2 = 5?(t), a < t < b, and consider a subdivision 

a = t 0 <t 1 <...t n = b 

of the interval a < t < b. This determines a sequence of points in R 3 : 

X 0 = ^V' * 1 = XCt 1 ).....\ = X(V 

which are j oined in sequence to form an approximating polygonal arc P as shown in figure 1 . 



The length of the line between two adjacent points jq and x M is || Xj - x^, ||. Therefore the length of P is 









: E | 

i=l 


! 2 llx(t ) - X(t )|| 

i=l 


Now give a better approximating arc P' by introducing additional points as shown. Then the length of P is less than or equal to 
the length of P' since the length of one side of a polygon is less than or equal to the sum of the lengths of the other two sides. 
That is s(P) < s(P') This leads us to define the length of the arc C as the greatest of lengths of all possible approximating 
polygonal arcs P, An arc * _ ^ t y a < t < b, is said to be rectifiable if the set S of all possible s(P) is bounded from above. 

The curve in the given problem is just the piece of the parabola y = x 2 , for x e [0,1]. 



Fig. 


2 


In fig, 2 we depict a typical polygonal approximation to the curve c. The length of the i th piece is | £ _ £ | where 

s - ‘A + ‘1 v 

The length of the total approximation can be written as 

S<P> - jjK ?! «| V - <Vl + '1-1 °2>ll 

Where the ( form a subdivision of the interval [0,1 ],0= tg < tj <.. .<1^ = 1. we want to show that above sum is bounded from 
above, no matter what subdivision we choose. Separating components we get 

S (P> = jj|(« 1 ^ + t* ?,) - (tj.! ?! * «=_! ? 2 )|| 


i=l ^*1 ‘ Vl> *1 + “l " VP e 2 


By the definition of the norm, || • ||, we have lj^ + 

S (P) (W, - t 1 .j|||?!l| ♦ |t* - t*_! 

- * I*, - Vjl * |t 4 - t^jl |« 
i=l 

(since K^H = ||? a || = i) 


wll * ||v|| + llwll and || c ^j| = | c | ||v||- Therefore 

lllejl) 


= E^(t i - t.. 1 )(l + t ± + t ± _ 1 ). 

| tj -t M | is replaced with (( - (_,) since this quantity is always positive. Since ^<1,1+^ + t M <3 so 

n n 

i> 


s(P) * I 3(t . - t ) = 3 E (t - t 
i=l i=l 


i-l' 


But 


^ (t i - Vl* = <*1 - t 0 > + (t 2 ‘ V + ... + (t n - t^) 


= t 


tn - 1 “ 0 - 1 




so s(P) <3-1=3. 

We can now conclude that C is rectifiable since all polygonal approximations are uniformly bounded. 

• PROBLEM 18 


Show that the curve given by 

X 1 = C 

Jt cos (1/t) 

for 0< t s 1 


* 2 " ^ 0 

for t * 0 

is not rectifiable. 





Fig. 1 


Solution : For the subdivision 0, 0 
curve corresponding to - 


^ , 1 consider the polygonal approximation from the point on the 


J._ 

(N-I)tt’ * 

to the point corresponding to 1/rc. This will be less than the length of the curve. The length of 


the n* piece will be the length ofthe vector going from the point (1/nrc, 1 /iot cos rm) to (■^j+Tjn » cos (tri-Orr)- 


'• e -ll(m • TSfThV h - cos nn • 008 ^ 2 II- 

For n = l we get the point on the curve corresponding to t = 1 /tt, while for n = N-2 we get the point for t = . Therefore, 

the length of this approximation is, (since the first and last terms have been dropped) 

S(P) 2 Ws)h + (Hs co! "" • sh cos(,H - 1 ) 8 2ll 


1 ll( ™ 008 m - -(fen »» 8 <^1)") J 2 1I 

since + be 2 ]| 2 |b | because and are perpendicular. Recognizing that cos mi = (-l) n and similarly cos(n+l);i = (-l) n 
+ 'yields 

S(p) * V ll(-l)" - H)* 1 ^ll 

Replacing (-l) n+1 with (-1) (-l) n and factoring yields 


N-2 

’• e.,S(p) 2 2 | J 

n=l 71 


d * s I 


S(p) s K-D" 1 

(n+l)n + (ii-H)tJ 


or 







However, z —j- diverges, so S(p) can be made arbitrarily large, by allowing N, the number of points in our subdivision, to 

n=l 

be large. Therefore the curve is not rectifiable. 

• PROBLEM 18 


If a curve is parametrized by arc length, x = x(s), the curvature |k| is defined as ||x(s)|| (where ^( s ) = 
Using the chain rule, compute |k| if x is parametrized by time t and show that 

| U | , 11H. x *" U_ 

II*'ll 


It is assumed that the curve is regular. 


Solution: The curvature of a plane curve is essentially the rate at which the tangent line is turning. For a space curve, this 
quantity is replaced by two others. The first is again called the curvature and is a measure of the rate at which the curve is 
turning away from its tangent line at a point, the second is called the torsion and is a measure of the rate at which the curve is 
twisting out of its osculating plane at a point. Observe that for a plane curve the torsion is zero. (Note: this problem deals only 
with curvature, the notion of torsion is developed in a latter problem). For the solution to this problem let 


dx. 

dt 


By the chain rule 


dx _ dx ds ~ 
dt ds dt XS 


and 


( 1 ) 


x" 


d(x') _ d_(xs ’1 j ds/ dx , 
dt dt dt dt 


by the product rule. Reapplying the chain rule (2) can be rewritten 


( 2 ) 


Now, using (1), (2), 


x'x x" = (xs') X (xs" + x(s') 2 ) 

= (xs' X xs") + (xs' X x(s') 2 ), (3) 

Since ax x by = abx x y an d x x x « q, (3) becomes 

2*^^ 3 A t; 

x' X x" = (s') (s') X X X - (s') x x X . (4) 

By the definition of arc-length s (t) = ||x ' (a) ||da , so that by the fundamental theorem of calculus, 


ds 

dt 


s- = ip* (on 


Substituting this into (4) yields 







( 5 ) 


fi' x 2-11 - llx-11 3 |f xJTji 

= Ill'll 3 11*1111*11 l stn < (*,2) | 

where stn ^ x) ’ s s ' ne of the angle between x and x. 

Butjp|| = lf i,e., £ . j x _ Differentiating this relation gives . £ _ Q . if x «= 0 ,|k|- 0 and ||*' x x"|| = 0 so the 

result is true. If x ^ 0, then £ and x must be perpendicular and hence | stn ^ (x x) | - r Furthermore ||£|| , j_ and |j~|| _ j k |. 
Thus (5) becomes 

II*' * 2"|| - ||x'|| 3 |k[ 

or 

l„l = 

IPII 


which is the desired result. 


• PROBLEM 18 


Find the curvature and torsion along the curve 

x « (3t - t 3 , 3t 2 , 3t + t 3 ) . (1) 



Fig. 1 


Solution : By definition the curvature of a curve j* is a scalar value given by the equation 


„ pa 2 x\ 2 , /aV * /a 2 afl 1/2 

k -to) +t$ - 


The torsion along a curve is to some extent a measure of the amount by which the curve is twisted. This quantity is defined 
using a vector known as the binormal vector (denoted by g) of a curve q at some point P. By definition b = t x N where ? is 
the tangent vector and N is the principal normal (see figure 1). Observe that N and g are mutually perpendicular unit vectors. 

Since = f + ^ jjand 21 » n . m y m - n (this from the equation H = ^ and the fact that the cross product 
ds x ds ds * ds * ^ x ds _ 

of any vector with itself is zero) we have = ? v —• Furthermore s . ? _ ,, since b has unit length. Therefore r . — = 0 
_ ds * ds _ 1 ds 

. Now, if 5® ± 0’ ^e two preceding equations show that dB i s perpendicular both to g and to f it is therefore a multiple of »j, 
ds ds _ 

for is also perpendicular to both b and ?. Thus dl = _ T jf where x is the proper multiple of jj to give dB The quantity x thus 

ds ds 

defined is called the torsion of at the point P. 

Curvature and torsion are important values because a curve is completely determined by its curvature and torsion as functions 
of a natural parameter. That is, if q and are two curves in space such that k(s) = k'(s) and x(s) = x'(s) for all s, then C and 
are the same except for their position in space. 









To find k and t apply the following theorems : 


w 


f' II 


and 


(x 1 x x").x"' 

IP' x *"ii 2 


( 2 ) 


where | k | is the curvature and x is the torsion. Hence, to apply these theorems, first compute from(l), 


Then 


X 1 

- (3 - 3t 2 , 6t, 3 + 3t 2 ) 

(3) 

X" 

- (-6t, 6, 6t) 

( 4 ) 

x" 

' = (-6,0,6) 

( 5 ) 


1 i 

j 

k 


x'x x" = 3-3t 2 

6t 

3+3t 2 


-6t 

6 

6t 


= (18t 2 - 18, 

-36t, 18t 2 

+ 18) . 

(6) 


Now, substitution of (3), (4), (6) into the first equation in (2) yields 

l k l m || (18t 2 - 18. -36t. 18t 2 + 18) || 
||(3-3t 2 , 6t, 3 + 3t 2 )|| 3 

_ 18l Kt 2 -l, -2t , t 2 + 1? || 

27|| (1 - t 2 ,2t,l + t 2 )|| 3 

_ 18 f(t 2 -l) 2 + (-2t) 2 + (t 2 +l) 2 l^ 
27 [(1-t 2 ) 2 + (2t) 2 + (l+t 2 ) 2 ] 3/2 

27 [(1-t 2 ) 2 + (2t) 2 + (1+t 2 ) 2 ] 


, 2 1 _ 1 

k - 3 2 4 ” 22 

J 2(1 + 2t + O 3(l+t ) 

Next substitution of (3), (4), (5), (6) into the second equation in (2) yields 

_ , L l8(t 2 -l,-2t , l-tt 2 ) • 6(-l,0 l l) ] 
18 2 ||(t 2 -l,-2t,l+t 2 )|| 2 
. 1 (1-t 2 + 1 + t 2 ) _ 

3 (t 2 -l) 2 + (-2t f + (1+t 2 ) 2 


or 


12 1 

t = 3 -2-4 = - 2 

J 2 + 4c + 2t* 3(1 + t 


Note, that in this case | k | = x 


• PROBLEM 18 


Find the unit principal normal and unit binormal to the curve 


















X = (3t-t 3 ,3t 2 ,3t + t 3 )' 


Solution : The unit tangent vector to a curve C can be written as f *= — T + ^"i+ — ic or f = 

ds d$ J ds 

the are length measured along C in the positive direction from some fixed point. From this we have 


;dx 22) where si: 

\ds’ ds ds/ 


df 

ds 


2 1 + 2 J+ 2 K 


Using the equation ds 2 = dx 2 + dy 2 + dz 2 (2) 

we have 


1 


■ (S) + (ff) + (X) 


Therefore, differentiating with respect to s, 


0 


rax a_x 

L ds 


*1 

ds 


d_y 

2 


dz 

ds 


M] 


(1) 


Which is 0 =2T • dT or fi. 0 . Hence, when dT i s not zero, its direction is perpendicular to f. A unit venctor in the 

ds ds ds 

direction of dT is called the principal normal to C at the point in question To find the unit normal to this curve, it is necessary 

ds 

to first find the unit tangent. To do this compute 


x’ = (3-3t 2 ,6t,3 + 3t 2 ) 


and 


IPII “ 3||(l-t 2 ,2t,l + t 2 )|| 

= 3[(l-t 2 ) 2 + (2t) 2 + (1 + t 2 ) 2 ]* 
= V7 (1 + t 2 ) . 

The tangent, is in the direction of but must have unit length. 

Therefore, 


f 



—-. (1 - t 2 ,2t,l + t 2 ). 

/?<! + O 


Now letting i _ dT we know that f is orthogonal to j and represents the direction of the normal. The unit normal is then 

ds 

N = -j—. 

11*11 


Remark since 


?' 


we have 


s - n«'n - iii ■ [© 2+ © 2 ♦(£)’]' 
ft * w. 


dT 

ds 


df _ 
dt ' ds 


T' 



Hence 




a . Jl_ m _i_ d A-t 2 2t_ A 

||x'|| 6(1+t 2 ) ^\l+t 2 ’ 1+t 2 * y 


6(l+t )V(l+t ) (1+t ) 


from which • 

ft 


? = -o— ("2t, l-t 2 ,0) 

3(l+tV 


Therefore n = - ^ 1+t ^ (-2t,l-t 2 ,0)-- (-2t,l-t 2 ,0)- 

3(1+0 J <1+0 

By definition the binormal vector of C at P is given by the equation b = T x N • Hence 


/7(l+t ) (1+0 


(1-t ,2t,l+t ) X (-2t,l-t ,0) 


2t 1+t 

. .2 


— - 2 ~ 2 r - d+t 2 ) d-t 2 ) ,-2t d+t 2 ), (i+t 2 ) 2 i 

■(1+t 2 ) 2 L J 


(t -l,-2t,l+0 


Given the circular helix 


x(t) = (a cost, a sint, bt> 


find the tangent vector, the normal vector, the curvature, the binormal vector, and the torsion along this curve. 


Solution : Using the fact that the given helix has arc length s = (a 2 + b 2 ) 1/2 t, let c = (a 2 + b 2 ) 1/2 to get s = ct; or t = s/c. 
Then the tangent is 

?(„) - (- i • ■!•(*). i a co.(4), 4) 

■ i(-* sln (t)' a cos (t)- b ) ' 


Next using _ ^yields 













B - T x N = 

||x"(8)|| 

Since x(s) = (cos s//?, sin s//7, s//7), 

x'(s) - (-1//T sin s //?, 1/fT cos s//7, 1//7) 
x"(8) = (-1/2 cos s//?, -1/2 sin s//?,0) 

and 

x'(s) X x"(s) = 

- (sin ■ cos s/v/7 » ^ • 

Therefore, 



B 


^(sin s//7, - cos s//7, 1) 
■^(cos 2 s//7 + sin 2 s//7)^ 


or 


B = (1 //? sin s//?, -1//T cos s//7, 1//7)- 

Now B(s) • B(s+as)-||b (s) |M|B(s-»-as) II cos Acp by definition, where cos Acp is the angle between this vector, 5 , at s and the 
same vector at s + As. Since 

||B|| - fMsL *LCL + ^ . 2 _ s//I + rj* m 1 for aU s for all s, this yields cos Acp = b(s) -B(s+as) 

= ^y(sin s//?, -cos s//7,l)- ^(sin(s+As //2 ),-cos(s+as/ ( /T>i) 

At the point s = 0 

cos Acp * j(co8 as//? + 1) 

or-2 cos Acp = - cos As//? - 1 or 2(1 - cos Acp) = 1 - cos as//?- 

2 Dividing each side by As 2 gives 

2(1 - cos Acp) 1 - cos as//? 

2 " 2 
A s A® 


so that 


. liB i A iLO. , 1 

As-0 A s ^ 


Therefore, T = + — We then must choose the positive sign since the present helix is problem-handed 




for cos 0 near 0 = o, 


cos e = 1 - + R( 9 ) where R ( 0 ) ^ const I 0 | : 



Thus 2(1 - cos Acp) = (Acp) 2 + 2R(Acp). Now note that 


As-*0 (as) 


Hence u m 2(1 - cos Acp) = T 2 
As-0 (as) 


• PROBLEM 18- 


Find the order of contact between the helix 

x 1 - cos(s/*/7), x 2 = sin(s//7), x 3 = s//2 


and the plane x 2 =x 3 . 


Solution : To solve the given problem, the two following definitions are needed: 


i) Let cp(t) e C n , then cp(t) has a zero of order n at t = to if and only if 
9 (k)(to) = Ok=0,l,...,n-l 

<p(n)(to) = 0. 

ii) A curve * = ^(t) an d a plane Q^-a) .7=0 have contact of order n at a common point a * x(tg) ^ an d or| ly ^ the 
distance cp(t) from a point t of the curve to the plane has a zero of order n+1 at t = tg. 

To use the two definitions, notice that the plane x 2 = x 3 and the given helix intersect at the point (1,0,0), where s = 0. 

Let cp(s) be the distance from a point s of the curve to the plane. 

Then 


cp(s) = s/2 - 1//? sin s//7(see remark) 


so that cp'(s) = 1/2 - 1/2 cos s//7 
cp"(s) = -jjjr sin s//7 
and 


cp’" (s) = 1/4 cos s//7 

Hence cp(O) = tp'(O) » cp"(0) = O 

cp'" (0) i 0 . 

Accordingly, by (i) the zero is of order three and by (ii) the contact is of order two. 

Remark: The equation of the plane can be written as x 2 - x 3 = 0 and hence the normal has direction n = (0,1//?, - 1//?) Let 
P = (x,y,z) be any point which is written as £. Then % m £ - Q?-n)n+(X-n)n ar| d the vector . $.n)n ' s i n the plane (simply 
because this vector is perpendicular to n ). The distance d fromP to this point is |x-n | and gives the distance fromP to the 
plane. Applying this to the point p * ( cos s//T, sin s//?, s//7) we get 

cp(s) ** distance of P from the plane - sin 

s 1 . s 

-I 'n sl "7?- 

Y* 

This formula can also be obtained using the standard expression of the distance of a point 0 from the plane a = b which is 








given by 



• PROBLEM 18- 










Solution : If f (x,y,a) = 0 is the equation of a one-parameter family of curves, with a the parameter, there may exist a curve C in 
the plane with the following properties : 

i) Each curve of the family is tangent to C, 

ii) C is tangent at each of its points to some curve of the family. 

Then, by definition (if such a curve exists), C is the envelope of the family. 

When the family of curves is given as f (x,y,a) = 0 , then we can find the envelope analytically by solving the simultaneous 
equations, 


F (x,y,a) = 0 and ^ (x,y,a) * 0* (1) 

However, note that the preceding exposition does not guarantee that all of the locus thus found will constitute the envelope; it 
merely establishes that, if there is an envelope, it will be part (perhaps all) of the complete locus defined by (1). 

In this case F = (x-a) 2 + y 2 -a 2 /2 = 0 (2) 

and H = 2(x- ff )(-l) - a = a - 2x = 0 . (3) 

Given two equations in three u nknowns we solve for x and y in terms of a. From (3) this yields x = a/2. Substitution of this 
value into (2) gives 

0 = (a/2-a) 2 + y 2 -a 2 /2 
0 = a 2 /4-a 2a2 +y 2 - a 2 /2 = y 2 -a 2 /4 
from which y = + a/2. 

Hence, the envelope is given parametrically by x = a/2 and y = + a/2, or, by eliminating a, this becomes 


y 3 - x 2 = 0 as the figure illustrates. 

• PROBLEM 18- 


Find the envelope of: 


a) the family of curves 


(y- a) 2 = x 2 (l -x 2 ). 

(1) 

b) the family of lines, x/c + y/b = 1 

(2) 

which satisfy the relation c 2 + b 2 = 1. 




Fig. 1 










Solution : For this problem, from (1) 


And 


f(x,y, a ) = (y-«/-x 2 (l-x 2 ) = o (3) 


g(x,y,a) = 2(y - a)(-l) = 0 . (4) 

Then, since the equation for the envelope is among the simultaneous solutions of (3) and (4), to find the envelope first solve 
for y in terms of a in (4). This yields y =a Substitution of this value into (3) then gives x 2 (1 - x 2 ) = 0. The solutions of this 
equation are the three lines x = 0, x + 1 = 0, and x - 1 = 0. Note from figure 1 that the y-axis, though obtained as a solution, is 
not part of the envelope. This is because we are only guaranteed, that if an envelope exists it will appear as a solution to the 
equations. The converse, all solutions are envelopes, is not true in general, 
b) For this problem consider the function 

F(x,y,c,b) --+£-1*0. (5) 

C D 

To find the envelope, simultaneously solve the two equations 

F(x,y,c,b) = 0 and ^”(x,y,c,b) = 0 (6) 

Note that in this problem we consider b as a function of c. 

From (5) 


3F -x y db 
3c c 2 b^ dc 


0 


However , since g + = i t 2 c + 2 b ^ = 0 so that ^ ^ 

(6) now becomes ^ = 0 or = p". This implies that 



Substituting this value into (5) yields 



Factoring gives 


y 5 (x 3 - 


y*> 


Or 


b = y*(x^ + y h . 


(7) 


( 8 ) 


(9) 


Similarly from (8), 


b 


•Si- so that substitution into 
x^ 


(5) gives 



Or 


Substituting (9),(10) into the relation b 2 + c 2 = 1, yields 


1 = [y*(x § + y h] s + [x*(x* + y^)] 2 


Thus the envelope looks like the curve x l + § « j_. 


• PROBLEM 18- 










(ii) X is continuously differentiable, 

(iii) the vectors Si ,Si are independent at every point. 

du 3v 

(u,v) are called the parameters for the surface patcho The curves u = constant, and v = constant are called the parametric 
curves. A surface is a set X in R 3 which can be covered by surface patches, that is, every point P on X has a neighborhood N 
such that E D N is a surface patch. 

Notice that if one fixes u = c, then the function ^( v ) = x(c, v) parametrizes a curve (since 9 is also one-to-one and 


dcp _ 5x 
dv dv 


(c,v) 


is everywhere nonzero). The vector Si is thus the tangent vector to the parametric curve u = constant. Condition (iii) asks that 

dv 

the curve u = c, v = c' at any point have independent tangents. Another way of phrasing (iii) is that the 2x3 matrix 


s* 

du 


2 * 

3v 


has rank 2. 



Example 1: The sphere x 2 + y 2 + z 2 =1 (Fig. 1). 

Near the point (0,0,1) one can write z as a function of x and y:z = (l-x 2 - y 1 )' A Thus one can use x,y to define a surface patch 
surrounding (0,0,1) : 

X = x(u,v) = (u,v,(l - (u 2 +v 2 ))^) 

which parametrizes the upper hemisphere as u,v range through the disc u 2 + v 2 < 1. In order to see this we must check 
properties (i), 


(ii) and (iii). To check (i) suppose 

x( V v i) « x(u 2 ,v 2 ) u 2 + V 2 < I, U 2 + V 2 < 1 

Then u, = v b u 2 = v 2 , i.e., £ is one-to-one. Further any point P onJ the hemisphere satisfies x 2 + y 2 + z 2 =1, z > 0, i.e., the point 
has coordinates (x,y,z) with x 2 + y 2 =l-z2<l hence letting u = x, v = y we have that P is the image of (u,v) under £ This 
shows -that £ maps the open disc u 2 + v 2 < 1 onto the upper hemisphere ina one to one manner. Clearly the mapping x is 
continuous and infinitely differentiable except when u 2 + v 2 = 1; and these points have been carefully excluded. Finally we 

compute the vectors Si and Si 

du dv 





a* 

Su 


av 


(*• 

(°- 


o. 


i. 


i_ 2 


■) 

-) . 


To see that £x and & 2 £ are independent, suppose 

au av 


a 


as 

1 du 


as 

a i av 


0- 


Then ® 1 ( 1 » °> ——f + ^C 0 ' 1 * “—J— 2 ^ 4 ) = The firstcomponent of the above equation gives a, = 0 and the 

second component gives a 2 = 0. Let us see what the parametric curves are: u = c is the same as x = c and this is a plane which 

cuts the hemisphere in a semicircle given by the set of points 

, / ~ 2 - 2 . 2 . 

(c, V, /I - c - V ) 0 < V < 1 - c 


Similarly v = c' is a semicircle. Finally note that every point on the sphere can be put in a surface patch as above by permuting 
the roles of (x,y,z). For example, the point (-1,0,0) lies in the surface patch given by 

- N / /, 2 2 X % . 2^2 , 
x = x(u,v) » (-(1-u -v ) , u,v) u + v < 1 . 



Example 2: The ellipsoid (Fig. 2) 
a 2 x 2 +b 2 y 2 +c 2 +z 2 =l. 

This can be parametrized by spherical coordinates. Let 

. /sin u cos v sin u sin v cos u\ 
x(u,v) - (-;- , -b- * —) 

0 < u < it, 0 < V < 71 . It will be shown that £ maps one-to-one onto the portion of the ellipsoid y > 0. Suppose 

*( U 1 ,V 1> = *( u 2’ v 2^‘ 

Then 

cos u T , = cos u 2 , sin Uj cos v T = sin u 2 cos v 2 , since 0 < u T < n u T = u 2 and further since sin u T > 0, cos v T = cos v 2 which 
gives V}. = v 2 Thus £ is one-one. Let P(x,y,z) be any point on the ellipsoid with y >0. Now 


c 2 z 2 = 1 - a 2 x 2 - b 2 y 2 < 1 

















so there exists a unique angle u with 0 < u < 71 SO that z = c ° 8 Then a 2 x 2 + b 2 ^ = 1 - cos \i = sin 2 ^ Let x' = ax/sin u, and y 
= by/sin u so that x' 2 + y' 2 = 1. There exists a unique angle v, 0 < v < 2n with x' = cos vy' = sin v, and since y' > 0, 0 < v < 
7i,i.e., x - 8ln u cos v and y = gi - n u b ~ si - n v . This shows that £ is onto. Clearly j? is infinitely differentiable. Finally one has 

5x _ / cos u cos v cos u sin v -sin u ~ 

3u " ^ a * b ’ c / 

3x _ / -sin u sin v sin u cos v 

\ a ’ b ’ / . 

Since S* has last component ~ -- in - < o and S2£ has the last component 0 it follows that gx/gu an d ax/av are independent. As 

in example 1, by permuting the roles of (x,y,z) every point on the ellipsoid can be put on a surface patch. Thus the ellipsoid and 
the sphere are examples of smooth surfaces. 

Example 3: The cylinder x 2 + y 2 = 1 is a surface. It can be parametrized by using cylindrical coordinates: 

x = x(u,v) * (cos u, sin u, v) 0 < u < 2 tt, - ® < v < <»• 

^ ■ (-sin u, cos u,0), ^ “ (0,0,1)- 

au ov 


• PROBLEM 18- 

a) Define a surface patch surrounding the point (0,0,1) on the sphere x 2 + y 2 + z 2 = 1. 

b) Show that the paraboloid z = x 2 + y 2 is a surface patch. 



Solution : By definition a surface patch in R 3 is the image of a domain D in R under a map x = x (u v) w 'th these properties: 

(i) £ is one-to-one, 

(ii) x is continuously differentiable, 

(iii) The vectors Si, Si are independent at every point 

3u 3v 

(i.e., the 2x3 matrix 


/fi\ 

au 



has rank 2). Observe that (u,v) are called the parameters for the surface patch and the curves u = constant and v = constant are 
called the parametric curves 

a) Near the point (0,0,1), z can be written as a function of x and y on the plane z = (1 - x 2 + y 2 ) 1 ' 4 Thus we can use x,y to define a 













surface patch surrounding (0,0,1): 


x 


X(u,v) = (u,v,(l - u 2 - v 2 ,* 



( 1 ) 


Fig. 2 


which parametrizes the upper hemisphere as u,v range through the disk u 2 + v 2 < 1. This, because the mapping (1) is 
continuously differentiable and is also 1-1, for v j _ ^ u . (v « j implies (u,v) = (u', v'), since x = u and y = v. Furthermore, 
the vectors 


A u ~ -51 ■ 

\ = 1 * = 

Are independent because the matrix 


2 2 
U - V ) 2 ) 


0 

has rank 2. 


Thus, by (i)-(iii), the mapping (1) is a surface patch. 

Notes Every point on the sphere can be put in such a surface patch by permuting the roles of (x,y,z) above. For example, the 
point (-1,0,0) lies in the surface patch given by 

X = X(u,v) =(-(1 - u 2 - v 2 )^,u,v) u 2 + v 2 < 1 

b) The paraboloid z = x 2 + y 2 is coordinated by£ _ £( U v ) = (u V(U 2 +V 2 ) This mapping is continuously differentiable and is 
one-to-one for v j _ ^ u ., v’ ) implies (u,v) = (u', v'), since x = u and y = v. 

In addition the vectors x = dx/du = (l,0,2u)andx = Sx/3v = (0 l 2 v) are independent. That is 

u v 

ltX u X xj = ||(-2u,-2v,l)|| 

2 2 i 

= (4u + 4v + l) 2 ^ 0 for all (u,v). 

Thus by (i)-(iii) the mapping is a surface patch on the paraboloid. 


• PROBLEM 18- 


Let X be a surface patch parametrized by x = x( U|V ). Let C be a smooth curve on X parametrized by ^ _ x(u(t),v(t)) a 
< t < b Let a 0 , b 0 be points in (a,b) 0 Compute the length of the curve C between a 0 and b 0 . Define the first fundamental form 

ofX- 


Solution : Let X be a surface, and p a point on the surface. Denote by T(p) the tangent plane toX at p. If x = X(u, v) 
parametrizes X in a neighborhood of p, with p = x(u Q , v Q ) then the vectors 






span the plane T(p). The inner product on R 3 induces an inner product on this plane just by restriction. Let 


t = ax u + bx y 

(where * _ ta, £ _ dx) denote a vector in T(p). By definition the length oft is given by 

u lu v "3v 

||t|| 2 = = a 2 <x ,x> + 2ab<x ,x> + b 2 <x ,x > 

11 " ’ U U U V V v 

Now the tangent vector to C is given by 

3x du dx dv _ du ~* dv 
- "3u dt + "3v dt - dt X u + dt X v 



Let X be a surface patch parametrized by x = X(u, v> Let C be a curve on £ parametrized by £ _ x( U (t ), v(t )) a < t < b. 
Show that the length of C is 


f K'Vlir ) 2 * vG? £) 2 * 


Solution : Let p be a point on £ and let T(p) denote the tangent plane to £ at p. If £ = x( u v) parametrizes £ in a 

















ds 


0 



as 


1 



ds 


0 


so <¥^ ,f 2 > = 3 and so the parametric curves are orthogonal at p if and only if 5 at p vanishes. 

Example 1: Consider the sphere x 2 +y 2 +z 2 =1 parametrized by spherical coordinates 

x = x(u,v) = (sin u cos v, sin u sin v, cos u)- 

Here x^ - (cos v cos u, cos u sin v, -sin u) 

x^ = (-sin u sin v, sin u cos v, 0 ) 

and 3 = <x ,x > = 0 
u v 

Example 2: The cylinder parametrized by 

x * x(u,v) = (cos u, sin u, v) 

yields 


x u = (-sin u,cos u, 0 ) 
x y = ( 0 , 0 , 1 ) 
and 3 - <V* v > * 0 

• PROBLEM 18- 

Compute the coefficients of the first fundamental form in each of the following cases. 

(i) the plane z = 0 

(ii) the cylinder x 2 +y 2 =1 

(iii) the sphere x 2 +y 2 +z 2 = 1 . 


Solution : Let £ be a surface and let p be a point on Consider a patch around p given by 

X = X(u, v) - 

Then the coefficients of the first fundamental form for £ are given by 

$ = <x , x >, 3 = <x , x >, j- = <x , x >. 

U U ’ U V V V 

(i) The plane can be parametrized by x = x(u,v) = (u,v,0) so ^ u = (1,0,0) x^ - (0,1,0) 

5 - 1 ’ 3 = 0 ’ A = 1 - 

(ii) The cylinder can be parametrized by 

x = x(u,v) = (cos u, sin u,v) 
x - (-sin u, cos u, 0) 
x v - (0,0,1) 

5-1’ 3 = 0’ J- - 1- 

(iii) The sphere can be parametrized by 

x = x(u,v) = (sin u cos v, sin u sin v, cos u) 
x^ = (cos u cos v, cos u sin v, -sin u) 
x v - (-sin u sin v, sin u cos v, 0) 

5=1 3=0 J> = sin^u , 

• PROBLEM 18- 







Compute the first fundamental form for the following surfaces: 

(i) The paraboloid z = x 2 + y 2 

(ii) The cone z 2 = x 2 + y 2 z >0 

(iii) The hyperboloid z = x 2 - y 2 

(iv) X : ^ (u,v) = (u + v 2 , v + u 2 ,uv) 

Solution : Let £ be a surface patch given by £ = x (u, v)- The first fundamental form is given by 

2 2 2 

ds = $ du +2 jdu dv dv (1) 

where 5 = <x ,x > 7 = <x ,x > ^ = <x ,x > If the surface is given by z = f (x,y) where f is a C 1 function then we 

u u u v v v 

can take(x,y) as the parameters and the first fundamental form is given by 



(i) Here one can take f (x,y) = x 2 + y 2 so 


ds 2 = (1 + 4x 2 ) dx 2 + 8xy dxdy + (1 + 4y 2 ) dy 2 . 


(ii) For the cone, f (x.vf = /? 9 so 



(iii) In the case of hyperboloid f (x,y) = x 1 -y l so 


ds 2 = (1 + 4x 2 ) dx 2 - 8xy dxdy + (1 + 4y 2 )dy 2 . 

(iv) In order to compute the first fundamental form in this case use equation (1) 


_ 2 2 

<S = <x u ,x u > = (1, 2u, v) • (1, 2u, v) - 1 + 4u + v 

3 = <x u ,x v > - ( 1 , 2 u, v) • ( 2 v, 1 , u) = 2 v + 2 u + uv 

_ _ 2 2 

£= <x v ,x v > = (2v, 1, u) • (2v, 1, u) - 1 + 4v + u . 


Hence, 


ds 2 = (1 + 4u 2 + v 2 ) du 2 + 2(2u + uv + 2v) dudv + (1 + u 2 + 4v 2 )dv2. 


• PROBLEM 18- 



q) be the first fundamental form of a surface patch. Show that the family of curves 


orthogonal to the family defined by M du + N dv = 0 is determined by 

(£N -g M) du + (3N M)dv = 0- 


Solution; Let the required curves be given by 


u = U!(s) v=vi(s). 

The tangent vector at any point to this curve is 







Let u and v be longitude and latitude on a sphere. Find the angle at which the curve v = u cuts the equator. Choose units s< 








|^iattiieradius^swii^ 


Solution : To solve this problem we will make use of the first fundamental form of £ * x(u v)> 
2 2 2 

ds = jdu +2 jdu dv dv (1) 

Where 


5 = X •! , 3 - X -X , Jr- 5? • 1 

U U U V V V 

Now a curve on this surface is generally determined by a single relation between u and v, 

v = h(u). (1) 

Then the curve is * = x (u h(u) ) ar >d the direction components of the tangent to this curve will be the components of the vector 

j? + 1 h' . (2) 

u v 

Similarly, given a second curve with the relation between u and v, 

v = k(u), (3) 

the direction components of the tangent to this curve will be the components of the vector 

+ X v k' . (4) 

To find the angle 0 between the two curves, apply the formula for dot product of two vectors £ and g, 

aSb - ||X|| ||f|| cos e 


ff.S 


\H IPlf 


Hence, for the curves (1), (3), the angle 0 can be found by the equation (using (2), (4)) 


<*, - y> ■ <*„ + *, ki > 

n* u + v>'ii \K + v'li 


(X -1 ) + (X -X h') + (X -X k') + h'-X k') 

' 11 ti 7 x II 7 ' 11 « 7 II II 7 


/(X -X ) + (2X -X h 1 ) + (X h’-X h') /(X -X ) +(2X -X k’) + (X k'*X k') 

Yu IT 'uv V V \ U U UV V V 

h 1 k' 


Jg + 2 3 h' + i-(h ') T Js + 2 ; 


3 k' + J'(k') 


For the given problem, the equations of the sphere are 
x T = cos v cos u, x 2 = cos v sin u, x 3 = sin v, 
so that x^ = (-sin u cos v, cos v cos u, 0) and 
X = (-sin v cos u, -sin v sin u, cos v). 

Consequently, 

-. _ 2 2 2 2 2 
(S = X *X = sin u cos v + cos v cos u + 0 = cos v 
w u u 

3 = X *X = sin u sin v cos u cos v - sin v sin u cos v cos u 

v U V 

+ 0 = 0 

_* -f 2 2 2 2 2 

A = X ‘X = sin v cos u + sin v sin u + cos v = 1 
v v 

Then by the first fundamental form 


ds 2 = cos 2 vdu 2 + dv 2 . 












For the angle 0 at the point u = v = 0, apply formula (5) with 

h(u) = u, k(u) = 0 so that h' = 1, k' = 0. 

Proceeding, 

2 

. cos v + 0 _ cos v 


/ 2 7 2 / 2 

/cos v + 1 /cos v /cos v + 1 


/os 2 0 + "1 
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Find the area of the sphere x 2 +y 2 + z 2 = R 2 , using the coefficients of the first fundamental form 


Solution : Parametrize the sphere as 


X = (R cos u cos v, R cos u sin v, R sin u) 


X u -g. (-R g£ n u co g v> _R g^j, u g^ n v> R c08 u ) (].) 


and 


x -2* 


= (-R cos u sin v, R cos u cos v, 0) . 


By definition, given X is a surface patch with coordinates u,v ranging through D in R 2 , the area of X is 

j; o ll* u X * v || nudv . (3) 


-(XX - X X , X X -XX, XX -xx), 

u 2 v 3 V 2 u 3 u 3 v l u l v 3 u l v 2 u 2 V 1 

so that 

ft * \W “ [ \ 2 X 2 - 2X X X X + X 2 X 2 + X 2 X 2 
V L u 2 v 3 u 2 u 3 v 2 V 3 v 2 u 3 u 3 V 1 


U 1 U 3 V 1 v 3 v 3 U 1 U 1 *2 
-2XXXX + X 2 X 2 1 ^ 

U 1 U 2 V 1 V 2 V 1 V 


• [ ( \ 2 + \ 2 * *» 2 )« v 2 -*, 2 2 + . (*/ Vi + y V2 ♦ 

■ [<*u • • ‘V*/]' 


or 












( 4 ) 


||X U X X v || - /df 1 - 3 2 . 

Therefore, substitution of (4) into (3) yields 
A = JJ du dv . 

Now, ffom(l), (2), 

22 2 22 2 22 
<S - R sin u cos v + Rsinusinv + R cos u 

= R 2 

2 2 
3f = R sin u cos v cos usinv-Rsinu cos v cos 

- 0 

22 2 22 2 22 
J' = R cos u sin v + R cos u cos v = R cos u . 

Therefore 


(5) 


u sin v 


/ 2 Z2~2 2 ~ 2 , , 

/&^ "3 = /R • R cos u = R | cos u |- 

Furthermore, since -7c/2<u<7c/2 and -7C < v < n, 

(cos u is positive on the interval -n/2 < u <. n/2), (5) becomes, 

tt n/2 - 

I X 

--IT/ Z 

tt/2 


l cos u du dv 

** -rr/2 

2 tt/2 2 

= 2tt R f cos u du = 2tt R sin u 
-n/2 


|-tt/2 


■ 2tt R (1 - (-1)) 


• PROBLEM 18- 


Compute the total area of the torus x = (a + b cos cp)cos 0, y = (a + b cos cp)sin 0, z = b sin cp, 0 < b < a by the first 
fundamental form 



Solution : The part of the surface of the torus in the first octant is shown in fig. 1 . 














Since 5 ? = ((a+b cos cp)cos 0 , (a+b cos cp)sin 0 , b sin cp) 
X = (-(a+b cos (p)sin 0 , (a+b cos cp)cos 0 , 0 ) 

V 

X - (-b cos @ sin cp, -b sin 0 sin cp, b cos cp) 


3 - -X^p = b(a+b cos cp)sin 0 cos 0 sin tp - b(a+b cos tp) 

X sin 0 cos 0 sin cp - 0 

r , - ,2 2 . 2 , . 2 . 2 2 2 2 .2 

£ - X *X * b cos 0 sin cp + b sin 0 sincp+b cos cp = b . 
cp cp 

Now to use the definition for area 


■ JJ - * 


the integrand /<S£ "3 must be found. Proceeding, 

< - 5 J 2 = ((a+b cos cp)^b 2 - 0 )^ = b(a+b cos cp) 


A = || R b(a + b cos (p)dcp d0. 


Since we are computing the total area of the torus, the integral must be computed over the range of values, 0 < 0 < 27t, 0 < cp < 
2n. 

2tt 2tt 

A = f f b(a+b cos cp) dtp d 0 

J 0 J o 

= 2tt J 11 (ba+b 2 cos cp) dcp 
= 2TT[2nba] = 4rr 2 ab . 


Determine the second fundamental form of the surface represented by 

5? = uej + ve 2 + ( 1 ^ - v 3 )^ 

where e l, e 2, e 3 are the standard basis: 

e 1 = (1,0,0)e 2 - (0,1,0) ? 3 - (0,0,1) 


(1) 






X X * 


ll*„ * *vll 


which is a function of u and v of class C n_1 with differential 


= N du + N dv 


It can be seen in fig. 1 that at? is orthogonal to N because it is parallel to the tangent plane of the spherical image of N Thus dt? 
is a vector parallel to the tangent plane at X as shown in Fig. 1 (b). Then the quantity 


-dX • dN = -(X u du + X v dv) • (N u du + t^dv) 

= -X • N du 3 - X • if dudv - X N dudv - X N dv 2 
uu u v vu vv 

= -X * m du 2 - (X • N + £ N )dudv - X N dv 2 . 

11 *’l1 ' 11 U V II 


N, m = -%<* • N v + * v • N), 71 = -* 


^ di^ + 257jdudv + ^dv 2 . 


v to obtain 
(2) 


The function -dX»dN written in (2) is the second fundamental form of x = x (u, v) Note that since X u and X v are perpendicular to 
N for all (u,v), this yields 


j? -N - -X -N , 3? -N = -X -N = -1 -N , and X -ft - -X -N 
uu u u* uv u v v u’ vv v v. 


rr-'i r- tt - X -N, % = X -jf, 71 - X -N 
therefore, uu * uv ’ 1 vv 

For the given problem, from(l), 

? u - ?1 + 2«y t v - e 2 - 2ve 3 , t - 2? * = 0. If - -2? 


x X X 


2u 

-2v 


! -2ue, + 2ve. 


and^ X u x ^vl 
Then 


X u X (-2ue 1 + 2ve 2 + e 3 > 


_ _2 _ 111 

\\\ X XJ| <4u 2 + 4v 2 + 1) % 


Hence 







Thus the second fundamental form is 


-d5?*dtf = 2(4 u 2 +4v 2 +1) ^ du 2 + 0-dudv - 2(4u 2 +4v 2 +l) ^ dv 2 

2 2 .1 2 2 
= 2(4u + 4v +1) ^ (du - dv ) . 


• PROBLEM 18- 

Show that the surface 

5? = ue x + ve 2 + (u 3 + v 3 )? 3 (1) 

is elliptic when v > 0, hyperbolic when v < 0, and parabolic for v = 0. 


Solution : From(l), 


, 5? X 3? ■ -2ue -3V 2 ^ + e, 

hence u A v 1 2 3 

and H*u x *,U - <W! + 5,4 + l>% 

so that 


( 2 ) 


t? = 


X u X X v (-20^ - 3V 3 e 2 + e 3 > 

r u x*,n <*■ + + n* 


Furthermore, from (2), 


. 0 , 1 ? 


Now, by definition, given the coefficients of the second fundamental 
form l ,m,n the surface is: 


(3) 


(i) elliptic at a point if /, m-n 2 > 0 

(ii) hyperbolic at a point if In — m 2 < 0 

(iii) parabolic at a point if In- m 2 = 0 
(and the coefficients l,m and n are not all zero. 

(iv) planar at a point if l =m = n — 0. 

To apply this definition first find the coefficients of the second fundamental form 
Proceeding, using (3) and (4), 






Consequently 


4 = t 


t? = 2e, 


(-2ue^ - 3V 2 e 


■ 0 + 0 + 2(4^ + 9v 4 + 1)"* - 2(40* + 9v 4 + 1)“* 


71 - X • t? = 6v(4ii a + 9v 4 + 1)~ 


tl 71 - 7/? = 


_12v_ 

(4U 3 + 9v 4 + 1)^ 


- 0 


Now (4u 2 + 9v 4 + 1) > 0 for all (u,v) Therefore, 

In -m 2 > 0 for v >0, 
ln-m 2 < 0 for v < 0, 
and ln-n 2 = 0 for v = 0. 

Thus by (i) - (iv), the surface is elliptic for v > 0, hyperbolic for v < 0, and parabolic for v = 0 since # 0 for all (u,v). 

• PROBLEM 18- 

For the sphere of radius a, 

1? = (a cos0 sincp)e^ + (a sin0 sintp)^ + (a coscp)e^ 

for 0 < 0 < 0 < 2%, 0 < cp < n , find: 

a) the normal curvature 

b) the mean curvature and the Gaussian curvature. 


Solution : a) Let P be a point of a surface $ of class C m (m> 2). Let % “ ^(u> v ) be a patch containing Pj and let 
5? * ?(u(t),v(t))be a regular curve C 2 of class C through P. Given that ic is the curvature vector of C at P, the normal 
curvature vector to C at P, is the component vector of It normal to S. 

The component k,, in the direction oft? is called the normal curvature of C at P and is denoted by x n , i.e. K n = ^* N 
The unit tangent to C at P is the vector 


m _ dX _ dX 
ds dt 


iiiiEii 


and the curvature vector is 


t.a. 


If ^ liSfn. 


Since f is perpendicular to N along the curve 

0, ajsLSi. Sts + f.ss 

dt dt dt 


Hence 







«„ - M - g-S / |g||| - -?■ * / |gj| 

d)? dN , i.dXii 2 _ dX dN , dX.dX 

"dt dt ' I'dtl' dt dt / dt dt 

- iK S♦ *v ©•(». S♦ K © '(*» 8 + 3 v ©•(*„ ft + Kf) 

Thus, using the coefficients for the first and second fundamental forms, the normal curvature is given by 

2 2 
^.(du/dt) + 2g?(du/dt) • (dv/dt) + 77(dv/dt) . . 

H n ” 2 o G' 

<£(dv/dt) + 23(du/dt) (dv/dt) + Jf(dv/dt) 

To apply (1) to the given problem, compute: 

X 0 » -(a sin0 sincp) + (a cos0 sin<p)e 2 

= (a cos0 coscp)?^ + (a sin© coscp)? 2 - ( a sincp)?^ 

X 00 - -(a cos0 sincp)e^ - (a sin© sincp) e 2 

X 0 ^ = -(a sin© coscp)^ + (a cos© coscp)? 2 

3 ? = -(a cos0 sincp) -(a sin© sincp)e 2 - (a coscp) 

- *A X ^ _ _ 

N -*— = — (cos© sincp) e, - (sin0 sincp) e„ - (coscp) e_ 

Hi? .. 5? II T 1 Z T 3 


„ rf- 2.2 .2 2 2 .2 2 2 

^ 8 = X 0* X g = a sin e sin cp + a cos 0 sin ^ = a sin tp 

-• -? 2 2 
3 - X 0 .X^ = -(a sin© sincp cos© coscp) + (a sin© sincp cos©coscp) - 0 

, rf t; 2 2 2 2 2 2^2.2 2 

A = X^-X^ = a cos ©cos qj + a sin ©cos cp + a sin cp * a 


ft? * X^-ff = a sin© coscp cos© sincp - a cos© coscp sincp sin© = 0 
*f[ = X ’N = a cos ©sin cp + a sin © sin cp + a cos cp = a . 


a sin cp d© + a dcp' 


sin cp d© + a dcp 


Thus x 2 = contant = 1/a at every point and in every direction. 

b) Given x n (the normal curvature), the two perpendicular directions for which the values of x n take on maximum and minimum 
values are n called the principal directions, and the corresponding normal curvatures, x l and x 2 are called the principal 
curvatures. By theorem, a number x is a principal curvature if and only if x is a solution of the equation. 

(S 4 - 3 2 )h 2 - (8 71 + Jr * - 23 tfj)K + U 71 - ti?) = 0 . (2) 

2 

Now divide (2) by (<S & - 3 > to obtain 


(8 A - 3 ) 




Fig. 1 


Solution : Given, that k is the curvature of some curve T , resolve k into component vectors Si ’ respectively normal and 
tangential to S. Then Si is called the normal curvature vector and S» is called the geodesic curvature of E 
Now, at a point of x = x (u, v) the normal plane will cut the surface in a normal section whose equation we assume to be v = 
cp(u). The tangent vector of this curve is dX/ds and since it is orthogonal to the normal vector dX/ds • i? *= ? • f? = 0. 
Differentiation with respect to s and use of the Frenet-Serret formulas yields 

+ (g • i) ■ 0 

where 1/R is the curvature of the normal section. Since the principal normal B lies in the osculating plane (here the plane of 
section),® = t N and 








(1) 


1 . + (a)?-dN) = + ^ + 2fop' + n( CQ 1 ) 2 

R " (ciX-ctf) ' 5 +23^' + ^(cp') a 

from the equations of the first and second fundamental forms. The derivative cp'(u) might be regarded as a generalized “slope” 
defining the direction at which the curve leaves the point in question. The curvature of the various normal sections of a given 
surface at a fixed point depends on this slope. Replace cp' by X and choose arbitrarily the positive sign in (1). The resulting 
quantity, termed the normal curvature, 1/r, of the surface at the point in question as a function of the direction X is: 




■ m + 7?X 3 

23X + irX 3 


( 2 ) 


Given the parameterization 


first compute the values of, 

v • <*„ x V 

*£ = 


ll*r X * e H 

X Qfl 

V - 


t - K • K • » 


= (r cos 0 , r sin 0 , 1 - r 2 ) 

■ *„ ■ \ t «> 


(X, X 50 


ft x * e ll 


(2 x 50 


: 5M 


and ft > 

at the point (tc/4,1). 

The normal curvature, 1/r, as a function of direction can now be found by (2) with, 


(cos 0 ,sin 0 ,- 2 r) 


(tt/4,1) 


(-r sin 0 ,r cos 0 , 0 ) 

- ( 0 , 0 ,- 2 ) 


(n/4,1) 


(tt/4,1) 
( 0 , 0 ,- 2 ) 


(1/A, 1/7, -2) 
(-1//T, 1 //7", 0) 


Consequently by (3) 


* (-r cos 0 ,r sin 0 , 0 ) 


(tt/4,1) 


(-1//7, -l//7,0) . 


(5c X 50 


6 = 5 3 = 

• <* X 1) 


ft X * 9 II 

. x • (5? X 50 


/EG - F® 


To find ^ evaluate 


A 


" A A’ A 
Similarly^ A^ A* A’°^ 


= — (0,0,-2) • (—, —, -2) X (- —, — ,0) 

A A A A A 


= — (o,o,- 2 ) • (A. A,D - - — 
A A 


• CAA.D = -; 
<AA»i) = o . 


and 


The expression for the normal curvature now becomes, by (2), 











1_ _ -2 - 2X 3 
r \ /?(5 + X 3 ). 

The Gaussian curvature is the product of the maximum and minimum values of 1/rLTo find these we first solve 

°( 1/r 0.0 ox X . D 

dX 5(5 + X 3 ) 3 


As solutions we get X = 0 and X = qc (corresponding respectively to A and B in the figure). The extreme values of l/r,X are 
found to be 


1-2 
r 0 ^ and 


11m 

X-eo 


-2 -2 X 3 

yT(5+X 3 ) 


2_ 

rs 


The Gaussian curvature equals r 0 


1 -2-24 

r or 25 


• PROBLEM 18- 


Prove that at each point on a patch 

N U X Sy - X X v ) (1) 

where X is the Gaussian curvature at the point. 


Solution : Since if is a function of unit length, and are orthogonal to N and therefore are parallel to the tangent plane. From 


this we can write and in the following manner, 


al + bX 


and 


if - c3? + d)f 


v where a,b,c,d are to be determined. 


Hence, 


if u x if v = (ax u + bfy x (c5? u + dif v ) 

N u x if v = " b <0 $ u x ^ v ) , 

Now, to prove (1), all that is needed is to show that in (2) 

ad - be - det^ - X 


( 2 ) 


To do this, first remember that 


Then, proceeding 


*.<2^4 ■ 

<S J - 3 


(3) 




ajf -X + b)f -X 


a S + b 5 


where <S»3 are coefficients from the first fundamental form. 
Furthermore, from the second fundamental form 


x -if 

u u 


- ^ 


Hence, 8 <$ + b 3 = * at. Similarly, 









i 3 + b J, = -flj 


X -N ■= & -X + dX *X - c < 


5? *N - cj? -X + dX -X 


c J + d i = . 


Writing these equations as the matrix product gives 


C !XS !)•« $ 


< J)«(J * 


-n/ 


(ad - be) (<£* - 3f 2 ) - £/{ - lit 

(ad - be) » ~ fit = ^ from ( 3 ) # 

or (<S£ _ 3 ) 

This completes the proof. 


• PROBLEM 18- 


Find equations for the asymptotic lines for the hyperbolic paraboloid whose equations are 
bx + ay = 2abu, bx - ay = 2abv, z = 2cuv. (1) 

(a,b,c^0) 


Solution : The position vector r of the point (x,y,z) on the given surface is 


r = a(u+v)ej + bfu-v)^ + 2 cuve 2 . (2) 

(Note: (2) is obtained by solving for x,y,z in (1)). 

Now by definition a direction at a point on a patch for which 

-d3? • dN = £ du^ + 257; dudv + dv^ - 0 (3) 

is called an asymptotic direction. Then a curve on a surface which is tangent to an asymptotic direction at every point is termed 
an asymptotic line. Therefore, a curve on a surface is an asymptotic line if and only if the direction of the tangent line to the 
curve at each point satisfies (3) for some patch £ = 5?(«>v) containing 
the point. 

For this problem from (2), 

r u *= (a,b,2cv) ? uu - (0,0,0) 

r y = (a,-b,2cu) ? vv - (0,0,0) 

* uv “ (0.0.20 

r x r = (2bc(u+v), 2ac(v-u), -2ab). 

- r uu • 3 - (0,0,0) • (r^.^.nj) - 0 

- r uv ' N - (0,0,2c) • (t^.iyn^ - 2cn 3 

and * - 7 vv * » - <°’°’°> • <VV n 3> * 0 • 

Since 


Consequently, 




we have 


r u x r v _ (2bc(u+v). 2ac(v-u).-2ab) 
||r u xr v || || (2bc (u+v), 2ac (v-u), -2ab) || 


Hence, 


_l2ab_ 

|| (2bc (u+v) , 2ac(v-u) , -2ab) || 


Dl » 2cn„ * 


-4abc _ 

|| (2bc(u+v) ,2ac(v-u) ,-2ab)|| 


Then, by (3) the equations for the asymptotic lines are 


-8abc _ 

|| (2bc (u+v), 2ac (v-u),-2ab) || 


dudv * 0 


Or dudv = 0, since abc ^ 0. 

• PROBLEM 18- 

Find the envelope of: 

a) the family of planes 

x cos 6 + y 8 in e + z//T * 0 

b) the two-parameter family of spheres 

(x-a cos0 ) 2 + (y-a sineG) 2 + z 2 = a 2 /4 where a,0 are the parameters. 


Solution: a) This problem, unlike the previous problems on envelopes, deals with the concept of the envelope of a family of 
surfaces (the others dealt with a family of curves). However, the analytical procedure for finding envelopes of surfaces is 
almost identical with that used for finding envelopes of plane curves. Here, a is to be eliminated between the two equations f 
(x,y,z,a) = 0 and 


^(x,y,z,o) = 0 


If this elimination yields an equation in x,y,z, and if there is an envelope, the envelope is part or all of the locus defined by the 
equations. 

In this problem F ( x >y> 2 >0) - x cos e + y sin 0 + z//3 = 0 (1) 

Andfe (x,y,z,e) = _x sin e + y cos e * 0 ( 2 ) 

Hence, we need to eliminate© From (2), 

x sin 0 = y cos 0 so that tan 0 = y/x. (3) 



X 


To find sin 0 and cos 0, form a problem triangle with one angle 0 equal to tan''(y/x). Considering the triangle in Fig. 1 , we have 











Placing these values into (1) yields 


or 


*h7^) + y h7?V) + /5' 0 


xW _z_ 

7^+7" /r 


Squaring both sides to rationalize the denominator, then yields 3(x 2 +y 2 ) = z 2 , which is the equation for a problem circular cone 
with axis along the z-axis, vertex at the origin, and semivertical angle 30°, Study of the family of planes directly verifies that 
the cone is the envelope. 

b) In the case of two-parameter families, the envelope surface has a single member of the family tangent to it at each point. 
Given that f (x, y, z, a, (3) = 0 is the equation of the family, if there is an envelope it is part or all of the locus defined by the 
simultaneous equations 

F = 0,dF/da = 0, 5 F/dp; = 0. (4) 

For this problem 

f (x,y,z,a,0) = (x-a cos 0) 2 + (y-a sin 0) 2 + z 2 - a 2 /4 = 0 (5) 

And 


^ = 2 (x-a cos e)<-cos 0 ) + 2 (y-a sin @)(-sin @) -a /2 = 0 ( 6 ) 

9 a 

^ - 2 (x-a cos 0 )(a sin @) + 2 (y-a sin 0 )(-a cos 0 ) = 0 (7) 

ae 

The two parameters, a and 0, must now be eliminated from equations (5), (6), (7). 

Expanding equation (6) using the identity 2a cos 2 0 + 2a sin 2 0 = 2a yields 
x cos 0 + y sin 0 = 3a/4. (8) 

Similarly expanding (7) gives 

x sin 0 - y cos 0=0. (9) 

Hence, from (9) tan 9 = y/x and 

sln s = t T&F cos 8 ■ 1 7 Z*?. 

Substituting these values into (8) yields 

♦ £#--»/* 


a - + 4/3 Jy?+f . (10) 

Now expanding (5) we obtain 

x 2 +y 2 +z 2 - 2xa cos0 - 2ya sin 0 + 3/4 a 2 = 0 
or x 2 V +z2 = 2xa cos 0 + 2ya sin 0 - 3/4 a 2 
= 2a [x cos 0 + y sin 0] - 3/4 a 2 
= 2a(3/4 a) - 3/4 a 2 = 3/4 a 2 (by(8)). 



Then by (10) 

X 2 +y 2 +z 2 =(3/4)(4 2 /3 3 ) ( x 2y2) = 4/3 (x 2 +y2) 

Or 



This is a problem circular cone about the z-axis, with semivertical angle 60° and vertex at the origin. Then, observing that the 
spheres (5) have their centers in the xy-plane, at distance a from the origin, and that the radius of such a sphere is a/2 (see 
figure 2), we may see directly that the cone is the envelope. 

• PROBLEM 18- 


Prove the following theorem: A one-to-one mapping f of S onto S* is an isometry if and only if on every patch x — x (u, v ) 
on S the first fundamental coefficients & > and & are equal to the first fundamental coefficients <S*, 3* and along its 

image. X* = X*(u, v) = f(X(u, v)) 


Solution : By definition a one-to-one mapping f of a surface S onto a surface S* is called an isometric mapping or isometry if 
the length of an arbitrary regular arc ^ = X(t) 0 n S is equal to the length of its image x • X (t) - f(5?(t)) 0 n S. In addition if 
f is an isometry from S onto S* , then f 1 is an isometry from S* into S. 

To prove the theorem, two things must be shown: 

Part 1: Assume f is a one-to-one mapping of S into S* such that on every patch ^ “ ^( u » v ) on S the first fundamental 
coefficients ® 5 and A are equal to the first fundamental coefficients <$ » 3 and A along its image 

5? - X (u,v) = f (X(u,v)) Prove F is an isometry. 

To do this, suppose X = X (t) 5 a < t < b , is an arbitrary arc C on S. In general C may not lie in any patch on S. However, since 
C is compact, it will consist of a finite number of arcs Q, t- < t < t^ ,i = 0 ,... ,n-l, placed end to end such that each Q. is on 

some patch X i “ X i/ U,v ^. Since the length of an arc on a patch is the integral of the square root of the first fundamental form 
the length L(C) of C is given by. 


L(C) 


2 L(C.) 
I 1 





However, by the given, for all i , s l " * 1 ’ 3 i " 3 land *l “ , Where s t’ 3 i’ "*i are the fundamental coefficients on 

- fOT^u.v)) 

Therefore, 


««■ \ * -»I(S ) 2 "] - 1 uc i ) ■ 


Hence the length of any arc C on S is equal to the length of its image C* on S* Thus, by the definition at the beginning of this 













v = X -N = p. 1 1 -X + 3? X •}? = 3} s + p? 3 (2) 

uu p luu K luv K l ^l 

-»! - V S u - V*u + Pi V*u = p! 3 + pj J- ( 3 ) 

-ft = X u -tT v - 3^ x u -2 u + 3* * u -* v = 3 j + P2 3 (4) 

! J . ( 5 ) 


Then solving (2) and (3) for ^1 and ®1 yields 


1 jLA 


& J> ■ 


s 2 , ^3 ..-_ft.<f 

Pi 2 

if * - 3 


( 6 ) 


B B 

Similarly solving (4) and (5) for p 2 and p 2 gives 


i = n 3 - % * 

P, 2 ’ 

<S A -3 


b 2 . 
$ * - X 


J - X ‘N = )?•!? + r* 5? -N + a,, ff-ff * 

* uu 1 11 U 1 11 V 11 


* = *vv' S “ V" + To, X -Ff + a N-N - a 


= ft » <*„ = ?? . 


Now it is needed to determine *J To do this first note that 


! % K 


(9) 


■ h i> + £ -x 


x •)? 


* 3 - % 5 


( 10 ) 


x - 3 ? 


= 3 - ^ 


Then from (9) - (10) and the first three equations in (1) we have 






h <s u = x u -* uu - rj x x u -x u + r J x * u *x v - rj t <s + 9 ( 11 ) 

3 U - h <? v ■ * v -* uu ■ rj x 5? v -x u + rj x 5? v -5? v *^3 + rjj ^ ( 12 ) 

* *v • ‘ 4 V*. * 4 V*. ■ 4 4 + 4 3 (l5> 

4 * u = x v -x uv - r } 2 x v -x v + t \ 2 * v -x v - rj 2 3 + rj 2 4 U*) 


^v-V*vv 
r 1 r 2 

Then solving (11) and (12) for 1 11 and 1 11 


. ‘ 2 3 3 


• 5 c 


2 (<S Jr - 3 ) 

25 3, -55+3 5„ 


2(5 J> - 3 ) 


1 2 

Solving (13) and (14) for r l2 and r l2 gives 


2(5 J - 3 ) 


5i - 3 5 

u v 

2(5 J - 3 2 ) 


1 2 

Solving (15) and (16) for r 22 and r 22, we obtain 

1 ^"v'^u-^v 

22 2 (<g J, - 3 2 ) 

2 5 - 233 v + 3 * 

?22 2 (5>-3 2 ) 

Thus from (1), (8) and since y, = y 2 = 0 we have 


■4 i^ u + 4 ^ v*■^ ,, 


4 - 4 + 4 *, 1 


m n 

71 N 


\ ■ »l l . + K 

j k 

where the coefficients and r ij are given by equation (6)-(7) and (17)-(19). Thus the first three of the above equations are 
called Gauss equations and the last two are called the Weingarten equations. 

• PROBLEM 18- 


Determine the geodesies on the problem circular cone 











X = (u sin a cos ©)e^ + (u sin a sin 0)ej + (u cos a)e^ 
a = constant, 0 < a < rr/2, u > 0 . 


Solution : The geodesic curvature kg of a curve? atP is the vector projection of the curvature vectork otc atP onto the tangent 
plane atP. Then a curve ? along which kg = 0 is called a geodesic. By theorem all “straight lines” on a surface are geodesies 
However, a curve not a straight line is a geodesic if and only if the osculating plane of the curve is perpendicular to the tangent 
plane to the surface at each point. In addition, by theorem, a natural representation of a curve x = x ( s ) = x (u(s) ,v(s)) 0 f 
class C 2 on a o patch^ = x (u,v) 0 f class C 2 is a geodesic if and only ifu(s) and v(s) satisfy 


cFu , 1 ,du\ 2 , „ 1 du dv , „1 dv ^ _ 

3? + r llW + 2r 12 3s 33 r 22t33 " 0 

a 8 v 2 /au\ 2 , 2 au av . „2 .dv\ 2 n 

3F + + 2r !2 33 33 + W ■ 0 


«) 


where the Christoffel symbols 1 tj are given by the equations 


‘ 3 


2 


2(5 A - 3 ) 

2<S3 u - 5S V + 3 S u 
2(5 J, - 3 2 ) 


2({ i ■ 3 ) 
fi i- 3 5 


3 v - - 3 J v 

2(5 J, - 3 2 ) 


2(51- 3 ) 

2 5 - 233 v + 31 u 

1-22 ' j. - a 2 ) 


( 2 ) 


Therefore, this leads us to regard as a candidate for the geodesic through an arbitrary point^ u 0 ,v 0^ in an arbitrary direction 
(du/ds) 0 : (dv/ds) 0 the curve^(u(s),v(s)) 5 where u(s), v(s) are the solutions to (1) satisfying the initial conditions 

u(0) = Uq, v(0) = v 0 , du/ds (0) = (du/ds) 0 , dv/ds(0) = (dv/ds) 0 . 


For this problem 

= (sin a cos 0)e^ + (sin a sin ©Je^ + (cos a)e^ 

Xg = (-u sin a sin 0)e^ + (u sin a cos + 0 . 

Then 

5 - x u ‘ x u = sin2 o cos 2 © + sin 8 ** sin?0 + cos 2 ** = 1 

3 = x u ‘ X g * -u siri 3 ** cos 0 sin 0 + u sir?** sin 0 cos 0=0 

Jn = X • X = \? sirP a sin?0 + i^sin?** cos 2 © = i^siin?** 

0 0 

and by (2) 


r ii ” 0 • r i 2 - o ; r 2 , - o ; r 2 2 - o 

1 . _ 2#bU? 9 u sin 2 a = _ u si ^ a 

2\P s irP a 
r. 2 „ 2u si v?ot 

2vP s ir? a 


12 


= 1/u . 



Hence the second of equations (1) is 


£fl. + 1 du d£ = Q 
ds 2 u ds ds 


Or 


d 2 9 = _ 1 du 
ds s u ds ds 


Let b = d0/ds, so that (3) becomes 


1 dtp 2 du 

cp ds u ds 


which is a differential equation that yields as a solution 

log cp = -2 log u + K or cp = d0/ds = C/u 2 sin 2 a where C = e K sin 2 a. 

Since s is are length 

i -iia!ii 2 -ii*,S + *eSii 2 

Remembering that for this problems = 1» 3 = 0, i = usii^c( ) 

(4) become 


1 


(S) + u2sl “ 2 ‘ 


vds/ 


Substituting d0/ds = C/u 2 sin 2 a yields 


/du'2 2.2 C Z 

1 fe. + “ •“ « (AiW 


or 


du _ /vPsir^a - C 2 
ds u sin a 


Then by the chain rule 


du m du d£ 
d 0 ds d© 


- u sin a /u 2 sin 3 a - 


or 


J 


du _ 

u sin a /v? sir? cr-C? 



Then by the formula 


p ax _ 

J x(^-a 3 )k 


— arc sec(x/a) 


we get after the integration is performed 
u = A sec [(sin a)0 + B] 
where A = constant, B = constant. 









PROBLEM 18- 


Prove the following theorem: Let y be a geodesic (curve of minimal length) on the surface £. Then, at any point? on y the 
normal to y is orthogonal to the tangent plane of £. 


Solution : LetP € Y and letu,v be coordinates for X near?so thatP - (u(0),v(0)). These coordinates maybe chosen so thaty 
is the curve v = 0 and so that the coordinates are everywhere orthogonal. In addition let b be small enough so that the interval 
from (-b,0) to (b,0) in the uv-plane lies on the domain D of the coordinates. If T : v = f (u) defines a curve lying in D and 
joining (-b,0) to (b,0), then x ■ X(u,f(u)), -b s u s b yields another curve on £, joining two points of y (see Figure 1). 


Fig. I 

-b b 

Since y is a geodesic, the length of p is no less than that of E Now to examine the local behavior of y it necessary to considera 
whole family of curves including y rather than just one other. To do this let F t be the curve parametrized by 

T t : x = X(u, tf (u)) _b < u <b for - 1 < t < 1 . Note that y is T 0 and T T is T jNow, let f (t) be the length of T t Then f (t) has a 
minimum at t = 0, so F'(0) =0 (if F is differentiable). Computing, 

F<t> -4ii*u + v f,( “ ) ii a “ 



is a differentiable function of t, and 

F ’ (t) " f#u + V f,(u) H du 

At t =0 , the integand is (see remark) 


^ <X U + X v tf’(u), 3? u + X v tf'(u)>^| t=0 
= % —-— 2 <5? f (u) + X f' (u), 5? > 

llxjl uv v 


<*«u»y 

w 


f(u). 


(1) 


This last equation because of the assumption that the coordinates are orthogonal <X v’ “ °. First, the second term drops 
out, second, (1) derives from 


o = f-<£,x> = <>? ,5?> + <x 

3u v u uv u v 


Hence, fromF'(O) = 0, 


RJ1 


f(u)uu = 0 


This equation must hold for all differentiable functions f such that f (-b) = f (b) = 0 This leads to the conclusion <X v ’ X uu & 0 
along y The normalN to y is in the plane spanned by X u and uu . Since these are both orthogonal to v* N 1 X v. Furthermore,N 
is orthogonal to the tangent line of y which is spanned by X u. Thus N is orthogonal to both X u and X v so it is orthogonal to the 







tangent plane of X- 


Remark : Let g(t) be a function defined on (0, 1) and taking values in R n Assume g is differentiable. Then the derivative of the 
function <8(0» g(t)>^ at a pointy is given by 

<8(t 0 ). g(t 0 ). 8'<t 0 >>. to the above exanple 

g(t) = X u (u,tf(u)) + t j? v (u, tf (u))f' (u) 

S’(t) = f(u) X uv (u,tf(u)) + X v (u,tf(u))f(u) 

Therefore * tf ' <u)£(u) Cu)> 

bythechainrule. Hence®' (0) ’ £(u) *uv<"- 0 > + 
and 

lr <8(0, g<t>> % | - A- <f(u)x (u,0) + X (u,0)f'(u), 

S e-0 ||X u (u,0)|| 



CHAPTER 19 


MISCELLANEOUS PROBLEMS AND APPLICATIONS 
MISCELLANEOUS APPLICATIONS 

• PROBLEM 19 

Let a,b,c be the lengths of the sides of a triangle and let 0 be the angle opposite the side of length c. Find the differential dc 
and approximate c when a = 6.20, b = 5.90, and 0 = 58°. 

Solution : By the law of cosines 

c 2 = a 2 + b 2 - 2ab cosO. (1) 

Recall that the rules analogous to those for derivatives hold for differentials (e.g. d(fg) = gdf + fdg and df = f 'dx in the one 
variable case). Hence, 

2cdc = 2ada + 2bdb - 2b cosOda - 2a cosOdb + 2ab sinOdO. 

Therefore, 

dc = i(ada + bdb - b cosGda - a cosGdb + ab sin0d6). (2) 
c 

Now let a = b = c = 6.00 ande = 60° = Then da ~ Aa = .20, db ~ Ab = -.10, and d6 « A0 = -2° = - ^ 
Substituting into (2) gives 

dc = ^ |6 (.20) + 6 (-.10) - 6(|)(.20) - 6(|)(-.10) 

+ 6 2 (^) <~)J = .20 - .10 - .10 + .05 - ~/T tt 


Therefore, Ac ~ -. 13 and hence c = 5.87 which is exact to two decimal places. 

• PROBLEM 19 


Suppose 96 square feet of canvas are available to cover the top, back, and sides of a box-like shelter. What dimensions 
would maximize the shelter’s interior [i.e. volume]? 


Solution : Let x, y, and z be the dimensions in feet. Then its interior volume is 
V(x,y,z) = xyz (1) 

and the area to be covered by the canvas is 

S(x,y,z) = 2(xy + xz + yz) = 96 (2) 

(where zis the length). According to (2), z can be considered to be a function of x and y. Therefore, differentiate both(l) and 
(2) with respect to x and y to get 


3V 9z 3S V 

S - * 2 + xy lx ' lx = ^ 


z + x -- + y 


s 


( 3 ) 


«-yM, ||=< x + x H + z + y M). 

Thus, setting the equations in (3) and (4) to zero, (3) yields 


9V . 

9y 






0 . 


M _ 111 - _ 

9x xy 


3z 

y + z + X 


9 z 

y = 


Therefore, 

y + z + x (-§) + y(-§) = 0 


yz = 0 


X = z. 

Similarly, (4) yields 
y = z. 

Thus x = y = z. Now (2) gives 96 = 2(xy + xz + yz) = 6x 2 . 


Hence, x = y = z = 4. That is the shelter should be 4 feet high by 4 feet wide by 4 feet long for a volume of 64 cubic feet. 

• PROBLEM 19 


Suppose a student has $90 with which to buy lecture notes at $3 each and packs of beer at $5 each. Let the function 
f(x,y) = xy (1) 

express how much satisfaction is derived from buying x lecture notes and y packs of beer. What x and y will maximize the 
student’s pleasure? 


Solution : The equation (1), which is called the utility function by economists, is to be maximized under the constraint 
g(x,y) = 3x + 5y - 90 = 0 (2) 

which is derived from the given information (i.e. the student buys x books and y packs for $90). By the method of Lagrange 
multipliers the maximum occurs when 

V f (x,y) = 1V g(x,y) 
or 

(y,x) = 1(3,5). 

Hence y = 3k and x = 51. Substituting these into (2) gives 
3(51) + 5(31) = 301 = 90. 

So, 1 = 3 and hence x=15, y = 9isa possible maximum. Indeed, this is a maximum by inspection. (E.g. suppose y = 9.2 and 

x = ^(90-5(9.2))= ^ = 14^; f (14 ^, 9.2) = 

(14|) (9.2) = ^|1 = 134 M < 135 = (15) (9) = f (15,9))- 

This answer could also have been found in a more direct manner: Substitute x from (2) into (1) to get 

f(x,y) = i(90-5y)y 

= 30y - |y 2 
= F(y), 

a function of one variable. Proceeding as usual 
F 1 (y) = 30 - ^y = 0 
and hence y = 9 is a critical point. Since 

F”(9> .-if 

y = 9 is a maximum of F. Therefore, y = 9 and x = 15 must maximize f (x,y). Of course, this agrees with the first answer. 




PROBLEM 19 


Find the dimensions of the box of largest volume which can be fitted inside the ellipsoid 



a 2 b 2 c 2 

assuming that each edge of the box is parallel to a coordinate axis. 


Solution : According to the symmetric nature of the problem, each of the 8 vertices of the box will be on the ellipsoid. Let the 
vertex in the first octant (x>0, y>0, z>0) be (x,y,z) so that the dimensions of the box must then be 2x, 2y, and 2z. Hence, the 
volume to be maximized is 


V(x,y,z) = 8xyz 

where (x,y,z) is on the ellipsoid. Following Lagrange’s method 

8(yz,xz,xy) = 2A (— , -X- , —) 
a 2 b 2 c 2 


( 1 ) 


or 


4yz = A— 
a 2 


4xz = 

b 2 


Thus 


4xy = A— 
c 2 

x 2 

4xyz = A— 

a 2 


A 

A 


li 

b 2 


and, hence, 12xyz - A( — + xl + ilj = 12xyz _ x = 0’ 

\a 2 b 2 c 2 / 
or X = 12xyz. Substituting back into (1) gives 

(yz,xz,xy) = 3(yz — , X z ^ , xy —) 
a 2 b 2 c 2 

or 

yz(a 2 - 3x 2 ) = 0 
xz(b 2 - 3y 2 ) = 0 
xy(c 2 - 3z 2 ) = 0. 

Since x,y,z > 0, the only solution is 

(it • Af) 

By inspection, this is a maximum Hence the box of maximal volume has dimensions 








Solution : Let the dimensions of the box be x, y, and z. Hence x, y, and z are positive and xyz = Y The surface area is given by 
S = 2 (xy + xz + yz) 
or, since xyz = 

S(x,y) = 2(xy + ^ (1) 

The problem is, therefore, to minimize (1) on Q, = {(x,y)|x>0, y>0}. When x = y = V 1/3 , S(x,y) = 6V 2,3 . Hence, the minimum 

value of S is no more than 6V 2/3 . If Xf y <, L v 1 ^ 3 , thens > 2(-^-+y) 2 6V 2/3 and x , y, z > V3V 1/3 ’ t ^ lcn S > 2xy> 6V 2/3 . 

Therefore, the minimum of S occurs in the interior of the compact subset d = { (x,y )| 1 / 3 <x,y < /3 V 1 / 3 ) Note that 

S > 6V 2 ’ 3 outside of D and on the boundary of D. The function S must therefore attain its minimum on Q, in the interior of D 

and at this minimum = 0 = 1^-. 

3x 3y 

Thus (x,y) = 2y - 2 = 0 (2) 

3 x 2 

andff (x,y) = 2x - 2 ^ = 0, 


or x z y = xy- 


( 3 ) 







which implies x = y. Substituting (3) back into (2) gives 

2x = 2 — 
x 2 

or x 3 = Y 

Hence, x = y = V 1/3 minimizes S on Qj. Furthermore, z = ^ = V 1 / 3 and, therefore, the cube with each edge of length V 1/3 
minimizes the surface area. 


• PROBLEM 19 


Minimize the distance from a point p e R n to the hyperplane <x,a> + b = 0 where aeR n and beR. (Assume a i- 0.) 


Solution : Letp = (p 1; ...,P n ), a = (a l5 ...,a n ), and x = (xj,...^. Then the distance between a point x of the hyperplane andp is 
defined by 


D-X >‘/ 2 


E (Pi-X.) 
i=l 1 1 


!/2 


To minimize d on the hyperplane, the method of Lagrange multipliers will be used. Since d(x) > 0 for all x£R n , the method 
may be applied to f (x) = d 2 (x) = <p-x,p-x> without any loss of generality. The constraint equation is 

g (x) = <x,a> + b = ^ + b = 0. 


According to the method of Lagrange multipliers, set 
Vf(c) = kVg(c) 
for the critical point c£R n . Thus 
-2(Pi- Cj) = Xaj (i=l,...,n) 
or Pi-c^kaj (i=l,...,n) (1) 

for u - _ 2k Now 

x 2 

f(c) = i-l (p i" C i ) = 1 (ka -i )Z * k * INI 2 * (2) 

ii i=l 1 

Furthermore, from (1) Cj = p r ka; (i=l,.. ,,n) and hence 

g(c) = f £^(p i _ka j L ) a i ^ + b 


lx 


£ k a. 2 ) + b 

i-1 1 ) 


Thus 


= g(p) 
k = -StiEi- 
Hall ! 


and hence 


k ||a|| * = 0. 


(3) 


c. = p. - g(p) --— (i=l,...,n) 

1 1 Il a ll 2 

or c = p - g(p) --— . (4) 

lla|| 2 

By the nature of this problem it is clear that (4) gives the minimum of f under the constraint g. From (2) and (3), the minimum 







value of f is 


a 2 (c) 



Therefore, the minimum distance fromp to the hyperplane <x, a> + b = 0 is 


d(c) = l.a<g>.L = ^ p- a>+b l . 


• PROBLEM 19 


Show how to find the semiaxes of the ellipse in which the plane 
P(x,y,z) = pz + qy + rz = 0 (pqr^O) (1) 


cuts the ellipsoid 

E(x,y,z) = — + X— + — =i* (0<a<b<c) (2) 

a 2 b 2 e 2 


a 2 b 2 c' 


Solution : Since the plane (1) passes through the origin (0,0,0), the endpoints of the semiaxes of the ellipse are the points 
which extremalize 

f (x,y,z) = x 2 + y 2 + z 2 

subject to (1) and (2). By the method of Lagrange 
V f (x,y,z) = A,, VP(x,y,z) + l 2 VE(x,y,z) 

or 2 (x, y, z) = X|(p,q,r) + 2X 2 ( —, . (3) 

V b 2 c 2 / 

The system (3) along with equations (1) and (2) will yield one endpoint of each semiaxis, say (x^y^z,) and (x 2 ,y 2 ,Z 2 ). Then the 
other endpoints are (-x l ,-y l ,-z l ) and (-x 2 ,-y 2 ,-z 2 ) respectively. Note that this system yields 


2(x 2 ,y 2 ,z 2 ) = Xi{px,qy # rz) + 2X 2 



and hence 



by (1) and (2). If (x,y,z) were a solution to the system, then x 2 = ||(x,y,z)|| 2 = (^d) 2 = 2 where d is the length of 

the corresponding semiaxis. Now (3) gives, for \ 3 = i \ l 



(X 3 p, X 3 q, X 3 r) 


(4) 


or 



So, from (1) assuming ^ 0,(see remark) 








a 2 -A 


b 2 -A 


c 2 -A 


or 


0 = a 2 p 2 (b 2 - X 2 ) (c 2 - X 2 ) + b 2 q 2 (a 2 - X 2 ) (c 2 - X 2 ) 


+ c 2 r 2 (a 2 - X 2 ) (b 2 - X 2 ). 

Hence the two solutions of this quadratic equation are the squares of the lengths of the semiaxes. 

Remark: The assumption pqr ^ 0 shows that X 3 is not 0. In order to see this observe that X 2 cannot equal a 2 or b 2 or c 2 . For 
example if A, 2 =a 2 , equation (3) would imply 2x = k T p+2x or since p^O k, must be 0. But then (since a<b<c, so X 2 jb 2 , X 2 j z c 2 ) (3) 
again implies y=0, z=0. Now (1) would imply x=0 which is not compatible with (2). This proves that X 2 cannot equal a 2 or b 2 
or c 2 . If A -3 = 0, which is the same as A, 1= 0, equation (4) would once again imply x = y = z = 0 which does not satisfy (2). 

• PROBLEM 19 


Construct a Mobius strip and show that its normal is not well-defined (i.e. that it is not orientable). 


- 1 .I ...■.j _ Fig. 1 

Solution : A Mobius strip is a surface where the ends are joined as indicated in Fig. 1 (i.e. with arrows pointed in same 
direction). To construct a Mobius strip more rigorously start with a circle x 2 + y 2 = a 2 , z = 0, a > 2. Take a line segment of 
length b < 2a and center it at P = (a cos0, a sin0, 0). Now revolve the segment about 0 on the given circle while rotating the 
segment in the plane determined by O, P, and (0,0,a) according to the following two criteria: 

i) at (a,0,0), the segment is vertical (parallel to (0,0,1)); 

ii) at P = (a cosO, a sinO, 0), its angle with the vertical (PQ, where Q = (a cosO, a sinO, a)) is |e. (See Figure 2.). 



From the definition and the use of spherical polar coordinates , the Mobius strip is seen to be 

(X = a(cos9, sin6, 0) + t(sin|ecos0, sin^esine, cos^e)| 

0 < 0 < 2tt, - ib < t < ib). 

The map (0,t) —► X is one-to-one except at 0 = 0, 2n since the equations 


(x,y) = (a + t sin ^0)(cos0, sin0) 








bo > o and hence t sin |e = 
0 < 9 < 2n- For the normal 

X 0 n X fc = J~(a + t sin|e) (-sine ,cos9,0) + |(cosiecos9, 
cos^esine, -siniejj * (siniecosQ, siniesin6, 

cos^e) 

= (a + t sin^9)(cosOcosie,sinOcos^Q, -sin^e) 


determine t sin i 6 uniquely in terms ofxandy. That is, a + t sin ^6 > a - 
/x 2 +y 2 - a ; therefore 0 is uniquely determined by this and z = -j- cos ^9 f or 


+ | (sine, -cos9, 0). 

This shows that there are no singularities, for if Xq x X t = 0 then, since a + t sin ^9 > 0, sin^O = 0 -This would 
mean that 0 = 0, 2 ;ifor which 

x e * x t ’ ( i a> -!• 0) 

respectively. Thus, although 0 = 0,2 ti both determine the segment x = (a,0,0) + t(0,0,l) = (a,0,t) (|t| < |), 

the normal is not well-defined on this segment. Note that the Mobius strip is one-sided. 



Fig. 3 
PROBLEM 19- 


Show that the solid angle is given by 


COS0 

ft - - 


dA = ^ 

/ 1 ^ 

JJ ~ 

s r 

s r J 

l A) 


where r is the distance OP and n is the unit normal to S at P in such a direction that the angle 0 between ol> and n is acute. 



Fig. 1 


Solution : First we define 0, the solid angle. To do this we let S be a surface element and O a fixed point not on S. Assume 
that S is not intersected more than once by any ray from O, and that no such ray is tangent to S. As a point P varies over S, 
consider the point Q in which the ray OP (OP can be extended, if necessary) intersects the unit sphere with center at 0. The 
points Q fill out a certain portion of the surface of the unit sphere. By definition, the area Q of this portion is defined to be the 







solid angle subtended by S at O. 

For the given problem, apply the divergence theorem. To do this first construct the sphere with radius b and center O 
(choose b small enough so that S lies entirely outside this sphere). Then draw all the rays joining O to S, and let X be the 
portion of the sphere cut by these rays. In addition let T be the solid region formed by the bundle of rays cut off between X and 

S (Fig. 1). For F use the vector function — with components ( — ] -^- \—V Now, apply the divergence theorem. Since r 2 = x 2 
r 3 \r 3 r 3 r 3 ' 

+ y 2 + z 2 , this yields 


3 / x \ _ r 2 -3x 2 3 / y \ _ r 2 -3y 2 


3 ( z \ _ r 2 -3z 2 


div F 


3r 2 - 3(x 2 +y 2 +z 2 ) _ 3r 2 - 3r 2 _ Q 
r 5 r 5 

III (div F) dV = 0- 


Thus, by the divergence theorem, we have 


div F dV = ?*n dA = 0 where 


n refers to the outward normal. Now note that the surface of T consists of X, S, and the lateral surface formed by the rays 
j oining O to the edge of S. Since F has the same direction as OP, F • n = 0 on this lateral portion and therefore the surface 
integral over this portion is zero. Hence, 

|J F*n dA + [f F*n dA = 0. (2) 

E S 

The integral over s in (2) is the same as the surface integral in (1). Therefore, it remains for us to show that 
dA = -fl. (3) 


If 

this, n 
tude — 


To do this, notice than on X the outward normal points away from T, which is toward O. But F points away from O, with 
magnitude —\ However, since r = a on X, £. £ _ - and the integral in (3) becomes 


- — (area of E). 


If a = 1, the area of X is Q, by the definition of the solid angle. But, in general, 

— (area of E) = SI since the area 
a 2 

of X is proportional to a 2 where a varies. This finishes the proof of (3) and (1). 

ELLIPTIC INTEGRALS 


• PROBLEM 19- 


Express 




1- 4 s in 2 u du in terms of incomplete elliptic integrals where 0 < x <i ■ 


Solution : The integral of the form 










F(k,0) 


^L-k 2 sin 2 1 

where 0 is the amplitude of y (written 0=amy), and k is its modulus (written k=mod y), is the incomplete elliptic integral of the 


The incomplete elliptic integral of the second kind is defined by 


“0 _ 

^l-k 2 sin 2 t < 


Note if 0 = I. the integral is denoted by E(k) or E. 


Finally the incomplete elliptic integral of the third kind is defined by 


IT(k 


f 6 

,n,0) = 


(3) 


(1+n- sin 2 1 )\J 1-k* sin 2 t 
where n is a constant assumed not equal to zero, since if n = 0, (3) becomes (1). 

For this problem let g 4 S i n *u = 2 sin u = sin0 ' n ^ given integral. Then 2cosudu = cos0d0 or 


du = 

cos0d0 

cosode 

2cosu 

2\/l-Tsin 2 x 

4 

Hence, 




J \! l-4sin 2 u du = J 
0 0 

•si 


0 \l l-isin 2 9 
1 f 0 -3+4(1-^sin 2 0) 


0 \fl 


l-isin 2 




XT* 


( r° 


where 0 = sin 1 (2sin x). 


• PROBLEM 19- 


Evaluate a) f _ dx 

^ '/(4-x 2 ) (9-x 2 ) 






Solution : a) For this integral use the substitution x = 2sin0 in the integrand. This yields 


/4cos 2 6 (9-4sin 2 0) J \J 9-4sin 2 8 


where F(kf0) = ■ d9 - ■ , 

J /l-k 2 sin 

incomplete integral of the first kind. 

f du 


/(u 2 -l)(u 2 +3) 


For this integral let u = sec0 in the integrand to yield 


sec9 tanQ d9 _ 

v/(sec 2 9-l) (sec 2 9+3) 


sec9 tan9 d9 
r 1+3cos 2 9 \ 


J 1+3cos 2 9 J n vl + 3 (1-sin 9) 


r 2 de 1 [ 2 

d9 


i) 

J V4-3sin z 6 2 | , 

/ l-|sii 

2 \ 2 
i 2 9 

2 I 


- 1 ^ 

2 l 2 


where f (k) = F (k, —). 


PROBLEM 19- 










I’t 


secetanOdO 


3sec 2 0+l)\/lsec 2 0-l) (sec 2 0+3) J Q (3+cos 2 0)>/l+3cos 2 'e 


cos 2 0 d 0 


(3+cos 2 0) - 3 


(3+cos 2 0)V1+ 3cos 2 


£ A 

de _ 3 f _d 0 _ 

\/l+3cos 2 0 J (3+cos 2 0) v/l+ 3cos 2 0 


2 2 

-- d - e — - 3 [ 
Q J ^4-3sin J 0 J 


\/4-3sin 2 0 J (4-sin 2 0)7 4-3sin 2 0 


1 d0 3 f d0 

2 J - ---" § J , /—,- 

0 vl-4sin 2 0 0 (1-isin 2 9 Jvl-^sin 2 0 




where the first integral is the complete integral of the first kind and the second intearal is the complete integral of the third kind 
with | C _ n = - , and 0 = j- That is 


2 ' 4 

? 

II (k,n,0) 


2 

d0 


J ( 1 +n sin 2 0 ) \fl-k 2 sin 2 0 


for 0<k<l, n#). 


• PROBLEM 19- 


Express the integral: 

J 

■ (O < k < 1) 

/l-k 2 sin 2 4 » 

in terms of elliptic integrals. What is the result when the upper limit is tc/2? 


Solution : Rewriting the given integral, we attempt to achieve some kind of similarity between the numerator and denominator 
in the integral. Since, by definition, an integration is nothing more than a summation, multiplication of any individual term by a 
constant is the same as multiplying the integral by the same constant. Thus, 

sin^dij; _ 1 k 2 sin 2 iJ<d)Jj 

A-k 2 sin 2 i|> k 2 J /l-k 2 sin 2 ij; 

0 0 


Also, 







_1_ f* k 2 sin : 
k 2 /l-k 2 ! 


1_ r l~l+k 2 sin 2 


-k z sin 2 i^ k 2 /l-k 2 sin 2 i|/ 


In this case, we can write: 


1. 1-(l-k 2 sin 2 


/l-k 2 sin 2 iji k 2 /l-k 2 sin 2 i|; 


/l-k 2 sin 2 <Ji k 2 /l-k 2 sin 2 i|/ 


If we let functions denote the integrals: 


F(k,H/) = ft 


E(k,i^) = I /l-k 2 sin 2 i/j , 


which is the last integral, we obtain: 

f ip - 2 ^' = — [F(k,.//) - E(k,t|d] 

I /l-k 2 sin 2 ij/ k 2 

0 

The new functions introduced are called elliptic integrals: f (k, \|/) is of the first kind and E(k,\|/) is of the second kind for 0 < k 
< 1 . The number k is called the modulus of the elliptic integral (in conics, k is called the eccentricity); and the upper limit \\i is 
called the amplitude of the elliptic integral. If the amplitude is n/2, then, by the known notation, we can write: 

f (k, n/2) = f (k) 
or just F, and 

E(k, n/2) = E(k) = E. 


2 sin^dij; _ 1 


/l-k 2 sin 2 <|; k 2 


[F(k) - E(k)] 


Furthermore, if we are given: 
cos 2 ^dij/ 

/l-k 2 sin 2 ip 


we can use the identity 


cos“\|/ = l-snr\|/, 


and hence, 



PROBLEM 19- 


f* co ? 2 W- = f = F (k^) 

I /l-k 2 sin 2 t|/ I /l-k 2 sin 2 1|/ 

0 0 

- — [F Oc,ip) - E (k ,ip) ] 
k 2 

= (k 2 -l) F(k,it>) + E (k, tp) 
k 2 


The integrals: 


dip 


and 


= j /l-k’sin 2 *' 

0 

f'p _ 

E (K, (p) = A-k 2 sin 2 ^ dip , 

0 

are defined as elliptic integrals of the first and second kind, respectively. If k > 1, these integrals may also be expressed in 
terms of elliptic integrals. Show that 


dip 


/l-k 2 sin 2 <|; 


* ' x ) 


and 

b) 




sin 2 i|i dip 


* (e ‘ *) F (| ' *) + “(e ' x ) 


(for k > 1), where the amplitude x is expressed in terms of the upper limit \\/ by 
x = sin 1 (k sin \|/), 

^n^i^nte^l^iav^reaWalue^^hen k sin \|/ < 1. 

Solution : Let k sin \\i = sin x. Then 

d * - Sar dx ' 

l-k 2 sin 2 iji = l-sin 2 x = cos 2 x 

and 

x= sin 1 (ksin\|/). 

Hence, by substitution. 







dijj 

dx if 

/l-k 2 sin 2 ip 

kcosij/ k 


By virtue of the fact that k s i n \|/ = sin x and the trigonometric identity 

rn «2 + sitl 2 1 


= /l-l/k 2 


/l-k 2 sin 2 i|< k /l-l/k 2 sin 2 x 


f (k,\[/) is the elliptic integral: 

f* -* - . ** ( 

A-V 2 ci n 2 ill 


Then we can write: 


(k > 1 or 0 < 1/k < 1) 


F(l/k,x) = j /x-x/^si^x 

0 

Thus, by this definition, 

f /--- _ " k f X / dX = k Ftl/krX) 

I /l-k 2 sin 2 il> /l-l/k 2 sin 2 x 

0 0 

for k > 1 . 

b) By the use of the above argument and another problem, we have 


/l - k2sin ^ d * = | cos x (fi§4 dx ) - k fSf-f dx ’ 


/l-k 2 sin 2 il» dip = : 


/l-l/k 2 sin 2 x 


If we replace 1/k by m in the radical, the relationship proved in another problem shows that: 


cos xdx _ (m z -l) F (m,x) + E(m,x) 


for 0 < m < 1 or k > 1. 

Substituting the value of m back in the above expression yields: 



1 [ cos 2 xdx = 1 . (l/k 2 -l) F (l/k,x) -i- E(l/k,x) 
^ j V l-m 2 sin 2 x ^ (1/k) 2 

= (1/k - k)F(l/k,x)+ kE(l/k,x) 


Note that, for k > 1, 

F(l/k,x) = 


| /l-k 2 sin 2 i(f di(i . 
0 


-x 

dx _ 

/l-l/k 2 sin 2 x’ 

0 


the elliptic integral of the first kind. 

E(1/k,x) = | /l-l/k 2 sin 2 x dx 5 
0 

the elliptic integral of the second kind. Both integrals have the modulus 1/k and amplitude x. 


• PROBLEM 19- 


Given the ellipse: x 2 + 2y 2 = 8, find 

a) its entire length; 

b) the length of the arc from x = 1 to x = 2. 


Solution : The equation of the ellipse can be rewritten as : 




a 2 b 2 

from which we infer that the semi-major axis, a = /q _ 2/2’ an d the semi-minor axis, ^ - /2 . consequently, the 
eccentricity, 



Using the equation of the ellipse in the polar system, we have 
x = a sin i^andy = ^ /a 2 -x 2 = b cos & 

where \|/ is the angle which a line from the origin to the point P(x,y) makes with the positive x-axis. Using the relationship: 

ds = /(dx) 2 + (dy) 2 ’ 

and the above parametric expression, the length of the ellipse is expressed by 







/dx 


dy 2 


/a 2 cos 2 iJ) + b 2 sin 2 ip dip 


p/2 U _ 

4 /a 2 - (a 2 -b 2 ) sin 2 ip dip 

Jo 




tt/2 




sin 2 ip dip 


} 0 

tt/2 


S = 4a 


/l - k 2 sin 2 ip dip 


since, as shown above, 
/ 2 2 


For a portion of this, corresponding to a point P(x,y) from the positive x-axis, 

Vl - k 2 sin 2 ip dip . 

) 

This integral appearing here is the so-called elliptic integral. It cannot be evaluated in finite form in terms of elementary 
functions. Instead, the values of the integrals for their corresponding k and \|/ are given in tabular form* In most cases, these 
values are given corresponding to values of sirf'k in steps of, perhaps 1°, rather than the values of k itself. 

From tables of trigonometric functions, 

sin -1 — = 45°. 

/2 

a) To find the entire length of the ellipse, we have: 

ir/2 

S = 4a I /l - k 2 sin 2 * dip. 


For k corresponding to sin 45°, the integral value is 1.3506, and 

s = 4(2/2) x 1.3506 
- 15.28. 

b) For the length of the arc from x = 1 to x = 2, we have 

x=2 

- s I 


| x=2 
x = l 


' x=0 


|X= 1 

' x=0 ’ 


and since 

x = a sin Y = 2/2 simp* 

we can alternatively write: 


,ip=45° 

,ip=45° 

| ip=20°45 

s 

= s 

- s 

lip=20°45' 

1 ip=0 

1 ip=0 


This gives the required length. 

■45° 


/l - k 2 sin 2 ij; dip - a 


/l - k 2 sin 2 ip dip . 


0 


0 












By the use of interpolation we find the elliptic integral corresponding to \|/ — 20°45' under k = sin 45°. From the table, we see 
that, for xj/j = 20°, and, the next step, v| r 2 = 25°, both under a = 45° for k, we have: 


E 1 = 0.3456 and E 2 = 0.4296 , 


respectively, and hence, by interpolation, for \|/' = 20°45' we have: 


E2-E1 

E ‘ = + El 


0.0420 
(5x60) 1 


45’ + 0.3456 


= 0.3582. 

The value of the integral for \\i = 45° under k = sin 45° is given as 0.7482, and hence the length of the arc for 1 < x < 2 is 

s = a(0.7482) - a(0.3582) = 0.7482(2/2) - 0.3582(2/?) 

or, 

s - 1.10 . 


PHYSICAL APPLICATIONS 


• PROBLEM 19- 


Determine the gravitational force field of the earth. 



Fig. 1 


Solution : Let C be the center of the earth, M the mass of the earth, G the gravitational constant and P any point outside of the 
earth. Then a particle of unit mass at P is attracted toward C by a force F of magnitude 

G M = G — 
l|P-C|| 2 

Let r = CP. The magnitude of r is r. Then a unit vector in the opposite direction of r is 


which is in the same direction as F. Thus the grativational force on the unit mass of P is 



Figure 1 suggests the nature of the vector field F. 


• PROBLEM 19- 


The electrostatic field produced by a unit positive charge at 0 is 



where ||A|| = r. Find the divergence of this field (wherever the field is defined, i.e. at all points except 0). 
















where r = ||A|| and 0 is the angle between n and A (see Figure 1). Find the divergence of the corresponding electrostatic 
field E. 


Solution : By definition 
cos9 = - 


l|n||||A|| 


hence 


n-A 


The electrostatic field is E = - VV The problem is to calculate 
div E = div (-VV) 

= -divVV 
= - V»VY 
= -V 2 V 


where 7 2 


3x 2 


3y 2 


3z 


— . Choose a coordinate system with origin O such that n= (0,0,1). Then, if A= (x,y,z), 


n»A = z and r 2 = x 2 + y 2 + z 2 . 


= * = Z , and i . 

3x r 3y r 3z r 

Calculate the first partial derivatives: 

3V _ 3z 3r 3xz 


3V _ 3z 3r 3yz 

3y ' “ ^ ay = ' , 


Next, calculate the necessary second partials: 

3 2 V _ 3z 15xz 3r 3z ^ 15x 2 z 


3 2 V ; 
3y 2 


15yz 3r 

ay ' 


Therefore, 


9z ^ 15z 








div E 


-V 2 V = 


_ / a^v + _afv + a 2 v \ 

\3x 2 3y 2 3z 2 / 

+15z _ 15(x 2 z + y 2 z + z 3 ) 
r s r 7 


15zr 2 - 15z(x 2 + y 2 + z 2 ) 


* 0 

for all A except A = 0. 


• PROBLEM 19- 


Let G be the gravitational constant, r = |f 

GM 

F = - — P, 


( 1 ) 


where M is the mass at 0. That is, (1) describes the gravitational field of a mass concentrated at 0. Show that F is 
irrotational. 


Solution : A field is irrotational if its curl is identically 0. The components of F are 

Fl --“x, F 2 = -^y, F, = -^z, 

r 3 r 3 r 3 

and r = ^ x 2 +y 2 +z T. The objective is to show that 
curl F = V x F 


<' 


dr, _ dF_2. 3F_i _ 9Fj_ 3F_^ _ 3F t 

3y 3z ' 3z 3x ' 3x 3y 

= 0 . 


3Fi = 3GMx 3r 
“57 3y 




2Vx 2 +y 2 +z 2 


3GM 


xy 


3GMy 3r 
r 4 3x 

3GMy 


2^7y 2 


3GM 


xy. 


Thus, 


3F i 
3y 


By similar calculations 
= 0 







and 


Hence, curl F = 0, as desired. 


• PROBLEM 19- 


Find the field due to a uniformly charged circular lamina R of radius a, at some point a distance b from the center of the 
lamina along the perpendicular. (See Figure 1.) 



Fig. 1 


Solution : In the theory of electrostatics, the field due to a lamina R at Q is defined by 


h 


P*Q dA, 


where r = PQ = ||P-Q||, a is the charge density, and P varies over R. Hence if P = (x,y,z), Q = (qi,q 2 ,q 3 ), and R is in the xy- 
plane, then the components of F are 


Jj f. “v 


x)dxdy, 


F 2 = — (q 2 -y)dxdy. 


Jfi- 


In the present situation let R be centered at 0 (i.e. R is the region given by x 2 + y 2 < a 2 , z = 0). The point in question is then 
(0,0,b). Let a be the constant density. Now 


jj-2*- 

|| (x,y,o)-(0,0,b) || 3 

to 


v 2-».\7 2 4.h 2 \ 3 


Switching to polar coordinates gives 












•i II (X 


(x,y,z)-(0,0,c) | 


|| (x,y, 0) - (0,0,c) | 


■ dxdy 


Jlo 


{ v/x 2 +y 2 +c 
f b 

- 1 ’ 


dxdy 


■j: 

•j; 


Vx 2 +y 2 +c 
yyjx 2 +y 2 +c 2 


dy 

x = 0 


y (\/a 2 +y 2 +c 2 - /y 2 +c 2 )dy 


’ b r b 

y \/a z +y 2 +c 2 dy - y \/y 2 +c 2 dy 


= i (a 2 +y 2 +c 2 ) 3 / 5 


i (y 2 +c 2 ) 5 / 5 


V = i £(a 2 +b 2 +c 2 ) 3 ^ 2 - (a 2 +c 2 ) 3 / 2 - (b 2 +c 2 ) 3 / 2 + c^J 


• PROBLEM 19- 


A particle moves in the plane according to 

x = 64</T" t, y = 64t - 16t 2 

and is acted on by a force F which is directly proportional to the velocity but opposite in direction. Find the work done by 
F from t = 0 to t = 4. 


Solution : The velocity components are 

v = f£=64vT, v = f£= 64 - 32t 
x dt * y dt 

and hence the components of F are 

F = -64k, F = (32t - 64)k 
x k y 


where k is the absolute proportionality constant. The work done is given by 







F*v dt 


= J (-64^3 k, (32t-64k ) - (64 \fT, 64-32t)dt 
0 

f 4 

= -k I ( (64y r 5) 2 + (64-32t) 2 )dt 


= -k(32) 2 j ((2(/3) 2 + (2-t) 2 )d 
0 

f 4 

= -1024k (16-4t+t 2 )dt 


= -1024K (16t-2t 2 +±t 3 ) 


= -1024k (64-32+^-) 


• PROBLEM 19- 


Find the center of mass of a hemisphere of radius a>0 assuming the surface is a homogeneous lamina. 



Solution : Let c be the density of the hemisphere S. The coordinates of the center of mass are given by 




the mass of S. Calculate m: 













II 


a(y 2 +z 2 )secy dxdy 



where R is the circular region x 2 + y 2 < a 2 and y is the acute angle between the normal to S at (x,y,z) and the z-axis (see Figure 
1). Since 


secy ' 


'J a 2 -x 2 -y 2 
and 

y 2 + z 2 = a 2 - x 2 , 

(2) becomes 

a 2 -x 2 


'■ J- 


Va 2 -x 2 -y 2 
Change (3) to polar coordinates to get 


J [ a 2 -r 2 coj 

Jo ^ 


Now make the substitution r = a sin® and evaluate the integral using the trigonometric identities sin 2 ® + cos 2 ® = 1 and 

2 . 1.1 


Cl: 


2 a 2 -a 2 sin 2 <ftcos 2 
Va 2 -a 2 sin 2 0 


(a sinif) (a cos<J>)d<j>de 


(2 a 1 * ( 1 -sin 2 (j>cos 2 8 ) simfrcos# d dQ 
a cosO 

0 I 0 


lo II 51 


sin<t> ( 1 - (l-cos 2 <(p) cos 2 0 )d()id 0 


■ oa' 


(sin<|> ( 1 -cos 2 0 ) +sin<t>cos 2 <)>cos 2 0 ) d<j>d 0 


JO JO 

= oa“ (-cosijt (l-cos 2 0 )-^cos 3 i>cos 2 0 ) 


2u 

= oa 1 * (l-cos 2 0 + ■= cos 2 0 )d 0 


= oa 


(1 - \ cos 2 0 )d 0 












oa 4 (1 - £(£ + * cos26))de 


= oa 4 - •= cos20)d 


Thus the moment of inertia I is 47toa '‘ . Since M = 27ia 2 a, we have i = 2 Ma 2 


• PROBLEM 19- 


A plane lamina is bounded by x=a, x=b, y=0, f (x)>0 where f e C[a,b]. The density is constant along all vertical lines x=c, 
c e [a,b], so it can be described as a function of one variable M(x). Find the moment of inertia of the lamina about the y- 
axis. 


Solution : The formula for the moment of inertia about an axis of a set of particles is i = z m r 2 where r k is the distance 

k=l k k 

of the particle (s k , ir^) from the axis. This formula has the following facts: 

(i) If a total mass is divided into several parts, the moment of inertia of the whole is the sum of the moments of inertia of the 
parts. 

(ii) If additional mass is added, the moment of inertia is increased (if mass is removed, I is decreased). 

(iii) If mass is moved farther from the axis, the moment of inertia is increased (if mass is moved nearer the axis, I is 
decreased). 

n 

For the given problem, let the points lx. I be a subdivision A of (a,b) so that erecting ordinates at the points x k divides 

0 

the lamina into n vertical strips. Now let I k and n\ be the moment of inertia and the mass, respectively, of the k th vertical strip. 
In addition, let f (x k ) and f (x k ") be the minimum and maximum ordinates of the k th strip. By property (ii), this yields 
f (x k ')[M(x k ) - M(x k _,)] - n \ < f (x k ")[M(x k ) - M(x k _ 1 )]. 

Furthermore, by properties (i) and (iii), we have 

n 

X 2 _ x f(x k ')[M(x k ) - M(x k _ 1 )l < I 
n 

< k £ x x 2 f(x k B )[M(x k ) - M(x k _ 1 >| (1) 

n 

where i = z m r 2 . 
k=l k k 


Now, Duhamel’s theorem for Stieltjes integrals states: If f (x),g(x)eC for a<x<b, if a(x) is a nondecreasing function, if 
( x k ) is a subdivision A of (a,b) and if x k-1 < C k 1 x k , x^_ 1 < n k < x k for k = 1,2,..., n then 


n 

lim I f(C v )9(n v ) ta(x. ) - o(x. .)] 

II41-0 k-i k " k "- 1 

| b 

= f (x)g(x)do(x) (2) 


Applying this theorem to (1) yields 






1= j x 2 f(x)dM(x)• 

Note that we have assumed that a>0, even though this assumption was not essential to the final result. 

• PROBLEM 19- 

Find the electrical potential at (0,0,-a) of a uniformly distributed total charge e on the hemisphere S defined by 
z = y/a 2 - x 2 - y 2 (a>0) . 


Solution : If c is the constant density of charge, the potential is 


V x 2 +y 2 +(z+a) 2 

Parameterize (x,y,z) as (a sinOcosO, a sinOsinO, a cos®) 


7 x 2 +y 2 + (z+a) 2 = \j a 2 sin 2 4>cos 2 0 + a 2 sin 2 <)>sin 2 0 + (a cos<j>+a) 2 


= 7 a 2 sin 2 <f> (cos 2 0+sin 2 0) +a 2 (cos 2 $+2cos^+l) 


• 7a 2 (sin 2 <|>+cos 2 <M + 2a 2 cos <t> + a 2 


= 74a 2 i (cosij)+l) 


[i.e. spherical polar coordinates]. Then 


( 2 ) 



Fig. 1 


(See Figure 1.) Let P(x,y,z) represent the change to polar coordinates and * |f j . To compute (1), recall 

that 

([ .. 


vNEG-F 2 dudv 


and 


ds 2 = Edu 2 + 2Fdudv + Gdv 2 , (4) 


E — < Ptf ) ,P(D > , 


F = <P (I) ,P 0 >, 

















G=<P e ,P e > 

are the coefficients of the first fundamental form (4). Now 
P^, = (a cos®cosG, a cosOsinG, -a sin®) 
and 

P 0 = (-a sinOsinG, a sinOcosG, 0); 

thus 

E = a 2 cos 2 ®cos 2 G + a 2 cos 2 ®sin 2 G + a 2 sin 2 ® 

= a 2 [cos 2 ® (cos 2 G + sin 2 G + sin 2 ®] 

= a 2 , (5) 

F = -a 2 sinc®cos®sinGcosG + a 2 sin®cos®sinGcosG + 0 

= 0, (6) 

and 

G = a 2 sin 2 ®sin 2 G + a 2 sin 2 ®cos 2 G 
= a 2 sin 2 ®. (7) 

Using (2), (3), (5), (6), and (7), (1) becomes 


--—r J a 2 (a 2 sin 2 <J>)-0 d4>d0 

2a nos t V 


where R is the projection of the hemisphere into the xy-plane (i.e. the circular region given by x 2 +y 2 <a 2 ). 


e sin<t> = 2sin 


f’« iis-| 

Jo Jo cos 7 

iei 

n 

f 


£ cos £ , (8) becomes 


V = 2irac sin f d^ 


= 2nac (-2cos j 


= 2Trac (2 -\JT). 


(2-V£)e 


• PROBLEM 19- 


Derive the equation of Continuity for fluid flows: 


= -div pV 


where p(x,y,z,t) and v (x, y, z, t) are > respectively, the fluid density and velocity at the point (x,y,z) at time t. Conclude 
divv = o ifthe incompressible. 







Solution : A fluid is said to be incompressible if its density is constant, irrespective of time or position. Consider any ball B 
with boundary 8B. The total fluid mass in B at time t is 

j" p(x,y,z,t)dxdydz- 
B 

The rate of increase of the mass is 

J p(x,y,z,t)dxdydz = ^ft (x,y,z,t)dxdydz.(1) 

However, the only way for the mass in B to change is by fluid flow over the boundary of B. Since 

| V(x,y,z,t) • dA 
9B 

is the volume rate of flow out of B, the rate of flow of mass out of B is 

j" p (x, y, z, t) V (x,y, z, t) • dA • 

3B 

The rate of increase of mass in B is then _ y • dA • 

By the divergence theorem, we have 

pV • dA = - div(p$) dxdydz- 


From(l), 


ia 


H dxdydz > 


div(pV)dxdydz. 


Since (2) holds for every ball B, it follows that 

= -div pV. 

If the fluid is incompressible, p is constant and (3) yields 

0 = -divpV 

or 0 = -pdivV- 

Hence, 

divV = 0’ 

when the fluid is incompressible. 


• PROBLEM 19- 


What force field would account for a particle of unit mass moving around in a unit circle in the plane according to the 
function 


f (t) = (cos t, sin t)? 


( 1 ) 


Solution : Differentiating (1) gives 
f (t) = (-sin t, cos t) 





and 


f'(t) = (-cos t, -sint) = -f (t). 



Thus, the particle is accelerating toward the origin with a constant magnitude of |] ( t ) || = Jcos 2 t+sin 2 t = T (See 

Figure 1.) Since the force field F satisfies 

F" (t) = f (f (t),t) = -f (t), 

this motion can be accounted for by the force field 
f(x,y,t) = (-x,-y). 

If a particle has a velocity at time t orthogonal to its position vector then it will continue to move in its circular path about the 
origin. To see this, solve the initial value problem for f:R—>R 2 
f'(t) = -f (t); f (0) = (xo,y 0 ); f (0) = (-y^ 

The general solution of the homogeneous equation is 
f (t) = A sin t + B cos t 
where A,Be R 2 . Then 

f (0) = A sin 0 + B cos 0 
= B = (xq, y 0 ) 
and 

f (0) = A cos 0 - B sin 0 
= A=(-y 0 ,xo). 

Hence, the specific solution of the initial value problem is 
f (t) = (-yoAo)sin t + (xo,y 0 )cos t 
= (xqCos t - yq sin t, Xq sin t + y Q cos t), 
which is just (1) when (x^yq) = (1,0). 

• PROBLEM 19- 


Suppose there is a force field defined by 
f(x,y,z,t) = (-x,-y,0). 

If a particle of unit mass is at (1,0,0) with an initial velocity of (0,1 ,a), what is its path of motion? 






Solution : This is the same as solving the initial value problem 

f" (t) = F(f(t),t); f(0) = (x 0 ,y 0 ,z 0 ); f' (0) = (x^y^zj), 

where f (t) is the function sought, (xq^Zq) is the initial position, and (x^, y^, z^) is the initial velocity. Here this becomes 
f'(t) = (-x,-y,0); f (0) = (1,0,0); f(0) = (0,1,a), 

where f (t) = (x(t),y(t),z(t)). This can be separated into the three problems 
x"(t) = -x(t); x(0) = 1; x' (0) = 0, (1) 

y"(t) = -y(t);y(0) = 0;y'(0) = 1, (2) 

and z" (t) = 0; z(0) = 0; z'(0) = a. (3) 

Problem (1) yields the general solution 
x(t) = A sin t + B cos t 
where A and B are complex. Moreover 
x(0) = B = 1 
and x'(0) = A = 0. 

Therefore, 

x(t) = cos t. (4) 

Similarly, (2) yields 

y(t) = sin t. (5) 

For (3), 

z (t) = At + B. 

Also, 

z(0) = B = 0 
and z' (0) = A = a. 

Hence, 

z (t) = at (6) 

Thus, the path followed by the particle is given by (4), (5), and (6) or 
f (t) = (cos t, sin t, at). (7) 

Depending on the nature of a, (7) will be either a spiral or a circle (see Figure 2). 





o = 0 




Suppose 

A(x,y,z,t) = (-x,0,y) 

is the acceleration field of a fluid in motion with an initial velocity of (0,1,0). Find the equation of motion and the 


divergence and curl of the flow. 


Solution : Let f (t) = (x(t),y(t),z(t)) be the equation of motion and 

( 1 ) 


f (0) = (xo,y 0 ,zo). 

( 

Then 


f(0) = (0,1,0) 

(2) 

and 


f'(t) = (-x,0,y) 

(3) 


according to the given information. Hence, in order to find f, the initial value problem defined by (1), (2), and (3) must be 
solved. The differential equation (3) is the system 

(x"(t),y"(t),z"(t)) = (-x,0,y). 

The first of these has auxilliary equation m 2 = -1 and hence it has the general solution 
x(t) = A sin t + B cos t. (4) 

The second has auxilliary equation m 2 = 0 and hence its general solution is 
y(t) = Ct + D. (5) 


The third has auxilliary equation m 2 = 0 also, but it is not a homogeneous equation. In light of the general solution (5), a general 
solution for z is 


z(t) = ±Ct s + ±Dt 2 + Et + F. (6) 

Applying the initial conditions (1) and (2) to solution (4) gives 
x (0) = B = Xq ; x' (0) = A = 0 . 

Thus, x(t) = Xq cos t. Solution (5) yields 










y(0) = D = y 0 ; y'(0) = C = 1 
under the initial conditions. Thus, y(t) = t + y 0 . 

Using this solution and applying the initial conditions to solution (6) gives 
z (0) = F = z^ ; z' (0) = E = 0. 

Thus, z (t) = it 3 + ^y Q t 2 + Zq • Therefore, 

f(t) = (x 0 cos t, t + y 0 , |t* + iy Q t 2 + z 0 ). 

From this, the velocity field is calculated to be 

V(x,y,z,t) = (-x Q sin t, 1, it 2 + y Q t)- 

Since x = x.cos t =->x^ = ——- ->x sin t = x tan t 
0 0 cos t o 

Similarly y 0 = y -1 so that y 0 1 = yt -1 2 and hence 

V(x,y,z,t) = (-x tan t, 1, yt - it 2 ) 

div V(x,y,z,t) = -tan t + 0 + 0 = -tan t 
curl V (x,y, z , t) = (t,0,0). 

Note that for t < j the fluid is moving in the positive y direction, rotating clockwise around the line parallel to the x axis and 
spinning away from it (t < 0), and back again toward it when t > 0. For t = j tan t = «> he. div V = oo. 

• PROBLEM 19- 

A body falls in a medium offering resistance proportional to the square of the velocity. If the limiting velocity is 
numerically equal to g/2 = 16.1 ft./sec, find a) the velocity at the end of 1 sec; b) the distance fallen at the end of 1 sec.; c) 
the distance fallen when the velocity equals 1/2 the limiting velocity; d) the time required to fall 100 ft. 



Solution : Taking the frame of reference at a point where the body starts to fall and assuming the downward direction as 
positive, this particle is acted upon by its weight (positive) and the resisting force (proportional to the square of the velocity 
and negative with respect to the selected origin). The difference between these forces is characteristic of its motion, and since 
this quantity equals mass x acceleration, we write: 



where k is a constant of proportionality. Noting that the limiting velocity occurs when the acceleration is zero, i.e. when 

"* ■ k v u» 
or ^Sf 

V lim 

where v lim = dy/dt is the maximum velocity and is constant. Hence 





m dt = mg '7 v • 
lim 

Separating variables and using v lim = g/2 = 16.1 ft./sec, we have: 

dv ,. 

-5 = g dt. 

1-v 2 

“2 

V lira 

Integrating both sides of the equation with g/2 substituted for v linV 


du 


p di 

J 1^4t‘ 


'• J* dt + c j • 


Setting v = g/2 tanh x, dv = g/2 sech 2 x dx, and noting that 1-tanh 2 x = sech 2 x we have: 

J . e/2 ; = e/2 ; ax - e/2[x] = g/2 tanh' 1 £ 

l- 4 v 1 -tanh x g 


-1 2v 

g/2 tanh — = gt + c, 
g 1 

Solving for V, 

v = g/2 tanh(2t+c 2 ). 

Since the body was dropped initially, v = 0 for t = 0, making c = 0. (See the diagram for evaluation.) Furthermore, 
V = ~ = g/2 tanh 2t 
This yields, as a result of integration: 
y = g/4 ln(cosh 2t) + c 3 , 

where, for t = 0, y = 0, implying that c 3 = 0. The equation of motion is therefore: 
y = g/4 ln(cosh 2t). 

a) To find the velocity at the end of 1 sec: 

Vj = g/2 tanh(l) = g/2(0.9640) = 15.5 ft/sec. 

b) The corresponding distance covered is: 

y 3 = g/4 ln[cosh 2(1)] = g/4 ln(3.762) = g/4(1.32495) = 10.7 ft. 

c) When the speed reaches 1/2 v lim , then v = g/4 ft./sec., and from the expressions: 


v = g/4 = g/2 tanh2t, 
and 


y = g/4 ln(cosh 2t), 

we eliminate t and solve for y in terms of v. Since 

V = g /2 tanh 2 t = g /2 = g /2 ^ 

and, solving for cosh 2t, we obtain: 


cosh 2t = g/vg ~ 4 v ‘ 
Hence y = e/ 4 in(cosh 2t) = g /4 


“t// 2 -4v 2 ] 


Using v = g/4 



y = g /4 In — = 1.13 ft 

73 

d) To calculate the time required for a fall of 100 ft., we use 
y = g/4 ln(cosh2t). 

Solving for t, 

t = 1/2 cosh 1 |e 4y/g j = 1/2 cosh ^e 12-4 !, for y = 100- 

If we neglect the factor e' 12,4 in comparison to e 12,4 , we can approximate the above equation. Since 
cosh 2t = e 12 - 4 , 

We let cosh 2t = 1/2 e 2t . Thus, 

1/2 e 2t = e 12,4 . 

Taking the antilogarithm, 

2t= ln2 + 12.4, 
or, 

t = 1/2 In 2+ 6.2 = 1/2(0.69)+ 6.2 = 6.545 sec. 

• PROBLEM 19- 


A particle slides freely in a tube which rotates in a vertical plane about its midpoint with constant angular velocity w. If x 
is the distance of the particle from the midpoint of the tube at time t, and if the tube is horizontal with t = 0, show that the 
motion of the particle along the tube is given by 
2 

d x 2 . 

—r - wx = -gsinwt- 

dt 

Solve this equation if x = Xq, dx/dt = v 0 when t = 0. For what values of x 0 and v 0 is the motion simple harmonic? 


Solution : In order to determine the x- and y-components of motion, we choose the frame of reference at the center of mass of 
the particle. The particle is subjected to horizontal and vertical forces. Restricting our attention to the horizontal components, 
the two unbalanced forces acting on the particle are a portion of its weight, (proportional to sin 0), and the centripetal force, 
the difference between which gives an acceleration along the x-axis. Mathematically, 

2 A 2 

. a , mv d x 

mg s in o + - = -m —r ; 

r dt 

where v = wr, r = -x, and 0 = wt. Then 

d 2 x 2 . 

—~ = w x - g sin wt■ 
dt 

To find the solution of this non-homogeneous, second order differential equation with constant coefficients, we use the D 
operator, where D = d/dt, hence the differential equation can be rewritten as: 

(D 2 - w 2 )x = -g sin wt. 

The auxiliary equation is m 2 - w 2 = 0, m = w, or m = -w, and the complementary solution is: 

Xg = Ae^ + Be' wt . 

Furthermore, the particular solution appears as: 

Xp = C sin wt + D cos wt, 

where A,B,C and D are constants to be determined. Since the general solution is 







C sin wt + D cos wt 


= w 2 (Ae Wt + Be Wt - C sin wt - D cos wt) 


Substitution in the main differential equation yields: 

(D 2 - w 2 )x = -2Cw 2 sin wt - 2Dw 2 cos wt = -g sin wt, 
which implies that: 


-2Cw = -g, or C * 


and D = 0. Thus, 


x = Ae + Be + “r sin wt 5 


To find the values of A and B, we use the boundary conditions for t = 0, dx/dt = v n and x = x 0 And since 


dx . wt „ -wt , _g 

- = Aup - Hup + —“ 


Bwe + 7* COS Wt, 


x lt=o = A + B = Xq . 

These are simultaneous equations with A and B unknown. Substitution of B = Xq - A in the expression for v 0 yields: 


a- v o ~ 8/2 " + V.and, . x o“ ' v o * 8/2 ' 

2w 2w 

Hence, v Q - g/2w + x Q w wt XQ w - v Q + g/2w 


• e + ~sin wt 


After some algebraic manipulation. 


x = ^x 0 (e Wt + e” W< i) + (v q /2w - g/4w 2 ) (e Wt - e Wt ) + (g/2w 2 )sin wt. 


The above solution suggests that the motion of the particle is simple harmonic when X 0 = 0 and V ( /2W = g/4w 2 orV ° _ fw 
In this case 


sin wt = v 0 sin wt 



• PROBLEM 19- 


(a) A tightly stretched string with fixed end points x = 0 and x = L is initially at rest in its equilibrium position. If it is set 



vibrating by giving each of its points a velocity 


3(LX - x 2 ), 

find the displacement of any point on the string at any time t. (b) If the string is 2 ft. long, weighs 0.1 lb., and is subjected to 
a constant tension of 6 lb., find the maximum displacement when t = 0.01 sec. 


Solution: The partial differential equation of a stretched string is given by 



where 



F is the tension lb., g is the gravitational acceleration 32.2 ft./sec.2, and w is the weight of the string per unit length in lb./ft. 
The given boundary conditions are 
y(0,t) = y(L,t) = 0 t>0 
y(x,0) = 0 x> 0 

= 3(lx - x 2 ) 

t=0 

To seek the solution for the partial differential equation, we assume: 
y(x,t) = X(x) • T(t) 



i.e., a solution in product form Hence 
3t 2 

3 2 y 

9x 2 

Substitution yields: 

X(x) T" (t) = a 2 T(t) X"(x). 


X(x) T” (t), and 

- = T (t) X" (x). 


Separating like variables, 

X"(x) = T"(t) 

X(x) a’ T(t)’ 

where the position of the constant a 2 does not make any difference in the calculation. 

Now, we let the left-hand and right-hand sides of the above equation be equal to some constant (- k 2 ), on the basis that 
the equality of equations in two different variables holds only if both functions equal the same constant number. Hence, 



or x" + k 2 x = 0, 

the auxiliary equation of which is: m 2 + k 2 = 0. Its roots are: = ki, and r 2 = - ki; ( i = /- 1 ) yielding two distinct 
particular solutions X(x) = cos kx, X(x) = sin kx. Hence, the general solution is given by: 






X(x) = Cj cos kx + c 2 sin kx. 


Similarly, for 

. = _ k * 
a 2 T(t) 

the solution is given by 

T(t) = c 3 cos akt + c 4 sin akt. 

Consequently 

y(x,t) = X(x) • T(t) = (c, cos kx + c 2 sin kx) 

(c 3 cos akt + c 4 sin akt). 

The first boundary condition gives: 

y(0,t) = 0 = 0 ! (c 3 cos akt + c 4 sin akt) 

which suggests Cj =0. 

Secondly, 

y(L,t) = 0 = (C 2 sin k L) (C 3 cos akt + C 4 sin akt), 

giving sink L= 0. If we have kL= im with nan integer, we have sink L= sin im = 0. Hence, by k L = nir, k = - n ^ • 

Substitution for k in the remaining terms gives: 

y(x,t) = c 2 ^sin x^ ^c 3 cos ~~~ 

+ o, sin -SIS- t) . 

Thirdly, the string is initially at rest, which means that: 

y(x,0) =0 =c 2 ^sin-^xj(c 3 )- 

Since c 2 cannot be equal to zero - which would show that the string is at rest in its equilibrium position (a trivial result) 
- c 3 must be equal to zero. Under these conditions, for any x and t: 

y(x,t) = c 2 ^sin^xjc 4 

Since the string is set into motion under a driving force which gives every point of the string the velocity 3 (Lx - x 2 ), we have 



This relationship appears impossible since a sine curve cannot be made to coincide with a parabolic arc over the entire x- 
range. But this difficulty suggests that the equality can be satisfied if the parabolic arc is approximated by many sine 
expressions of period 2L, leading to the Fourier sine expansion of 



(LX - x 2 ) over 0 < x < L. 


Mathematically, 


Lx - x 2 = E b sin —-- , 0 < x < L 

n l 

n=l 

Here, from the theory of Fourier series, 

(Lx - x 2 ) sin — ™ dx 

(n = 1, 2, 3, ...; 0 < x < L). 

Expanding the integrand and using integration by parts, 


L 3 

n 2 ir 2 

V. 


n-rrx 

L 


1 - (- D" 


This shows that, for every even n, b n = 0, and b n ^ 0 for odd n The odd n can be assured by replacing n by 2n - 1. Hence we 
have: 


x (2n - 1) 3 7T 3 

Thus, the Fourier half-range expansion reads: 


Lx - x 2 


sin (2n - Dttx/L 
(2n - 1) 3 


For the initial velocity of the string, 

* sin -L fo . : 


Lx - x 2 = 


Z 

n=l 

nira 


(2n - l) 3 
sin 


nrrx 



We recall the theorem that says: If yj, y 2 , ..., y n are n solutions of a linear homogeneous partial differential equation, c^y, 
+ c 2 y 2 + c n y n is also a solution, where the c's are nonzero constants. Under these conditions, the above equation suggests 
the solution in a summation form, where the constants c 2 c 4 are no longer arbitrary fixed constants but are dependent on n. We 
can call them (c^)^ zero for all even n's. Hence we have: 


24L 3 
it 4 a 


E 


n=l 


sin 


(2n - 1 )ttx 

_L_ 

(2n - l) 4 


= E ^ C2 ' C “^2n-l s * n 


(2n - 1 )ttx 


n=l 


24L 3 


and ( c 2 c 4 ) 2n _ 1 = — 


ir H a (2n - 1) 4 

Once the constants are determined, 

y(x,t) = c 2 c 4 sin -4- 

becomes 


1 


(2n - l) 4 


■ sin 


(2n - 1) 7T 


which is the general solution. We replaced n by 2n - 1 in the time function because, as we know, the product of zero with a 
n u m b er is zero. 

(b) For maximum displacement we have to find the value of x at which 




dy = _ 24L 


u 3 a (2n - 1) 3 

n=l 


which means that for any n, 

cOS x = o 

But we know that 


___ (2n - 1) tt _ 

cos - 2 - = 0 ? 


2 2 -•••-- 
Thus, the only possibility for x is the value x = —— 


2 



Hence, for maximum displacement at any time t: 


HM 


• E 

n=l 


24L 3 
tt 4 a 


E 

n=l 


sin (2n T- 1 )™ t. 
(2n - l) 4 L 


Recalling the value of a, 



and since the weight of the string wL= 0.1 lb., the tension F = 6 lb., the length of the string L = 2ft. and at time t = 0.01 sec, we 
have: 


y o.oi) 


24(2) 3 

*4 / - §* 12 . 

/ 0.05 


E 

n=l 


(- D 


n+l 


(2n - l) 4 


_1_ 

26 


0.01 (2n - l)vy 
sin -=- 


(0.3Itt) - 5in ( °- 937T) 
3 4 


sin (1.55 tt ) 

5 4 


6x32 

0.05 


1 

26 


0.07 + 

3 4 


*For example, see “A Short Table of Integrals” by B. O. Pierce, Ginn and Company, 1929, pages 121, 122 and 123. 
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multipliers, 6-25 to 6-27, 6-31, 6-35, 6-36, 19-7 
theorem, 6-32 

Lamina, 8-40, 19-22, 19-23, 19-28 
Laplace: 

equation, 15-8 
integral, 16-1, 16-7, 16-14 
Laplace transform, 16-1 to 16-36 
convolution theorem for, 16-31 
inverse, 16-22, 16-24 to 16-28, 16-30 to 16-32 
inversion of, 16-10 
operator, 16-20 
properties of, 16-7 
Laplacian, 5-21 
Latitude, 18-25 
Laurent: 

coefficients, 15-15, 15-17 
expansion, 15-29 to 15-31 
series expansion, 15-15 to 15-18 
theorem, 15-15, 15-29 
Law of cosines, 19-1 
Least square fit, 6-9 
Least upper bounds, 1-3, 11-13 


Left hand limit, 14-10 
Leibniz’s rule, 7-11 to 7-13 
Length, 2-5 

of an arc, 18-3, 18-19 
of a curve, 18-4, 18-17 
Level curves, 6-2, 6-5, 6-7, 6-13 
Level surfaces, 4-23 

L’Hospital’s Rule, 5-5, 10-5, 10-9, 10-12, 10-29, 12-10, 16-2, 16-5 
Limit, 3-1, 14-10 

and continuity, 3-3 
function, 11-18, 11-19, 11-21 
inferior, 11-13 
lower, 11-17 
of integral, 11-20 
of the sequence, 11-6 
superior, 11-13 
test, 12-7 
upper, 11-17 
Limit points, 1-10 

neighborhood of, 1-10 
Line integral, 15-20 
Linear: 

combination, 2-9 
function, 5-2 
mass distribution, 7-19 
operators, 2-18, 16-7, 16-9 16-10, 16-23 
transformation, 1-15, 2-2, 2-11, 3-12, 5-18, 5-19 
Linearity property, 16-7 
Linearly: 

dependent set, 1-13, 2-9 
independent set, 2-9 
Lipschitz condition, 3-30 
Local minimum, 6-37 

Logarithm of a complex number, 15-10, 15-11 
natural, 15-12 
Long division, 15-16 
Longitude, 18-25 
Lower bound, 1-3 
Lp-norm, 10-13 

Magnetic, 16-36 
Mapping, 18-14 
Matrix, 1-15,2-10 
arithmetic, 2-13 

Maxima, 6-14 to 6-18, 6-22 to 6-25, 6-31, 19-3, 19-4 
value, 3-23 
value theorem, 5-1 
volume, 19-5 
Mean: 

curvature, 18-30 
squared deviation, 14-14 
square norm, 14-14 

Mean value theorem, 5-2, 5-3, 5-7, 5-8, 5-9, 5-22, 7-19 
Mesh of the partition, 7-18 
Method of arithmetic means, 12-32 
Metric space, 1-16, 3-15, 11-1, 11-2 


compact, 3-32 
complete, 3-33 
equivalence of, 1-16 
Minkowski’s inequality, 6-34 
Minima, 6-14, 6-16, 6-17, 19-6, 19-7 
value, 3-23 
Mobius strip, 19-9 
Modulus, 15-1, 15-2, 15-10, 19-4 
Moment of inertia, 10-34, 19-27, 19-28 
Monotonic, 1-7 

function, 3-19, 7-6 

sequence, 1-11, 11-5, 11-7, 12-27, 12-28, 12-35 
Monotonically decreasing sequence, 11-5, 12-27, 12-28 
Monotonically increasing function, 3-19, 7-6, 7-16, 7-19, 7-20 
Monotonically increasing sequence, 11-5, 11-7, 12-35 
Morera’s Theorem, 15-22 
Multiple integrals, 8-30 to 8-37, 8-39 to 8-43 
improper, 10-23 
Multiple valued function, 15-12 
complex, 15-12 
Multiplication, 2-12 
Multiplication of transformation, 2-16 
Multiplicity, 16-27 
Multiplying series, 12-21 

Natural: 

logarithm, 15-12 
numbers, 1-1 
representation, 18-2 
n-dimensional Euclidean space, 2-7 
Negative definite, 6-27, 6-29 
Neighborhood, 1-9, 1-10 
Nested intervals, 1-11, 1-17, 1-19 
theorem, 1-12 

Newton’s binomial theorem, 3-1 
Nilpotent (matrix), 1-13 
Non-commutative operators, 2-4 
Nonconstant periodic function, 16-4 
Non-decreasing sequence, 1-11 
Non-increasing: 

function, 10-16, 10-18 
sequence, 1-11 

Nonuniform convergence, 11 -24 
Norm, 1-13 
Normal curvature: 
paraboloid, 18-31 
sphere, 18-30 

Normal vector, 4-18 to 4-21, 9-21, 9-22, 9-25, 9-27, 9-29, 9-31, 18-8, 19-9 
unit, 9-20 

Not rectifiable (curve), 18-4 
n-tuples, 2-1 
Nullity, 2-11 

Odd functions, 14-8, 14-18, 17-10 
One to one, 2-18 

correspondence, 1-1 


mapping, 1-2, 18-35 
Open: 

connected set, 8-20, 8-21 
cover, 3-31 
interval, 1-5 
set, 1-10 

spherical neighborhood, 1-14 
Operations on series, 12-18 to 12-21 
Order of contact, 18-10 
Orders of infinity, 11-12 
Orientable, 9-31, 19-9 
Orientation, 8-36, 8-37 
Oriented boundary, 9-26 
Orthogonal, 4-20, 14-29 
basis of R n , 2-23, 2-31 
complement, 2-30 
functions, 2-32 
matrix, 2-22, 2-23, 2-27 
set, 14-3 

transformation, 2-28 
Orthogonality, 14-1, 14-30, 18-20 
Oscillation, 3-21 
Osculating planes, 18-9 

Pappus theorem, 8-40 
Parabola, 18-3 

Paraboloid, 9-10, 9-20, 9-32, 18-16, 18-21, 18-31, 19-26 
Parallelogram rule (for adding vectors), 4-20 
Parallelepiped, 19-5 
Parameter, 7-11 
Parametric: 

curves, 18-15, 18-20 
equation, 15-20, 15-23 
representation, 15-21 
variable, 15-21 
Parametrization, 8-12, 18-11 
Parametrized, 8-10 
curve, 18-5 
form, 15-35 to 15-37 

surface, 9-10, 9-12 to 9-18, 9-20, 9-21, 9-24 
Parseval’s: 

equality, 14-16, 14-31 
theorem, 17-12 

Partial derivative, 4-1, 4-3, 4-13, 4-22, 6-3 
definition, 4-3 
implicit, 4-1 

Partial differential equation, 19-36 
Partial fractions, 16-28 to 16-30, 16-33, 16-35 
expansion, 16-28 

use in decomposition, 16-29, 16-30, 16-33, 16-35 
Partial sums, 1-7, 12-31 
Path connected subset, 1-18 
Peano’s (continuous space filling curve), 3-33 
Perfect set, 1-5 
Periodic: 

extension, 14-3 to 14-8, 14-11 


function, 16-18, 16-19 
Perpendicular, 4-18, 4-19, 4-23 
(see orthogonality) 

Piecewise: 

continuous, 14-10 to 14-12, 14-16, 16-1 
smooth, 16-23 
very smooth, 17-9 
Plane curve: 

curvature of, 18-5 
P-norm, 12-5 
Pointwise: 

convergence, 17-9 

convergence theorem, 14-11 to 14-13, 14-16, 14-17 
Polar: 

coordinates, 4-10, 4-12, 9-3, 9-10, 9-20, 9-25, 9-31, 9-35, 10-23, 10-27, 10-31, 10-34, 15-2, 15-24 
form, 15-3 
representation, 15-2 
Pole, 15-17, 15-18 

Poles of order m, 15-34, 15-37, 15-38 
Polygon, 18-3 

Polygonal approximation, 18-4 
Position vector, 18-33 
Positively homogeneous, 5-20 
functions, 5-21 

Positive definite, 6-27, 6-28, 6-37 
quadratic form, 10-27 
symmetric matrix, 10-27 
Positive semi-definite, 6-37 

Potential functions, 4-27 to 4-30, 8-10 to 8-23, 8-27 to 8-29 
Power series: 

complex form, 15-13 to 15-18 
differentiation of, 13-8, 13-17 
division of, 13-13 
integration of, 13-10, 13-11 
interval of convergence, 13-1 to 13-7 
multiplication of, 13-17, 13-19 
Principal: 

branch of function, 15-12 
minor, 6-26, 6-27 

part of function, 15-17, 15-18, 15-33 
value, 15-10 to 15-12 
Principal axis, 6-12 
theorem, 2-22 

Principle of contraction mappings, 1-21, 5-22 
Product of complex numbers, 2-6 
Projection: 

function, 3-9 
theorem, 2-29 
Proper integral, 10-1 
P-series, 12-1 

Quadratic form, 2-8, 2-26, 5-16, 6-2, 6-14, 6-27, 6-28, 10-27 

Quadratic formula, 15-34 

Quadric surface, 2-23 

Quantum physics, 17-2 

Quotient test, 10-4 


Raabe’stest, 12-9, 12-11 
Radius of convergence, 13-1 to 13-5 
Rate of change, 4-17, 4-23 
Ratio, 13-5 

test, 12-6, 12-24, 12-28, 13-1, 13-3 
Rational, 3-20 to 3-22 

If action decomposition, 16-27 
function, 15-33, 16-27 
numbers, 1-1 
Real number, 1-2 
“Real-ize the denominator,” 15-1 
Real power series expansion, 15-13 
Real valued functions, 15-8, 
mono tonic, 7-15 
partial derivative of, 15-7 
Rearrangement, 12-18, 12-19 
Rectangular coordinates, 4-23 
Rectifiable curve, 18-3 
Region of validity, 16-7 
Regular parametric representation, 18-1, 18-14 
Relative: 

maximum, 6-1, 6-4 to 6-8, 6-19 
minimum, 6-19, 6-30 

Residue theorem, 15-29, 15-30, 15-32, 15-34 to 15-38, 17-3 
Residues, 15-33 

of function, 15-31 
Riemann: 

integral, 7-1 

integrable function, 7-2, 7-3, 7-5 to 7-9 
zeta function, 12-4 
Right circular cone, 19-37 
Right hand limit, 14-10 
Rolle’s theorem, 5-1, 5-2, 5-4, 5-11 
Root test, 12-6, 13-1 
Roots of equation, 1-22 
Rotation, 2-4, 2-28 
Row: 

echelon, 2-20 
reduce, 2-11 
reduction (matrix), 2-10 

Saddle point, 6-1, 6-2, 6-4 to 6-6, 6-8 
Sawtooth waveform, 14-9 
Scalar multiplication, 2-1 

Schwarz inequality, 1-13, 1-15, 3-12, 6-9, 6-32, 6-34, 10-13, 12-4, 18-17 
Second fundamental form, 18-28, 18-32 
Second Parseval theorem, 17-7 
Second partial derivatives, 4-12, 4-14, 4-15, 4-27 
Semi-continuous, 3-26 
Separated sets, 3-22 
Sequences, 1-6, 1-19, 2-19,3-1 
convergence of, 11-1 to 11-12 
limit superior and inferior, 11-13 to 11-17 
of functions, 1-8, 11-18 to 11-21 
of partial sums, 1-7 
of real numbers, 11-13 


of vectors, 11-11 
Series (see also In finite series): 
alternating, 12-8, 12-18, 12-30 
binomial, 11-3, 11-7, 11-16, 15-27 
Fourier series (see Fourier series) 
geometric, 1-7, 12-13, 13-12, 15-15, 15-29, 16-18 
harmonic, 12-1, 12-8, 12-27, 13-5 
Laurent, 15-15 to 15-18 
P-series, 12-1 

power series (see Power series) 

Taylor series, 5-12, 15-13, 15-16, 15-18, 15-30, 15-31, 15-35 
Shearing force, 16-34 
Shifting property: 

of Fourier transforms, 17-6, 17-11 
of Laplace transforms, 16-15 
Simple closed contour, 15-22, 15-26 
Simple poles, 15-33 
Simply connected domain, 8-24, 15-24 
Sine function, 15-9 
Singleton set, 7-18 
Single-valued function, 15-12 
Singularity, 10-5 to 10-8, 15-22, 15-25 
Singular points, 15-15, 15-17, 15-18 
Sinusoidal force, 16-33 
Solid angle, 19-10 
Span, 2-9 

Sphere, 18-15, 18-16, 18-20, 18-21, 18-25, 18-30 
area of, 18-26 

Spherical coordinates, 4-8, 9-3, 9-5, 9-7, 9-18, 9-22, 9-27, 18-15 

Square wave, 14-7 

Standard: 

inner product, 2-31 
test integral, 10-15 
Step-function, 7-18 
Stieltjes integrable function, 7-21 
Stieltjes integrals, 7-14 to 7-19, 19-28 
Stirling’s formula, 11-10 
Strict local minimum, 6-37 
Strictly decreasing, 11-5 
Stokes’s theorem, 9-31 to 9-36 
Subinterval, 7-1, 7-3 
Subsequence, 1-19, 3-1, 11-8 
Subsequential limit, 11-8 
Substitution property, 16-7 
Surface: 

elliptic, 18-29 
hyperbolic, 18-29 
integral, 19-16 to 19-19 
parabolic, 18-29 

patch, 18-15 to 18-18, 18-22 to 18-24, 18-26 
Surjective, 2-19, 3-33 
function, 1-5 
Symmetric: 

matrix, 2-8, 2-23, 2-27 
periodic extension, 14-18 
positive definite matrix, 2-22 


System of equations, 2-21 


Tangent plane, 4-20, 4-21, 18-9, 18-18 

Tangent vector, 18-6, 18-8 

Taylor: 

coefficients, 15-15 
expansion, 5-13 to 5-15 
formula, 12-35, 13-9, 13-15 
series, 5-12 

series e^ansion, 15-13, 15-16, 15-18, 15-30, 15-31, 15-35 
theorem, 5-11, 5-14 to 5-18, 6-3, 6-30, 6-37, 15-14, 15-15, 15-17 
Ternary notation, 1-5 

Test for convergence and divergence, 10-9, 12-1 to 12-12 
ence, 10-9, 12-1 to 12-12 
Time domain: 

integration, 17-13 
response, 17-14 
Topological space, 1-10 
Torsion, 18-5, 18-6, 18-8, 18-9 
Torus, 9-12, 9-14 
area of, 18-27 
Total energy, 17-13 

of current pulse, 17-12 
Total mass, 7-19 
Total square deviation, 14-15 
Trace, 9-23 
Transformation, 2-12 
Translation, 2-3 
Triangle, 19-1 

inequality, 1-13, 1-14, 1-20, 5-9 
Trigonometric series, (see Fourier series) 

Two complex numbers, 2-6 
Two-parameter families, 18-34 

Unbounded function, 10-1 
Uncountable set, 1-2, 3-22 
Uniform: 

continuity, 3-27 to 3-30, 7-11, 7-20 

convergence, 10-19, 10-20, 10-22, 10-25, 11-22 to 11-24, 12-13 to 12-15, 12-22 to 12-26, 13-5, 14-16 
convergence tests, (see Weierstrass M-test) 
convergence theorem for 
Fourier transforms, 14-12 

convergent sequences, 1-8, 13-12, 13-18, 14-1, 14-5, 14-17 
Unit: 

binormal, 18-7 
principal normal, 18-7 
step fbnction, 16-15 to 16-18, 16-35 
tangent vector, 18-7 
Unitary space, 2-7 
Upper bound, 1-3, 1-4 
Utility function, 19-3 

Vector field, 4-27 to 4-30, 8-10 to 8-14, 8-16, 8-18, 8-23, 8-25, 8-27, 8-32, 8-34, 8-35, 8-43, 9-20 to 9-22, 9-26, 9-27, 9-29, 
9-33 

Vector function, 4-6, 4-7, 18-1 
Vector space, 2-6, 2-7, 2-11,7-18 
Vector space axioms, 2-1 


closure, 2-1 
commutativity, 2-1 
associativity, 2-1 
Vector-valued functions, 4-4, 4-5 
Velocity vector, 4-19 
Voltage, 14-26 

V)lume of the parallelepiped, 2-15 

Wave equation, 4-14 
Wavenumber, 18-1 
Weierstrass: 

m-test, 3-34, 3-35, 10-20 to 10-22, 10-25, 12-15, 12-22 to 12-24, 12-26, 13-5, 13-20, 14-5 
nowhere differentiate function, 3-24, 3-34 
Work, 19-24 

Zero element, 2-1 
Zero mapping, 2-2 


